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hing and Tree Pattern Mat
hing�Ri
hard Coley Ramesh Hariharanz Piotr IndykxAbstra
tThis paper des
ribes an O(s log3 s) time deterministi
 algorithm, an O(s log3 slog log s ) timerandomized Las Vegas algorithm, and an O(s log s) time randomized Monte Carlo algorithmfor the Subset Mat
hing problem. Here, s is the sum of the sizes of the text and pattern sets.A variant of this algorithm also solves the Interval Mat
hing problem in O(n(z+log�) log �)time. Here n is the text length, � the alphabet size, and z the interval size. One of the keyingredients of our deterministi
 solution to the Subset Mat
hing problem is the 
onstru
tionof eÆ
ient Data-Dependent Superimposed Codes.In 
onjun
tion with a previous result redu
ing Tree Pattern Mat
hing to Subset Mat
hingin linear time, this implies an O(n log3m) time deterministi
 algorithm, an O(n log3mlog logm ) timerandomized Las Vegas algorithm, and an O(n logn) time randomized Monte Carlo algorithmfor the Tree Pattern Mat
hing problem, where n and m are the text and pattern sizes,respe
tively.1 Introdu
tionThe Subset Mat
hing problem is de�ned as follows. The input 
onsists of a text t and a patternp, of lengths n and m, respe
tively. Ea
h text lo
ation and ea
h pattern lo
ation is a set of
hara
ters drawn from an alphabet � of size �. Let s denote the total sum of the sizes of alltext and pattern sets, where ea
h su
h set has size at least 1, without loss of generality. Thuss � m + n. The Subset Mat
hing problem is to �nd all o

urren
es of the pattern in the text(see Fig.1). The pattern is said to o

ur or mat
h at text position i if the set p[j℄ is a subset ofthe set t[i+ j � 1℄, for all j, 1 � j � m.Our initial motivation for studying the Subset Mat
hing problem was the Tree PatternMat
hing problem. In this problem, the text and the pattern are ordered, node-labelled trees,and all o

urren
es of the pattern in the text are sought. Here, the pattern o

urs at a parti
ulartext position if pla
ing the pattern with root at that text position leads to a situation in whi
hea
h pattern node overlaps some text node with the same label. This is an important problem�This paper reports work whose extended abstra
ts have appeared earlier in the Pro
eedings of the 29thACM Symposium on Theory of Computing, 1997 [3℄, Pro
eedings of the 38th IEEE Symposium on Foundationsof Computer S
ien
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Figure 1: Example of Subset Mat
hing.whi
h has a number of appli
ations (see [11℄). The best bound known for the Tree PatternMat
hing problem prior to this paper was O(nm:5 logm), due to Dubiner, Galil and Magen [8℄(also see [16℄,[11℄). As shown in [3, 5℄, the Tree Pattern Mat
hing problem 
an be redu
ed inlinear time to the Subset Mat
hing problem. If n and m are the text and pattern sizes for theTree Pattern mat
hing problem, this redu
tion produ
es a pattern of length O(m) and a textof size O(n) su
h that the sum of the text set sizes is O(n), the sum of the pattern set sizes isO(m), ea
h text/pattern set has size O(m), and the alphabet size is j�j+O(m), where � is thelabelling alphabet for the trees.A spe
ial 
ase of subset mat
hing is Interval Mat
hing, in whi
h ea
h set is an interval ofintegers. Here, we introdu
e the parameter z, whi
h denotes the maximum set size. We 
an solveInterval Mat
hing in time O(n log �(z+log �)). Interval Mat
hing solves the Bounded Di�eren
eMat
hing problem. In the Bounded Di�eren
e problem the input 
onsists of a pattern and atext, where ea
h pattern or text entry is an integer. In a mat
h, every pair of aligned 
hara
tersdi�ers in value by at most z, where z is an input parameter, also an integer. To redu
e this toInterval Mat
hing, the pattern entry x is repla
ed by the interval [x℄, and the text entry y isrepla
ed by the interval [y� z; y+ z℄. As observed by Indyk [12℄, Bounded Di�eren
e Mat
hing
an be used to �nd interesting patterns in time series data. This problem also arises in dete
tingmelodi
 patterns in musi
al s
ores [7, 2℄.Another measure 
apturing the notion of limited di�eren
e is the Total Di�eren
e; for twolengthm strings u and v this is de�ned to bePmi=1 ju(i)�v(i)j. It is not 
lear whether this 
an be
omputed in subquadrati
 time for ea
h alignment of a pattern with a text. However, the similarTotal Square Di�eren
e, de�ned asPmi=1(u(i)�v(i))2 is readily 
omputed in O(n logm) time forall alignments of a length m pattern with a length n text (simply note that Pmi=1(u(i)�v(i))2 =Pmi=1 u(i)2 +Pmi=1 v(i)2 � 2Pmi=1 u(i)v(i) [18℄).Subsequently, Indyk and others dis
overed additional appli
ations for Subset Mat
hing [14℄.Our Result. Our main result in this paper is an O(s log3 s) time deterministi
 algorithm, anO(s log3 slog log s) time randomized Las Vegas algorithm, and an O(s log s) time randomized MonteCarlo algorithm, for the Subset Mat
hing problem.In 
onjun
tion with the above mentioned linear time redu
tion from Tree Pattern Mat
hingto Subset Mat
hing, this leads to an O(n log3m) time deterministi
 algorithm, an O(n log3 mlog logm)time randomized Las Vegas algorithm, and an O(n log n) time randomized Monte Carlo algo-2
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Figure 2: The set strings t0; p0. Trailing empty sets in p0 have not been shown.rithm, for the Tree Pattern Mat
hing problem. Note that the logarithmi
 terms for the determin-isti
 and the Las Vegas randomized algorithms have m and not n, be
ause ea
h text/pattern sethas O(m) size and further, the length of the text 
an be restri
ted to 2m by the standard te
h-nique of 
hopping up a large text into smaller texts. This tri
k is appli
able to the Monte Carloalgorithm as well, but does not redu
e the logn fa
tor to logm be
ause the failure probabilityneeds to be inverse polynomial in n and not m.Our main result is obtained using the following key idea in 
onjun
tion with eÆ
ient solutionsfor two new problems whi
h 
ould be of independent interest as well.The Key Idea: Chara
ter Shifting. Re
all that ea
h set in the text/pattern is drawn from analphabet of size �. We 
reate a new text t0 and a new pattern p0 of length s ea
h (see Fig.2).For ea
h 
hara
ter e in the above alphabet, a shift shift(e) is 
hosen, where shift(e) is aninteger in [0 : : : 2s � 1℄. t0 and p0 are 
reated as follows: if e is in the set t[i℄ then e is put inthe set t0[i + shift(e)℄; p0 is built analogously from p. p0 is said to mat
h at lo
ation i in t0 if1 � i � jtj � jpj+ 1 and further, set p0[j℄ is a subset of the set t0[i+ j � 1℄, for all lo
ations j inp0. It 
an easily be seen that the set of mat
hes of p in t is identi
al to the set of mat
hes of p0in t0. Further, note that jt0j; jp0j = O(s).Chara
ter shifting spreads out the 
hara
ters more thinly. We use this fa
t in two di�erentways; the �rst leads to the Monte Carlo algorithm, while the se
ond leads to the Las Vegas andthe deterministi
 algorithms.The Monte Carlo Algorithm. The Monte Carlo algorithm is simple and pro
eeds as follows.Consider any mismat
h i of p in t, 1 � i � jtj � jpj + 1. Let j be any lo
ation in p and e be a
hara
ter in p[j℄ su
h that e 62 t[i+ j� 1℄ (su
h j; e exist as p mismat
hes at i). Then, a random
hoi
e of shifts for the 
hara
ters ensures that lo
ation t0[i + j � 1 + shift(e)℄ is empty withprobability at least 1/2 (while p[j + shift(e)℄ 
ontains e). Thus dete
ting mismat
hes redu
esto dete
ting non-empty lo
ations in the pattern whi
h are aligned with empty lo
ations in thetext. Using a Monte Carlo algorithm for Boolean Wild
ard Mat
hing (de�ned in Se
tion 2) dueto Indyk [13℄, we 
an dete
t su
h lo
ations in O(s) time. To dete
t all mismat
hes, we need torepeat the above pro
edure O(log s) times, giving an O(s log s) time algorithm.The Las Vegas and Deterministi
 Algorithms. The Las Vegas and deterministi
 algo-rithms are more elaborate and use the fa
t that 
hara
ter shifting redu
es the maximum setsize. The importan
e of redu
ing the maximum set size will be
ome 
lear shortly. This leads tothe �rst of the two problems mentioned above.Set Size Minimization: The Row Shifting Problem. The aim of this problem is to3




hoose a set of good shifts for ea
h 
hara
ter. We 
ould use the following simple randomizedLas Vegas algorithm whi
h ensures that ea
h set has size O( log slog log s) with inverse polynomialprobability: ea
h row independently 
hooses a random shift. As we will show, this is the bestbound a
hievable on the set size. It is not 
lear how the above randomized algorithm 
an bederandomized within the time bounds we need. Our 
ontribution here is a di�erent deterministi
algorithm whi
h takes O(s log3 s) time and ensures a slightly worse set size bound of O(log s).Data-Dependent Superimposed Coding. On
e the set sizes are small, our idea is to assignequal length binary 
odes to ea
h 
hara
ter, so that the following property is satis�ed: forea
h 
hara
ter e and ea
h text set S su
h that e 62 S, one of the 
ode bits of e is 1 andthe 
orresponding 
ode bit is 0 in the 
odes for all 
hara
ters f 2 S. Su
h 
odes are 
alledsuperimposed 
odes. If we 
an �nd 
odes of length l satisfying the above property, then, aswe will show, all o

urren
es of p0 in t0 
an be found in O(s � l � log s) time, using standard
onvolution [10℄. The motivation for redu
ing set sizes 
omes from the fa
t that l seems todepend on the maximum set size z.Before des
ribing this dependen
e, we explain the term data-dependent. This term is addedto emphasize the fa
t that the above property need be satis�ed only for the given sets S; this
ontrasts with the data-independent de�nition in whi
h all subsets of size z must satisfy theabove property. In fa
t, the data-independent version has been studied earlier. Dya
hkov andRykov [9℄ showed a lower bound of 
(z2 logz �) on the 
ode length. They also showed a non-
onstru
tive upper bound of O(z2 log �) on the 
ode length. The best expli
it 
onstru
tion [15℄(based on Reed-Solomon 
odes) a
hieves O(z2 log2z �). In order to the break the ~
(z2) 
odelength lower bound, we use the above \data dependent" de�nition.Our 
ontribution here is three-fold:1. Given any arbitrary 
olle
tion of sets of total size s drawn from an alphabet of size �, weshow how ea
h 
hara
ter in the alphabet 
an be assigned anO(z log �minflog log s; log log �g+z log s) length 
ode in O(sz log2 �(1 + log z= log log �)) time, deterministi
ally.2. Given a 
olle
tion of sets of total size s drawn from an alphabet of size �, we show howto obtain O(log2 s) length 
odes in O(s log2 �) deterministi
 time, provided the followingadditional property holds: the number of sets of of size at least i is O( s2i ), for all i,0 � i � log s. In addition, we show that the set sizes resulting from the Row Shiftingpro
edure will indeed satisfy this property.Under a slightly di�erent additional property, namely, the expe
ted number of sets ofsize at least i is O( si�(i) ), for all i, 0 � i � log slog log s , we show how to obtain 
odes ofexpe
ted length O( log2 slog log s) in O(s log2 �) expe
ted time. Further, we show that the abovementioned randomized Las Vegas solution to the Row Shifting problem will indeed havethis additional property.3. Given a 
olle
tion of intervals ea
h of length at most z and of total length s drawn froman interval of size �, we show how to obtain O(z + log �) length 
odes in O(s) time.The 
laimed bounds on the Subset Mat
hing problem now follow from our above mentionedresults on the Row Shifting problem and the Data-Dependent Superimposed Coding problem.The Row Shifting algorithm takes O(s log3 s) deterministi
 time and ensures that the parameterz going into the Superimposed Coding problem is O(log s). The Superimposed Coding algorithmthen takes O(s log2 �) deterministi
 time and produ
es 
odes of length O(log2 s) (see (2) above).4



Finally, the 
onvolution pro
ess takes O(s� log2 s� log s) deterministi
 time. The overall timeis thus O(s log3 s), as 
laimed. The randomized Las Vegas variant of the Row Shifting algorithmtakes O(s) randomized time and ensures that the parameter z going into the SuperimposedCoding problem is O( log slog log s), with inverse polynomial probability. The overall expe
ted timethen be
omes O(s� log3 slog log s), as 
laimed 1.Finally, for the Interval Mat
hing problem the Superimposed Coding for intervals aboveleads to an overall O(jtj � (z + log �) log(jpj(z + log �))) time algorithm, where jtj; jpj are thetext and pattern lengths, respe
tively.Roadmap. Se
tion 2 sets up some preliminaries. Se
tion 3 gives a simple Monte Carlo ran-domized algorithm. Se
tion 4 gives an outline of the Las Vegas randomized and deterministi
algorithms for Subset Mat
hing. The above outline will lead to the Row Shifting and Superim-posed Coding problems. We give randomized and deterministi
 algorithms for the Row Shiftingproblem in Se
tions 5 and 6, respe
tively. Superimposed Coding is des
ribed in Se
tion 7.2 PreliminariesLet t denote the given text, p the given pattern, and � = f1 : : : �g the alphabet set. Ea
htext/pattern lo
ation is a subset of this alphabet set. Let s denote the sum of the sizes of thetext and pattern sets. Without loss of generality, we assume that ea
h text/pattern set is non-empty; otherwise, we 
an add spe
ial 
hara
ters to empty sets without a�e
ting the out
ome.An out
ome of this assumption is that the time 
omplexity of the algorithm be
omes a fun
tionof s alone as s dominates the text/pattern lengths. We also assume � � s+ 1; if not, then thealphabet 
hara
ters appearing in the sets 
an be renamed in the range [0; s � 1℄ by means of asort, whi
h takes O(s log s) time, and the value s is then used to represent all 
hara
ters notappearing in any of the sets.De�nition of aligned. A pattern p is aligned with a text t at lo
ation i if p[1℄ is aligned witht[i℄.Convolution. We will use the following standard lemma [10, 13℄ for boolean wild
ard mat
hing.In boolean wild
ard mat
hing the text, x, and pattern, y, are bit strings. In a mat
h every 1 inthe pattern must be aligned with a 1 in the text. There is no 
onstraint on the text 
hara
tersaligned with a 0 in the pattern. Thus for ea
h position i in x at whi
h pattern y does notwild
ard mat
h there exists an index j su
h that y[j℄ = 1 and x[i+ j � 1℄ = 0.Lemma 2.1 Given two bit strings x; y, jyj � jxj, all lo
ations i in x for whi
h the alignedpattern y does not wild
ard mat
h 
an be determined in O(jxj log jyj) deterministi
 time and inO(jxj) Monte Carlo randomized time2.De�nition of set 
odes. Suppose equal length binary 
odes are assigned to ea
h element of�. Then, for S � �, the set 
ode for S is de�ned as the bitwise-or of the 
odes assigned to thevarious elements of S.De�nition of separation. Given a set S � � and an element e 2 �; e 62 S, a 
ode assignedto elements of � is said to satisfy (or separate) (S; e) if some bit in the 
ode for e is 1 while the
orresponding bit in the set 
ode for S is 0.1A simpler but weaker randomized Las Vegas algorithm for the Subset Mat
hing problem whi
h a
hievesO(s� log3 s) time with inverse polynomial probability appears in the extended abstra
t [3℄.2This algorithm dete
ts a mismat
h with 
onstant probability and a mat
h with surety.5



3 The Monte Carlo Subset Mat
hing AlgorithmWe perform 
hara
ter shifting to obtain t0; p0 from t; p, respe
tively, as des
ribed in the intro-du
tion. For ea
h 
hara
ter e 2 �, shift(e) is 
hosen uniformly at random from the range0 : : : 2s � 1. The shifts for di�erent 
hara
ters are 
hosen independently (in fa
t, pairwise in-dependen
e is all we need, though we do not use this fa
t). Re
all from the introdu
tion thatp0 mat
hes t0 at lo
ation i if and only if p mat
hes t at lo
ation i. The following additionalproperty is easily seen; it arises from 
hoosing shifts randomly and enables eÆ
ient dete
tion ofmismat
hes.Property. Consider any mismat
h i of p in t, 1 � i � jtj � jpj+ 1. Let j be any lo
ation in pand e be a 
hara
ter in p[j℄ su
h that e 62 t[i+ j� 1℄ (su
h j; e exist be
ause p mismat
hes at i).Then, lo
ation t0[i+j�1+shift(e)℄ is empty with probability at least 1/2 (while p[j+shift(e)℄
ontains e).Next, we 
onvert t0 to a new text t00 by repla
ing ea
h non-empty set by 1 and ea
h emptyset by 0. p00 is obtained from p0 analogously. From the above property, it follows that if pmismat
hes t at lo
ation i (i.e., there exist j; e su
h that e 2 p[j℄; e 62 t[i + j � 1℄) then, withprobability at least 1/2, p00 will mismat
h t00 in the boolean wild
ard sense at lo
ation i (i.e.,the 1 in p00 at lo
ation j + shift(e) is aligned with a 0 in t00 at lo
ation i + j � 1 + shift(e)).Further, it is easily seen that if p mat
hes t at lo
ation i, then p00 will mat
h t00 at lo
ation i inthe boolean wild
ard sense.Next, using Lemma 2.1, we 
an solve the boolean wild
ard mat
hing problem on t00; p00 inO(s)time. The resulting set of reported mat
hes will in
lude all real mat
hes of p in t; in addition,any parti
ular mismat
h of p in t will be reported as a mat
h with 
onstant probability � � 12 .Repeating this pro
edureO(log s) times and taking the interse
tion of the set of mat
hes reportedin the various trials ensures that all O(s) mismat
hes are dete
ted, with inverse polynomialfailure probability. The total time taken is O(s log s).4 The Las Vegas/Deterministi
 Subset Mat
hing Algorithm Out-lineOur e�ort will be 
entered around the following 
laim.Lemma 4.1 Suppose ea
h element of � is given a binary 
ode of length l with the followingproperty: for ea
h text set S and ea
h element e 2 �; e 62 S, the above 
ode separates (S; e).Then the Subset Mat
hing problem 
an be solved in O(sl log(sl)) time.Proof. Obtain a string x from t by repla
ing ea
h set by it asso
iated 
ode (de�ned above).Similarly, obtain string y from p. Note that jxj; jyj � sl. Further, by virtue of the separationproperty, note that p mat
hes t starting at lo
ation i, 1 � i � jtj � jpj + 1, if and only if ymat
hes x at i. The lemma follows from Lemma 2.1. 2The next aim is to minimize l. We will des
ribe a method to obtain short 
odes whi
h willsatisfy all the separation 
onstraints; however, the length of these 
odes will be proportionalto the size of the largest text set. The size of the largest text set 
an be de
reased using thefollowing key transformation. 6



Chara
ter Shifting. We start by applying 
hara
ter shifting with \good" shifts to obtain anew pattern p0 and a new text t0 in whi
h all the sets have size O(log s). p0 and t0 are formedfrom p and t, respe
tively, as des
ribed in Se
tion 1.Determining Good Shifts. Our aim is to 
hoose a set of shifts whi
h will redu
e the maximumtext set size to O(log s) (deterministi
ally) and O( log slog log s) (randomized, with inverse polynomialprobability). The time taken will be O(s log3 �) and O(s), respe
tively.We formulate the problem of determining good shifts as follows. Consider a � � s booleanmatrix A su
h that A[e; j℄ is 1 if and only if element e 2 � o

urs in text set t[j℄. Clearly, A hasexa
tly s ones. This matrix is not spe
i�ed expli
itly; rather, only a list of the positions havinga one is given. The aim is to rotate, i.e., 
ir
ularly shift, the rows of A (di�erent rows maybe shifted by di�erent amounts) so that the maximum number of ones in any 
olumn be
omes\small". We 
all this the Row Rotation problem and des
ribe our solutions to this problem inSe
tions 5 and 6, respe
tively. Note that the above des
ription involves 
ir
ular shifts in therange 0 : : : s � 1, while the introdu
tion talked of linear shifts in the range 0 : : : 2s � 1. It iseasily seen that any solution to the Row Rotation problem 
an be unfolded into a solution forthe Row Shifting problem in su
h a way that ea
h set size only redu
es.Superimposed Coding. Having obtained a good set of shifts, we pro
eed to the 
oding. Thisis des
ribed in Se
tion 7. Starting with the t0; p0 obtained from the deterministi
 Row Rotationalgorithm, this se
tion obtains a set of 
odes of length l = O(log2 s) in O(s log2 �) time. FromLemma 4.1, an O(s log3 s) time deterministi
 algorithm for Subset Mat
hing follows (note thatwhile the lemma is stated for t; p, it is a
tually applied on t0; p0; sin
e jt0j; jp0j = O(s), the timebounds in the lemma 
ontinue to hold).In addition, starting with the t0; p0 obtained from the randomized Row Rotation algorithm,Se
tion 7 also obtains a set of 
odes of expe
ted length l = O( log2 slog log s) in O(s log2 �) expe
tedtime. From Lemma 4.1, an O(s log3 slog log s) expe
ted time randomized algorithm for Subset Mat
hingfollows.5 The Row Rotation Problem: A Randomized AlgorithmWe sket
h a randomized O(s) time algorithm whi
h determines row shifts su
h that ea
h 
olumnhas O( log slog log s) ones, with inverse polynomial probability.The algorithm is the obvious one; ea
h row is given a random 
ir
ular shift between 1 ands. Consider any parti
ular 
olumn. It is easily seen that the expe
ted number of ones in this
olumn is O(1); further, using the Cherno� bound [6℄, it 
an be shown that the number ofones in this 
olumn is O( log slog log s), with inverse polynomial probability. Finally, using the unionbound, the number of ones in ea
h 
olumn is O( log slog log s), with inverse polynomial probability.Further, using the Cherno� bound [6℄, we get that the expe
ted number of 
olumns havingmore than i ones is O( si�(i) ), i = O( log slog log s). This observation will be needed in the superimposed
oding phase, to obtain eÆ
ient 
odes. This yields:Lemma 5.1 The above randomized algorithm determines a 
ir
ular shift for ea
h row of A inO(s) time with the property that every 
olumn has O( log slog log s) ones. Further, the expe
ted numberof 
olumns having at least i ones is O( si�(i) ), i = O( log slog log s).7



5.1 A Lower Bound of 
( log slog log s)We give an example array A having r = �( log slog log s) rows, s 
olumns, and O(s) ones, su
h thatany 
olle
tion of shifts applied to the rows will produ
e some 
olumn with 
( log slog log s) ones. Thus,the bound given by the randomized algorithm is tight.The above 
laim will hold for all values of s satisfying the following property: s is the produ
tof r primes p1 : : : pr, where ea
h pi � log slog log s . There exist in�nitely many s with this property.The array A is set up as follows. Ea
h row 
orresponds to one of the prime fa
tors pi of s;the ones in this row are distributed at equal intervals of pi ea
h, starting with a one in the �rst
olumn.Next, 
onsider any arbitrary 
olle
tion of rows shifts, 0 � s1; : : : ; sr � s � 1. We 
laimthat some 
olumn x will have all entries equal to one. For su
h a 
olumn x to exist, x mustsimultaneously satisfy the following 
onditions:8i 2 1 : : : r; x � si(mod pi)The existen
e of a unique x satisfying all these 
ongruen
es is guaranteed by the ChineseRemainder Theorem [17℄, sin
e p1p2 : : : pr = s. Finally, we note that the number of ones in allthe rows together is given by �(Pi s=pi) = �(s).6 The Row Rotation Problem: A Deterministi
 AlgorithmIn this se
tion, we give a deterministi
 O(s log3 s) time algorithm whi
h determines row shiftssu
h that ea
h 
olumn has O(log s) ones. We do not know how to obtain the sharper boundgiven by the randomized algorithm within this time bound.Our algorithm has the following overall framework. At ea
h step, the rows of A are parti-tioned in megarows. Initially, ea
h row is a megarow. The general step 
onsiders two megarowsand determines a \good" relative shift of one entire megarow with respe
t to the other. Thisshift is applied to the rows of the se
ond megarow and then the two sets of rows are pla
ed ina single 
ombined megarow. Note that no shifting happens within either of the two megarowsin this step; relative shifts within ea
h megarow have been determined and frozen already. Thepro
edure ends when all rows 
ome together into a single megarow. Two issues needs further de-s
ription: whi
h two megarows are 
hosen at ea
h instant and how a good relative shift betweenmegarows is determined.6.1 Shifting MegarowsFirst, we des
ribe how a good relative shift between two megarows is determined. We will thenbound the time 
omplexity of this pro
edure and also quantify the goodness of this shift. Ouralgorithm needs the following de�nitions.De�nition of Ve
tor Sum and Produ
t. Given ve
tors v; w of length s, v+w is de�ned asa ve
tor u su
h that u[i℄ = v[i℄ + w[i℄, 1 � i � s. v � w is de�ned analogously. v:w is the usualdot-produ
t and is de�ned as Psi=1(v �w)[i℄.Megarows as Ve
tors. Re
all that we seek to have O(s=2i) 
olumns with i or more ones.This motivates us to form a ve
tor v of weights for ea
h megarow as follows: suppose there arex ones in the ith position in the shifted rows forming the megarow; then the weight stored inv[i℄ is 2x if x > 0, and 0 otherwise. The weight, wt(v), of the megarow 
orresponding to v is8



Pi v[i℄. Ve
tor v is 
alled the weight megarow ve
tor or weight ve
tor for short. Our goal is tolimit the weight of the �nal megarow to O(s). To a
hieve this, we will limit the weight of themegarows at hand at ea
h stage of the algorithm to O(s) also.Let v; w, respe
tively, be the weight ve
tors for two megarows being 
ombined. Our aim isto �nd a good 
ir
ular shift of w relative to v. The same shift will be used for the 
orrespondingmegarows.One te
hni
al issue before we pro
eed is that of determining and representing a weightmegarow ve
tor. We represent su
h a ve
tor as a list of non-zero entries. It is easy to see thatthis representation 
an be 
omputed in time proportional to the weight of the 
orrespondingmegarow.The Key Primitive. Consider a parti
ular shift w0 of w. Suppose we apply this shift to themegarow 
orresponding to w and then 
ombine the megarows 
orresponding to v and w into onemegarow. The ve
tor u 
orresponding to this new megarow will have the following properties:1. u[i℄ = v[i℄ � w0[i℄, for i su
h that both v[i℄ and w0[i℄ are non-zero,2. u[i℄ = v[i℄, for i su
h that w0[i℄ = 0.3. u[i℄ = w0[i℄, for i su
h that v[i℄ = 0.We would like to 
hoose the shift of w de�ning w0 so as to minimize the weight of u. Anatural approa
h is to use 
onvolutions. To this end, let ~v be the ve
tor v with all entries of0 repla
ed by 1 = 20, and all other entries un
hanged. Let �v be the ve
tor v with all non-zeroentries repla
ed by 0 and all zero entries repla
ed by 1. ~w0 and �w0 are de�ned analogously. Thenthe weight of u is given by ~v � ~w0 � �v � �w0. This quantity 
an be 
al
ulated for all possible shiftsw0 of w in O(s log s) time using two 
onvolutions (or polynomial multipli
ations, see [1℄).The problem with the algorithm sket
hed in the previous paragraph is that it is too expensive,time-wise. We will be able to a�ord only O(f(maxfwt(v); wt(w)g)�log s) time and not O(s log s)time (note that maxfwt(v); wt(w)g 
ould be mu
h smaller than s), where f() is a fun
tion tobe des
ribed later with the property that f(x) � s for all x.Our Algorithm: Sparse Convolutions. The key idea is to shrink v; w down to two smallerve
tors v1; w1, respe
tively, of size f(maxfwt(v); wt(w)g) ea
h, and then perform the abovepro
edure of �nding the shift whi
h gives the least dot-produ
t on these smaller ve
tors. Thesesmaller ve
tors will be represented expli
itly, and not as a list of non-zero entries.v1 is de�ned as follows. Partition v into disjoint blo
ks of size �(s=f(maxfwt(v); wt(w)g))ea
h. v1 has one entry for ea
h su
h blo
k; the value of this entry is the sum of the entries inthis blo
k. w1 is de�ned analogously. The time taken to determine v1 and w1 from v; w is easilyseen to be O(wt(v) + wt(w)).We now �nd a shift w01 of w1 whi
h minimizes the dot-produ
t v1:w01. This shift 
orrespondsto a shift of w relative to v in the obvious way (i.e., by multiplying the shift obtained by theblo
k length). The time taken for this pro
edure is O(f(maxfwt(v); wt(w)g) log s).The total time is O(wt(v) + wt(w) + f(maxfwt(v); wt(w)g) log s).In
rease in Weight. Re
all that u is the weight ve
tor 
orresponding to the megarow obtainedby shifting and 
ombining the two megarows in question. A key fa
tor in the analysis involvesshowing that wt(u) is not too mu
h more than wt(v) + wt(w). We show:Lemma 6.1 wt(v) + wt(w) � wt(u) � (wt(v) + wt(w))(1 + wt(v)�wt(w)(wt(v)+wt(w))f(maxfwt(v);wt(w)g) ).9



Proof. The �rst inequality is evident from the three properties above whi
h de�ne u. We provethe se
ond inequality.The sum of v1:w01 over all shifts w01 of w1 is exa
tly wt(v) � wt(w). Sin
e v1; w1 have sizef(maxfwt(v); wt(w)g) ea
h, it follows from an averaging argument that the w01 resulting fromone of these f(maxfwt(v); wt(w)g) shifts is su
h that v1:w01 is at most wt(v)�wt(w)f(maxfwt(v);wt(w)g) . Goingfrom v1; w01 to v; w0 (w0 is the 
orresponding shift for w), it is easily seen that v:w0 is also atmost wt(v)�wt(w)f(maxfwt(v);wt(w)g) . >From the three properties above whi
h de�ne u, it follows that wt(u)is at most wt(v) + wt(w) + v:w0 � wt(v) + wt(w) + wt(v)� wt(w)f(maxfwt(v); wt(w)g) :The lemma follows. 26.2 Pairing Megarows and AnalysisThe order is whi
h megarows are paired depends on the weights of the asso
iated ve
tors. Notethat at the very beginning, the sum of the megarow weights is 2s (be
ause there are only s onesin A). We will show that a bound of O(s) on the sum of the weights of the 
urrent magarowsholds not just at the beginning, but throughout the algorithm, due to Lemma 6.1 and the 
hoi
eof the fun
tion f(). In parti
ular, it will hold at the end, implying that the �nal megarow (whi
hholds all the rows of A) 
an have at most O(log s) ones in any 
olumn.We 
lassify the megarow-ve
tor weights into 
ategories [2i; 2i+1), 0 < i = O(log s). Thepairings are now performed in phases, with several pairings being performed in ea
h phase.Consider a parti
ular phase and 
onsider the 
urrent lowest non-empty 
ategory, [2i; 2i+1), say.If this 
ategory has at least two megarows then we pair the megarows in this 
ategory (leavingout one megarow, possibly) and 
ombine the megarows in ea
h pairing within this phase. Theunpaired megarow, if any, is put on hold. If there is already another megarow on hold, ne
essarilyfrom a lower index 
ategory, then the two megarows on hold are 
ombined. >From Lemma 6.1,it follows that the new megarow whi
h results from 
ombining two paired megarows in thesame 
ategory will be in a stri
tly higher 
ategory. It follows that the number of phases will be�(log s).De�ning f(). Before pro
eeding with the analysis, we de�ne the fun
tion f : f(x) = minfdx log se; sg.Bounding Megarow-ve
tor Weights. Next, we show that the sum of the megarow weightsat the end of ea
h phase is O(s). It immediately follows that the total time taken within a phaseis O(s log2 s) (one log s fa
tor 
omes from the de�nition of f() and another from the overheadfor sparse 
onvolution), whi
h gives O(s log3 s) time overall. Further, as stated earlier, this alsoimplies that the �nal megarow obtained has O(log s) ones in ea
h 
olumn.The megarow-ve
tor weights are bounded by the following lemma.Lemma 6.2 Consider a phase in whi
h all but at most one of the megarows whi
h are 
ombinedbelong to 
ategory [2j ; 2j+1). Let O and N denote the sum of the megarow-ve
tor weights at thebeginning and the end of this phase, respe
tively. Then NO � (1 + maxf 1log s ; 2j+1s g).Proof. The proof uses Lemma 6.1 and the de�nition of f().Consider two megarows that are paired in this phase. Let the 
orresponding ve
tors be v; w,respe
tively. Without loss of generality, let wt(v) < wt(w). Note that w must be in 
ategory[2j ; 2j+1); v 
ould be in a smaller 
ategory. Then, by Lemma 6.1 and the de�nition of f():10



wt(u) � (wt(v) + wt(w))�1 + wt(v) � wt(w)(wt(v) + wt(w))f(maxfwt(v); wt(w)g)�� (wt(v) + wt(w))�1 + wt(w)f(wt(w))�� (wt(v) + wt(w))�1 +maxf 1log s; wt(w)s g�� (wt(v) + wt(w)) 1 +maxf 1log s; 2j+1s g!The lemma now follows by applying the above to all megarow pairings in this phase. 2Corollary 6.3 The sum of the megarow-ve
tor weights at the end of ea
h phase is O(s).Proof. The sum of the megarow-ve
tor weights at the very beginning is 2s, as there are only sones in A. We denote this sum by I. Next, 
onsider a phase in whi
h all but at most one of themegarows whi
h are 
ombined belong to 
ategory [2j ; 2j+1). Then, by Lemma 6.2, the sum ofthe megarow-ve
tor weights at the end of this phase is at most I times the following quantity:�j+1i=1 (1 + maxf 1log s; 2is g)If 2j � s , then the above quantity is easily seen to be O(1). Otherwise, if 2j > s, 
onsiderthe most re
ent previous phase in whi
h the megarows whi
h are paired belong to 
ategory[2l; 2l+1), 2l � s. In the above produ
t, the terms up to and in
luding this phase multiply toO(1). Therefore, beyond this phase, at most O(1) megarows survive (be
ause the total sumof megarow weights is O(s) and all but possibly one megarow has weight at least s). Terms
orresponding to the subsequent O(1) phases then 
ontribute a further O(1) fa
tor. Thus, theabove quantity is O(1); the 
orollary follows. 2This leads to the following result, the se
ond part of whi
h also follows immediately fromthe fa
t the �nal megarow-ve
tor weight is O(s).Lemma 6.4 The above deterministi
 algorithm determines a 
ir
ular shift for ea
h row of Ain O(s log3 s) time with the property that every 
olumn has O(log s) ones. Further, the numberof 
olumns having having more than i ones is O( s2i ), i = O(log s).7 Constru
ting Superimposed CodesRe
all that � = f1 : : : �g. The aim of this se
tion is to assign ea
h element e 2 � an equal length
ode so that for ea
h text set S and ea
h element e 2 �; e 62 S, (S; e) is separated (or satis�ed,as de�ned in Se
tion 2). We refer to the (S; e) pairs as 
onstraints to be satis�ed. Re
all fromSe
tions 1 and 2 that z denotes the maximum text set size, s is the sum of the text and patternset sizes, and that s � � + 1.The starting point of our algorithm is the following pro
edure, whose details will appearlater. 11



Pro
edure En
ode(C; k). Let k be any integer greater than 0 and let C be any given sub-
olle
tion of 
onstraints. Let jCj denote the quantity P(S;e)2C jSj; we 
all this quantity the sizeof C. This pro
edure assigns 
odes to the elements involved in these 
onstraints3 in su
h a waythat the total size of 
onstraints not satis�ed by this 
ode is less than jCj2k . These 
odes havelength O(zk) and the pro
edure takes O(jCjz log �(1 + log z= log log �)) time.The problem with applying the above pro
edure dire
tly to the set of all 
onstraints is thatthe 
onstraint size 
ould be large, i.e., 
(s�). Thus to obtain our time bound of O(sz log2 �),we need to apply pro
edure En
ode() on smaller, 
arefully 
hosen sub
olle
tions of 
onstraints.Let d be any parameter between 2 and �. First, we show how to 
hoose these sub-
olle
tionsto obtain 
odes of length O(z log(sd) logd �). Subsequently, we will modify this pro
edure toobtain 
odes of length O(z log � log logd �+ z log(sd)). Setting d to a 
onstant in this expressionleads to 
odes of length O(z log � log log s + z log s). Then, we will show how the 
ode length
an be redu
ed further under additional 
onditions.7.1 Getting Codes of length O(z log(sd) log�)We now de�ne logd � sub-
olle
tions of 
onstraints and invoke pro
edure En
ode() on ea
h su
hsub-
olle
tion. We need the following de�nition.De�nitions. Consider the d-ary representations of the numbers 1 : : : �. For e 2 �, de�nee�(j;d) = e mod dj , i.e., e�(j;d) is the number obtained by taking just the least signi�
ant j digitsin the d-ary representation of e. Similarly, de�ne S�(j;d) for a set S � � as fe�(j;d)je 2 Sg.Sub
olle
tion Cj. The jth sub-
olle
tion, 0 � j < logd � has 
onstraints of the form (e�(j;d); S�(j;d)),for all (S; e) su
h that e�(j;d) 62 S�(j;d), but e�(j�1;d) 2 S�(j�1;d).It is now easily seen that, for ea
h j, 0 � j < logd �, the total size of 
onstraints in Cjinvolving S is jSjd. Therefore, the total size of 
onstraints in Cj over all sets S is at mostsd. Further, for ea
h j, these 
onstraints 
an be expli
itly determined in O(sd) time. UsingEn
ode(Cj ; log(sd)), in time O(sdz log �(1 + log = log log �)) time, we obtain 
odes of lengthO(z log(sd)), satisfying all 
onstraints in Cj (note that the se
ond argument to En
ode() hasvalue log sd here). This pro
edure is performed for ea
h j, 0 � j < logd �. The total time takenis thus O(sdz log � logd �(1 + log = log log �)).Putting the 
odes together. The following lemma now shows how the �nal 
ode for e 
anbe obtained from the 
odes for e�(1;d); e�(2;d); : : : ; e�(logd �;d) obtained above in su

essive 
alls toEn
ode(), so that all the original 
onstraints are satis�ed.Lemma 7.1 The following 
oding for the elements of � satis�es all the original 
onstraints: forea
h e 2 �, 
ode(e) is the 
ode obtained by 
on
atenating the 
odes for e�(1;d); e�(2;d); : : : ; e�(logd �;d).Proof. Consider any 
onstraint (S; e), e 62 S. We show that this 
onstraint is satis�ed by theabove 
oding.Sin
e e 62 S, there must exist a j, 0 � j < logd � su
h that e�(j�1;d) 2 S�(j�1;d) but e�(j;d) 62 S�(j;d).Then En
ode(Cj ; log(sd)) returns 
odes satisfying (e�(j;d); S�(j;d)). Therefore, it must be the 
asethat the 
ode for e�(j;d) has a 1 at some position while the 
odes for f�(j;d); f 2 S, have 0's at thisposition. The lemma follows. 2.3An element is involved in 
onstraint (S; e) if it either belongs to S or is the same as e.12



Analysis. The total time taken is O(sdz log � logd �(1 + log z= log log �)), as stated above.The total 
ode length is O(z log(sd) logd �). Setting d to a 
onstant, we obtain 
ode lengthO(z log s log �) and running time O(sz log2 �(1 + log z= log log �)).7.2 Getting Codes of length O(z(log � log logd � + log(sd))).Re
all that the parameter d 
an be any number between 2 and �. Varying this parameter willbe instrumental in a
hieving the redu
tion in 
ode length des
ribed in this se
tion.The main idea is to 
all En
ode(Cj ; 2 log d + 1) instead of En
ode(Cj ; log(sd)), for ea
h j.Consequently, the 
odes returned by this pro
edure will be smaller, i.e., of length O(z log d)instead of O(z log(sd)); however, they 
ould leave 
onstraints of total size up to jCj j2d2 unsatis�ed,for ea
h j. At this point, to satisfy these remaining 
onstraints, the parameter d is repla
ed byd2 and the remaining unsatis�ed 
onstraints with respe
t to this new parameter are determined,as des
ribed below.De�nitions. The previous se
tion de�ned the sub-
olle
tions Cj, assuming a �xed value of d.We introdu
e new notation to parameterize these sub-
olle
tions by d, i.e., we repla
e Cj by Cdj ,0 � j < logd �.Overview of Algorithm Phases. The algorithm now pro
eeds in phases. The parameter d issquared in ea
h su

essive phase (i.e., in the ith phase, the d2i -ary representations for elementsof � are 
onsidered, where i varies from 0 to log logd �). For brevity, we shall denote d2i by di.In the ith phase, we 
all En
ode() on sub-
olle
tions of 
onstraints (to be des
ribed shortly)whi
h are subsets, respe
tively, of the 
olle
tions Cdi1 : : : Cdilogdi �. These 
alls result in a 
odebeing assigned to ea
h of e�(1;di); e�(2;di); : : : ; e�(logdi �;di), for ea
h e 2 �. The se
ond parameter inall these 
alls is set to 2 log di + 1; therefore, ea
h 
all returns with less than a 12d2i fra
tion (bysize) of the 
onstraints unsatis�ed.The total size of 
onstraints involved in ea
h 
all to En
ode() in phase 0 is O(sd), as before.As we will show later, the total size of 
onstraints involved in ea
h 
all to En
ode() in phasei > 0 will be at most sdd0d1d2d4d8:::d2i�1 . So, at the beginning of the last phase, this quantity willbe less than sdd1d2d4d2log logd ��1 = sd2� � sd:A 
all to En
ode() with these 
onstraints and the se
ond parameter set to log(sd) will nowsatisfy these 
onstraints as well. So the total number of rounds is log logd �.The �nal 
ode for ea
h e 2 � will be the 
on
atenation of the 
odes obtained above fore�(1;d) : : : e�(logd �;d); e�(1;d2) : : : e�(logd2 �;d2); � � � ; e�(1;d2log logd � ) : : : e�(log(d2log logd � ) �;d2log logd �.Time Complexity and Code Length. >From the above, it follows that the total time takenfor one 
all to En
ode() within phase i, 0 � i < log logd �, isO( sdd0d1d2d4 : : : d2i�1 � z log �(1 + log z= log log �)) = O(sdz log �(1 + log z= log log �)d2i�1 ):Summing over all logd2i � 
alls within this phase givesO(sdz log2 �(1 + log z= log log �)d2i�12i log d ):13



Summed over all phases, i < log logd �, this gives O(sz log2 �(1 + log z= log log �) dlog d) time.The �nal phase, with i = log logd �, takes timeO(sdz log �(1+log z= log log �)) = O(sz log2 �(1+log z= log log �) dlog d) as d = O(�). Thus the time for all the phases is also O(sz log2 �(1 +log z= log log �) dlog d).We do a similar analysis for 
ode lengths. Ea
h 
all to En
ode() in round i; 0 � i < log logd �,returns 
odes of length O(z log d2i) = O(z2i log d) (re
all that the parameter k in these 
alls isset to 2 log d2i + 1); summing this over all logd2i � 
alls within a phase givesO(z2i log d log �2i log d ) = O(z log �):Summing over all phases i; 0 � i < log logd �, gives O(z log � log logd �). The 
odes obtained inthe log logd �th phase (re
all, the se
ond parameter to En
ode() is set to log(sd) for this �nalphase) sum up to O(z log(sd)). Therefore, the total 
ode length isO(z(log � log logd � + log(sd))):The following issues remain to be addressed. Consider phase i and re
all that di denotesd2i for brevity. So d2i+1 = di2. Let A1 : : :Alogdi � be sub-
olle
tions of 
onstraints whi
h aresubsets of Cdi1 : : : Cdilogdi �, respe
tively, and on whi
h 
alls to En
ode() are made in this phase. LetB1 : : :Blogd2i � be sub-
olle
tions of 
onstraints whi
h are subsets of Cd2i1 : : : Cd2ilogd2i �, respe
tively,and on whi
h 
alls to En
ode() are made in phase i+ 1.1. We need to show how B1 : : :Blogd2i � are obtained from A1 : : :Alogdi �.2. We need to show that the size of any Bj is at most sdd0d1d2d4d8:::d2i , given that the size ofany Aj is at most sdd0d1d2d4d8:::d2i�1 .3. We need to show that the �nal 
odes assigned to elements e 2 � satisfy all the original
onstraints.We address ea
h of these, in turn.Obtaining Bj's from Aj's. Consider any 
onstraint (e�(j;di); S�(j;di)) for any j, 1 � j � logdi �.If this 
onstraint is satis�ed in the ith phase, then nothing further needs to be done for this
onstraint. Otherwise, this 
onstraint generates up to di new 
onstraints in the i + 1th phase,as follows.Re
all that e�(j;di) denotes the �rst j digits in the di-ary representation of e, where j runsfrom 1 to logdi �. If j is odd, then let g1 : : : gdi�1 denote those elements in � whose �rst j digitsin the di-ary representations are identi
al to those of e but whose j + 1th digit is di�erent fromthat of e. Then (e�(j;di); S�(j;di)) 
ontributes the following new 
onstraints to Bd j2 e:�(g1)�(d j2 e;d2i ); S�(d j2 e;d2i )� ; : : : ;�(gdi�1)�(d j2 e;d2i ); S�(d j2 e;d2i )� ;�e�(d j2 e;d2i ); S�(d j2 e;d2i )� :And if j is even, then (e�(j;di); S�(j;di)) 
ontributes one new 
onstraint�e�(d j2 e;d2i ); S�(d j2 e;d2i )�14



to Bd j2 e.Size of Bd j2 e. >From the above des
ription, ea
h unsatis�ed 
onstraint in Aj and in Aj�1(assuming j is even, otherwise take Aj and Aj+1) 
ontributes at most di new 
onstraints to Bd j2 e.The total size of unsatis�ed 
onstraints in Aj and Aj�1 together after En
ode(�; 2 log di + 1) isless than jAj j2di2 + jAj�1j2di2 . Therefore,jBd j2 ej � di( jAj j2di2 + jAj�1j2di2 ) = jAj j+ jAj�1j2di :Then, if jAjj; jAj�1j � sdd0d1d2d4d8:::d2i�1 , then jBd j2 ej � sdd0d1d2d4d8:::d2i , as required.All Constraints are Satis�ed. Consider any 
onstraint (S; e). In the �rst phase, there mustexist a j su
h that (e�(j;d); S�(j;d)) is a 
onstraint in one of the 
alls to En
ode() in this phase. Ifthis 
onstraint is not satis�ed in this phase, then, from the previous paragraph, it follows that(e�(d2 ;d j2 e); S�(d2;d j2 e)) is a 
onstraint in one of the 
alls to En
ode() in the next phase. Iteratingthis argument, we 
on
lude that there exists a phase i and a number j su
h that the 
onstraint(e�(j;di); (S�(j;di)) (re
all di denotes d2i) is satis�ed in phase i by a parti
ular 
all to En
ode(). Theoriginal 
onstraint (S; e) is now satis�ed by the 
odes assigned to elements in � be
ause these
odes are 
on
atenations of several smaller 
odes, one of whi
h is output by the above 
all.Finally, we reiterate that the above algorithm takes O(sz log2 �(1 + log z= log log �) dlog d)time and produ
es 
odes of length O(z(log � log logd � + log(sd))), where d is any value be-tween 2 and �. For d = O(1), the above bounds be
ome O(sz log2 �(1 + log z= log log �)) andO(z(log � log log � + log s)), respe
tively.7.3 Redu
ing the Code Length FurtherIn this se
tion, we assume the 
ondition that the number of sets S with size at least i isO( s2i ), for all i (see Lemma 6.4). With this assumption, we show that the 
ode length 
an beredu
ed to O(log2 s) and the time to O(s log2 �). Subsequently, we will show how a similarredu
tion in 
odes 
an be obtained for the sets obtained in the randomized algorithm for theRow Rotation problem (see Lemma 5.1); the expe
ted 
ode length 
an be redu
ed to O( log2 slog log s)and the expe
ted time will be O(s log2 �), in this 
ase. Constant probability bounds for thesetwo quantities will follow from Markov's inequality.The Deterministi
 Case. The tri
k is to apply distin
t values of d for 
onstraints involvingsets of distin
t sizes. The set sizes range from 1 to O(log s). We partition this range intodoubling 
ategories; for sets whose sizes are in 
ategory [i; 2i), we 
hoose d = �(2i=2). Then weapply the algorithm in the previous se
tion to 
onstraints involving sets of this 
ategory. This isrepeated for ea
h 
ategory. Finally, for ea
h e 2 �, the �nal 
ode is obtained by 
on
atenatingthe 
odes for e obtained for ea
h of these 
ategories.The time taken for satisfying 
onstraints involving sets in 
ategory [i; 2i) is obtained byrepla
ing s by O( s�i2i ), z by i, and d by �(2i=2) in the running time derived at the end of theprevious se
tion. Also, re
all that for ea
h 
ategory for whi
h its terms �; s satisfy s+1 < �, theterm � 
an be redu
ed to at most s+1 using time O(s log s). Then summing over all 
ategories15



(so i doubles at ea
h su

essive term in this sum), the total running time be
omes:O s log2 �X( i22i 2i=2i )(1 + log ilog log � )! = O(s log2 �)Using the same substitutions, the total 
ode length is:O X i(log � log log2i=2 s� i2i + log(s� i� 2i=22i ))! ;whi
h simpli�es to O�X i(log � log log si + log s)� = O(log2 s):The Randomized Case. Re
all that Theorem 5.1 provides sets with the following property:the expe
ted number of sets S with size at least i is O( si�(i) ), for all i, 1 � i = O( log slog log s).As before, we partition this range into doubling 
ategories; for sets whose sizes are in 
ategory[i; 2i), we 
hoose d = �(i�(i)). The expe
ted time taken for satisfying 
onstraints involving setsin 
ategory [i; 2i) is obtained by repla
ing s by O( s�ii�(i) ), z by i, and d by �(i�(i)) (with anappropriate 
hoi
e of 
onstant in the �(i) term so the following inequalities hold). Summingover all 
ategories (so i doubles at ea
h su

essive term in this sum), we get the following boundon the total expe
ted time:O s log2 �X( i2i�(i) i�(i)i log i)(1 + log ilog log � )! = O�s log2 �X ii�(i)� = O(s log2 �):Using the same substitutions, the total 
ode length is:O X i(log � log logi�(i) s� ii�(i) + log(s� i� i�(i)i�(i) ))! ;whi
h simpli�es to O X i(log � log log s=i�(i)i log i + log s)! :Using the fa
t that i = O( log slog log s), the above expression simpli�es to O( log2 slog log s).7.4 Implementing En
ode(C; j)It suÆ
es to show how to implement this pro
edure for j = 1 in O(jCjz log �(1+log z= log log �))time with 
odes of length O(z). If j is larger, then just repeating this pro
edure with the unsat-is�ed 
onstraints (whose total size at least halves in ea
h 
onse
utive step) and 
on
atenatingthe resulting 
odes together gives the desired result in the same time, using 
odes of lengthO(zj). In the rest of this se
tion, we assume j = 1.The main idea is to hash elements of the set f1 : : : �g into an r = O(z) sized range using ahash fun
tion h : f1 : : : �g ! f1 : : : rg, so that the following property is satis�ed: for at least16



half4 the 
onstraints (S; e) 2 C, h(e) 6= h(f) for any f 2 S. Suppose we 
an �nd su
h a hashfun
tion h(). Then it is easily seen that the following assignment of 
odes will satisfy half the
onstraints in C: the 
ode for element e has length r with a 1 at the h(e)th position and 0'selsewhere. It now remains to be des
ribed how a hash fun
tion h() with the above property isdetermined in O(jCjz log �) time.Hash Fun
tions. We use hash fun
tions of the formh(e) = ae (mod p)(mod r);where p 2 [r log �(1+log z= log log �); 2r log �(1+log z= log log �)℄ is a prime number, 1 � a � p,and r = �(z). The aim is to 
hoose a and p 
arefully so that the required property is satis�ed.We say that a prime p in the above range is good if for all but one quarter of the 
onstraints(S; e) 2 C, e(mod p) 6= f(mod p), for all f 2 S. Having 
hosen a good p, those 
onstraintswhi
h satisfy the above property are 
alled good 
onstraints. Given a good prime p, we say thata 
hoi
e of a is good if for all but one quarter of the good 
onstraints (S; e) 2 C, ae(mod p)(modr) 6= af(mod p)(mod r), for all f 2 S.We will need the following lemma.Lemma 7.2 There exists a good prime p 2 [r log �(1+log z= log log �); 2r log �(1+log z= log log �)℄.Further, given any good prime p, there exists a good a, 1 � a < p.Proof. For the �rst part of the lemma, 
onsider 
hoosing a random prime p in the above rangeand 
onsider some 
onstraint (S; e) 2 C. The probability that e(mod p) = f(mod p) for a �xedf 2 S is at most log �= log log ��(r log�(1+log z= log log �)= log(r log �(1+log z= log log �))) = O(1r ) (be
ause e � f 
anhave at most log �= log log � prime fa
tors while the number of primes in the range [r log �(1 +log z= log log �); 2r log �(1 + log z= log log �)℄ is �(r log �(1 + log z= log log �)= log((r log �)(1 +log z= log log �))). It follows that the probability that e(mod p) = f(mod p) for any f 2 S is atmost O( zr ), whi
h 
an be made smaller than one quarter by an appropriate 
hoi
e of 
onstantfor r. The �rst part of the theorem follows.For the se
ond part of the lemma, we 
onsider only good 
onstraints remaining after the
hoi
e of an arbitrary good p in the above range. Now 
onsider a random 
hoi
e of a, 1 � a < p,and 
onsider a good 
onstraint (S; e) 2 C. Sin
e this is a good 
onstraint, (e�f) 6� 0( mod p), forea
h f in S. Consider one su
h f . The number of 
hoi
es of a whi
h lead to a(e� f)(mod p) �0(mod r) is at most pr ; so the probability that ae(mod p)(mod r) = af(mod p)(mod r) forthis f is 1r . The probability that ae(mod p)(mod r) = af(mod p)(mod r) for some f 2 S isat most zr , whi
h 
an be made smaller than one quarter by an appropriate 
hoi
e of r. These
ond part of the lemma follows. 2The Algorithm. It now suÆ
es to show how to �nd a good prime p and then a good a, theexisten
e of both being guaranteed by Theorem 7.2. We use exhaustive sear
h in both 
ases.For ea
h prime p in the above range and for ea
h 
onstraint (S; e) 2 C, we 
he
k whethere(mod p) 6= f(mod p), for all f 2 S. This 
he
k takes O(jCj) time per 
hoi
e of p, givingO(jCjz log �(1 + log z= log log �)) time overall.Next, having �xed p, we go through ea
h a < p. For ea
h su
h a and for ea
h good 
onstraint(S; e) 2 C, we 
he
k whether ae(mod p)(mod r) 6= af(mod p)(mod r), for all f 2 S. The timetaken is again O(jCjz log �(1 + log z= log log �)), as required.4By size, and not by number. All further referen
es to fra
tions of 
onstraints will be by size and not number.17



Remark on �nding primes. We 
on
lude with a te
hni
al issue. The above algorithmrequires �nding primes in the range [r log �(1+log z= log log �); 2r log �(1+log z= log log �)℄. Lety = r log �(1+log z= log log �). All primes in this range 
an be determined in O(y log y) and evenO(y log log y) time on
e and for all at the beginning of the algorithm. This doesn't 
ontributesigni�
antly to the 
omplexity, sin
e r = O(z) = O(log s).7.5 Interval CodesIn this se
tion, we 
onsider the 
ase when all the sets S are intervals of [1 : : : �℄ of length z. Inthis 
ase, we show how to 
onstru
t 
odes of length O(z + log �) in O(�) time.We will a
tually solve the Data-Independent 
ase for this problem, i.e., we will assume thatall possible intervals of length z are present. Clearly, the resulting 
ode applies to the Data-Dependent 
ase as well.First, we 
lassify all (S; e) pairs, e 62 S, into two 
ategories. Partition the interval [1 : : : �℄ intodisjoint intervals [1 : : : 2z℄; [2z + 1 : : : 4z℄, et
 (we 
all these intervals basi
 intervals). Category1 has all those (S; e) pairs for whi
h S lies 
ompletely within one of these intervals. Category 2
ontains all the remaining (S; e) pairs. Sin
e jSj � z and S is an interval, it follows that if S isin Category 2, then it must be in one of the intervals [z + 1 : : : 3z℄; [3z + 1 : : : 5z℄, et
.We will show how to obtain 
odes for ea
h element in [1 : : : �℄ so as to separate the pairs (S; e)in Category 1. Codes whi
h separate the pairs (S; e) in Category 2 
an be obtained similarly.The �nal 
ode will be obtained by 
on
atenating these two 
odes. This 
ode will 
learly separateall (S; e) pairs, e 62 S.We pro
ess Category 1 as follows. (S; e) pairs in this 
ategory are further subdivided into twosub
ategories. Those pairs for whi
h S and e are in the same basi
 interval are in Sub
ategory1; the remaining pairs are in Sub
ategory 2. As before, we will obtain distin
t 
odes whi
h willseparate pairs in ea
h sub
ategory; the �nal 
ode for Category 1 will be a 
on
atenation of thesetwo 
odes.First, 
onsider Sub
ategory 1. We will assign a 
ode of length 2z to ea
h element in [1 : : : 2z℄;this 
ode will separate all (S; e) pairs whi
h are in this basi
 interval. It is now easily seen thatassigning element e, 2z + 1 � e � �, the same 
ode as e mod 2z will separate all pairs in thissub
ategory. The 
odes assigned to elements in [1 : : : 2z℄ are as follows. For e 2 1 : : : z, the 
odehas z+1�e leading ones, followed by 2z� (z+1�e) = z+e�1 trailing 0's. For e 2 z+1 : : : 2z,the 
ode has 3z � e leading 0's, followed by e � z trailing ones. A little inspe
tion shows thatthis 
ode separates all pairs (S; e) in this 
ategory.Se
ond, 
onsider Sub
ategory 2. All (S; e) pairs in this sub
ategory have the property thatS is 
ompletely within some basi
 interval and S and e are in distin
t basi
 intervals. The 
odewe give e is the binary representation of the �rst element in the basi
 subinterval 
ontaining e,followed by the bitwise 
omplement of this binary representation. This 
ode separates all pairsin this sub
ategory due to the following property: if f; g are the �rst elements in distin
t basi
intervals, then some bit in the 
ode for f obtained above has a 1, and the 
orresponding bit inthe 
ode for g is 0. The length of this 
ode is 2 logd �2z e.The total 
ode length is thus O(z + log �).Referen
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