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Abstract
An O(m)-work, O(m)-space, O(log* m)-time CREW-PRAM algorithm for con-

structing the suffix tree of a string s of length m drawn from any fixed alphabet
set is obtained. This is the first known work and space optimal parallel algorithm
for this problem. Tt can be generalized to a string s drawn from any general alpha-
bet set to perform in O(log* m) time and O(mlog|Y|) work and space, after the
characters in s have been sorted alphabetically, where |Y| is the number of distinct
characters in s. In this case too, the algorithm is work-optimal.
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1 Introduction

A suffix tree of a string s is a compacted trie of all suffixes of s. It is a powerful data
structure which finds applications in many string processing algorithms. Some examples
are string matching, finding all squares or repetitions in a string [AP83], computing sub-
string statistics [AP85], approximate string matching [1.V86], text compression [RPES1],
analyzing genetic sequences [CHMS6], etc. A very powerful feature of the suffix tree is
that after construction and suitable preprocessing, the longest common prefix of any two
substrings of s can be found in constant time; further, the preprocessing required for this
step can be performed optimally in logarithmic time.

The first sequential algorithm for constructing the suffix tree was obtained by Weiner
[W73]. This algorithm takes O(mlog|¥|) time, where || is the number of distinct
characters in s and m = |s|. McCreight [M76] gave a more efficient construction with
the same asymptotic time bound. For strings from a fixed alphabet, both algorithms
take linear, i.e., O(m) time.

The first parallel algorithm for this problem was due to Landau and Vishkin [I.V86];
it runs in O(logm) time and does O(m?) work. Apostolico et al. [ATL.SV86] used the
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technique of “naming” [KMR72] to obtain an algorithm which takes O(logm) time and
does O(mlogm) work in the arbitrary CRCW-PRAM model. This algorithm requires
superlinear, i.e., O(m?) space, which can be reduced to O(m'*") at the expense of an
O(1) factor in the time bound. A variant of this algorithm runs in O(log® m) time, does
O(mlog® m) work and takes linear space in the CREW-PRAM model.

Note that constructing the suffix tree of s implicitly involves ordering the characters
in s by alphabet; therefore, no parallel algorithm can have a better work bound than
the algorithm in [ATLSV86] when the characters in s are drawn from a general and
potentially infinite alphabet. However the algorithm of Apostolico et al. [ATL.SV86] runs
in the above mentioned time, space and work bounds even for binary alphabet. The
existence of a linear work algorithm for the case when the characters in s are drawn from
a fixed alphabet has been an important open problem in string processing.

The Main Result. We give the first work-optimal parallel algorithm to construct the
suffix tree of a binary string s. The algorithm does O(m) work and takes O(log* m)
time and O(m) space in the CREW-PRAM model. This algorithm can be generalized to
handle strings s drawn from any fixed alphabet set to perform in the same bounds. For
strings s drawn from a general alphabet set, the algorithm can be generalized to perform
in O(log® m) time, O(mlog |%]) work, and O(mlog|%]) space after the characters in
s have been sorted by alphabet, where [Y| is the number of distinct characters in s.
Since constructing the suffix tree of s implicitly involves ordering the characters in s by
alphabet, no parallel algorithm can have a better work bound.

An Application. As an application, we obtain the first optimal work algorithm for
multi-pattern matching, i.e., matching a set of patterns of collective size M against a
text of size N, where the patterns and text are drawn over some fixed alphabet set.
This algorithm takes O(]0g4 M) time, O(M + N) work and O(M + N) space in the
CREW-PRAM model, where M; is the length of the longest pattern. Previously, the
algorithm with the smallest work bound was due to Muthukrishnan and Palem [MP93];
this algorithm took O(log M;) time, O(N+/Tog M; + M) work and O(M'** + N) space
in the arbitrary CRCW-PRAM model.

Other Recent Developments. Independent of this work, Sahinalp and Vishkin [SV93]
obtained an algorithm for suffix tree construction which takes O(log” m) time , O(m log log m)
work and O(m'*™) space in the arbitrary CRCW-PRAM model. A randomized version
of their algorithm takes O(log®m) time, O(mlog*m) work and O(m) space. Both al-
gorithms work for strings drawn from an alphabet of size polynomial in m and use the
“naming” technique. They also modify this algorithm for the case of fixed alphabet to
run in O(log®m) time, O(m) work and O(m'**) space in the arbitrary CRCW-PRAM
model. Note that this algorithm is time-wise better than ours but is not space optimal
and requires a stronger model; further the techniques used by them (symmetry breaking
and naming) are very different from the combinatorial techniques we use. More recently,
Farach and Muthukrishnan [FM93] have obtained a randomized algorithm which takes
O(log m) time, O(m) work and O(m) space in the arbitrary CRCW-PRAM model for

strings drawn from a constant sized alphabet.

Main Techniques Used. The algorithm of Apostolico et al. [ATL.SV86] for suffix tree



construction uses some interesting algorithmic techniques but does not use any of the
properties intrinsic to strings. Qur approach is quite different and exploits combinatorial
and periodicity properties of strings along with the repetitive nature of the suffix tree.
It is interesting to note that many parallel algorithms use superlinear space in order to
exploit the fixed (or restricted) alphabet assumption [MP93, BD491, KL.P89] in order to
reduce the work bound; in contrast, we exploit the fixed alphabet assumption to obtain
an optimal work algorithm using just linear space. The following are two of the essential
ingredients of the algorithm which may also be of independent interest.

e Our scheme hinges on an upper bound we show for the following combinatorial question.
If 7,. is the number of times substring x occurs in s, then what is the sum X min{iy,, 0.},
over all binary strings x of length r, as a function of m = |s| and r? Here 0z just denotes
the string @ preceded by the symbol 0, and similarly for 1. Note that this sum is closely
related to the number of nodes in the suffix tree of s which have two suffix links incident,

m logm

upon them. We show that this sum is upper hounded by ==%=.

o We give a concurrent version of McCreight’s sequential algorithm for suffix tree con-
struction which constructs a single data structure in which the suffix trees of the binary
strings s1,...,s; are merged. This algorithm runs in O(max;{|s;|}log k) time, does
O(%;]s:]) work, and takes O(¥;|s;]) space. In this algorithm, one processor is assigned
to each string s;; each processor performs McCreight’s sequential algorithm on its re-
spective string. All processors work on the same data structure. This leads to two
problems, the more critical of which is the fact that a processor which inserts a node x
into this data structure might have to wait for the suffix link of #’s parent to be in place
before proceeding. Indeed long paths may appear in the data structure, with each node
in this path waiting for the suffix link of its parent to be in place. We give a non-trivial
amortization argument to show that the total work done is indeed linear, in spite of
processors waiting for suffix links to be in place.

Algorithm Overview. The suffix tree construction algorithm uses the following scheme.
Compacted tries are built for substrings of s of successively increasing lengths in O(log m)
stages; the final trie will be the suffix tree. In the first stage, the substrings have
size r, where r is polylogarithmic in m. In the subsequent stages, they have lengths
2r, 2%, 23, ..

The first stage provides us with the first challenge in solving this problem as it is not
clear how even this stage can be accomplished in O(m) work. We use the concurrent
version of McCreight’s algorithm described above. s is split into pieces of length 2r, each
pair of adjacent pieces overlapping in exactly r characters. One processor is assigned
to each piece. FEach processor performs McCreight’s sequential algorithm to insert all
substrings of length r in its piece into a compacted trie. All processors insert substrings
into the same data structure. This takes O(r logm) time and O(m) work.

Fach subsequent stage can be performed easily by sorting up to m items in each
stage. However, this leads to an O(m log” m) work algorithm. The main challenge now
is to get around the problem of sorting up to m items in each stage. In order to avoid
performing this computation, we use the following scheme. Each stage proceeds in two
steps.



Recall that in a given stage, all substrings of a particular length are processed. In
the first step, the compacted trie is computed for a carefully chosen subset of these
substrings. Using the combinatorial property mentioned above and exploiting periodicity
properties, we show that the the number of such substrings which are not periodic with
small periods is O(,OGLQW), and that those substrings which are periodic with small periods
can be grouped into O(IOGLQW) families. We can then “sort” these chosen substrings using
Cole’s parallel merge sort algorithm [C88] so that the total work done in sorting is O(]OZ—’M)
per stage, which is O(m) over all stages.

In the second step, by exploiting the repetitive structure of the trie, we obtain the
compacted trie for all substrings using the compacted trie for the substrings chosen
above. These chosen substrings enable a graph defined on the leaves of the trie obtained
in the previous stage to be partitioned into trees; this graph partitioning is critical to the
efficient performance of the second step.

This paper is organized as follows. Section 2 gives the requisite definitions and
describes some preliminary procedures, Section 3 describes a key combinatorial property
of strings, Section 4 describes how the first stage is performed, and Sections 5, 6, 7, 8,

and 9 describes the remaining stages.

2 Definitions and Preliminaries

The compacted trie of a set of strings sy, 82,..., 85, none of which is a prefix of another
string in the set, is a tree T' defined as follows. T has a leaf [ f(s;) for each s;, 1 <1 < k.
Fach internal node in T has at least two children. Associated with each edge ¢ in T
is a string. The strings associated with the edges on the path from the root to [f(s;)
yield the string s; when concatenated in path order. Further, for any two leaves [ f(s;)
and [f(s;) with least common ancestor z, the strings associated with the edges on the
path from the root to x, when concatenated in path order, give the longest common
prefix of s; and s;. It follows that if e and ¢’ are edges leading from a node z to any
two of its children, the strings associated with e and ¢’ begin with distinct characters.
In addition, the edges leading from x to its children are ordered from left to right in
increasing lexicographic order of the associated strings. Fig.1. shows the compacted trie
of strings 1011,0100,1101,1110,1010.

The above definition of compacted tries is generalized to the case when some of the
strings sy,...,s; are identical by having one leaf per distinct string rather than one leaf
per string. All identical strings are associated with the same leaf in T

Let s be a binary string of length m. The suffizx tree ST of s is defined as follows.
Let p be the string s$, where § is a new symbol. Then, clearly, no suffix of p is a prefix
of another suffix of p. ST is a compacted trie of all suffixes of p except the suffix ‘§’.
Fig.1. shows the suffix tree of the string 110110. The r-suffix tree, r-ST, of s, r > 1,
is defined to be compacted trie of all substrings of p of length r and all suffixes of p of
length at most r, excluding the suffix ‘$’. Clearly, for any r > m, ST = r-S7T.

In any ST, let str(z) denote the string obtained by concatenating the strings as-
sociated with the edges on the path from the root to the node x in »ST. An r-ST
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Figure 1: Tries and Suffix Trees

will be represented as follows. The nodes will be stored in contiguous array locations.
Fach node x of the tree has pointers to its children (which are at most 3 in num-
ber), a parent pointer par(z), a suffix link pointer suf(x), and a field len(x) which
equals [str(z)]. If 2 is an internal node then the suffix link pointer suf(2) points to
a node y such that |str(y)| = |str(z)] — 1 and str(y) is a suffix of str(x). For every
internal node x in any ST, such a node y is guaranteed to exist. For the root root,
suf(root) = par(root) = root and len(root) = 0. The string p[i ... j] associated with an
edge e is denoted by substr(e) and is represented by the pair of indices 1, 7.

Let the characters in p be indexed from 1...m 4+ 1. Two strings u and v are said
to be consecutive substrings of p if for some index j there is an occurrence of u in p
beginning at index 7 and an occurrence of v in p beginning at index j 4 1.

A subtree of some r-ST' T induced by a subset I of its leaves is the tree obtained by
removing all subtrees of T' containing only leaves outside I, and then compacting paths
of degree two nodes in the resulting tree into a single edge.

We impose the order ¢ < 0 < 1 < § on the alphabet, where ¢ stands for the empty
symbol, i.e., a blank. We say that v < v for strings u, v if string u is lexicographically
less than v. We say that Iy < Iy for nodes 1,15 of some r-ST if str(ly) < str(lz).

We assume the CREW-PRAM model of computation in the rest of this paper. The
following primitives will be useful.

Comparing Leaves. The following primitive is due to Schieber and Vishkin [SV88].
A tree with m nodes can be preprocessed in O(logm) time and O(m) work following
which the relative order of any two leaves can be determined in constant time and work.

Computing Induced Tries. Given an ordered set S of substrings of p and an oracle
which gives the length of the longest common prefix of u,v for any two consecutive
strings u,v € S, there is a scheme for constructing the compacted trie for the strings in

S in O(log |S|) time and O(|S]) work [FM93]. This trie is called the trie induced by the

strings in S.
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Figure 2: A Periodic String

We also need the concept of periodicities in strings. x is said to be a period of string
wif forall 7, 1 < 7 < |u| — 2, ulj] = u[j + 2]. w is said to be periodic if its smallest
%; in fact, u is said to be periodic with period = (see Fig.2.). A
string u is said to be primitive if for no v’ and k > 1 is u = («/)F. Lemma 2.1 is classic

and follows from [.S62].

period x is at most

Lemma 2.1 Suppose string u is periodic. Then there exists a primitive string v and a
prefir w of v such that u = v*w, for some k > 2. Further, v < |u| —|v| is a period of u if
and only if x is a multiple of |v|. In addition, the smallest period of the string v’ = ua,
where a # ullu| — |v| + 1], is at least |u| — |v| + 1.

Our goal is to construct the suffix tree ST of s in polylogarithmic time and linear
work, using just a linear amount of space. We do so by constructing the sequence of trees
r-ST,2r-ST,22r-ST, ..., 2'r-ST, where 7 is the smallest number such that 2'r > m + 1

and r, to be fixed later, is polylogarithmic in m. We assume that m > 8.

3 A Basic Property

In this section, we describe a basic combinatorial property of strings which will be critical
to the performance of the algorithm. Consider any binary string v.

Definitions. For a binary string u of length less than |v|, let 7, denote the number of

occurrences of u in v. For 1 <r <|v|—1, let n, = X min{ig,, 21, }, where the summation
|7}|71

is over all binary strings u of length r. ¥, 2, n, is called the bifurcation number of v.

Lemma 3.1 n, <n, y, for 1 <r <|v|—1.

Proof. let z be a binary string of length r — 1. We show below that min{ig.0,71.0} +
min{ig.r, 7121+ < minfig., 71 . Since n, = X[min{ig.0, 7120} + min{ig.1, 7120} and n,y =
Y min{ig., 71, }, where the summations are over all binary strings z of length r — 1, the
lemma follows.

Note that ig.0 + 70.1 < 79, because if either 020 or 0z1 occurs starting at v[i], then
0z occurs starting at o[7]. Similarly, 7.0 + 711 < #1.. Therefore, min{ig.o, 710} +
min{iog.r, 1121 F < min{io.o + 7021, 1120 + 21 F < mindig., 71}, as claimed. O

Lemma 3.2 The bifurcation number V" 'n, of v is at most |v| log |v].



Proof. Consider the suffix tree ST of the v/, the reverse of v. Each prefix of v corresponds
to a distinct leaf in ST

Consider those internal nodes x with at least two edges e and ¢’ leading to children
y and y’ of 2, respectively, such that the substr(e) begins with a 0 and substr(e’) begins
with a 1. Let [2 be the number of leaves in the subtree rooted at y and let I! be the
number of leaves in the subtree rooted at y’. Clearly, the bifurcation number of v is
exactly the sum Y min{l!, 1%} over all such internal nodes in ST.

We call min{l! 1%} the count at node x. Clearly, for each leaf of ST, there are af
most log [v] internal nodes at which it can contribute to the count. The lemma follows.

O

Corollary 3.3 n, < Ivll(;iglvl’ Jor 1 <r <|v|—1.

Remark. Leszek Gasieniec [G93] has shown that there exist strings v for which n, =
@(Ivllf;iglvl)? for r = Q(log |v]). So Corollary 3.3 is tight to within constant factors for
r = Qlog |v]).

4 Optimal r-Suffix Tree construction in O(r log m)
time

Given some r < m, we show how Tg, the ST of s, is constructed in O(rlogm) time
and O(m) work on a common CRCW-PRAM. Recall that the r-ST is a compacted trie
of all substrings of p of length r and all suffixes of p of length at most r, except the suffix
‘$”. The value of r will be fixed later at some power of log m.

4.1 The Algorithm

The procedure for constructing Ty has two steps.

Step 1. In this step, a tree T} is built in O(r logm) time and O(m) work. s is partitioned
into pieces of length 2r (the rightmost piece could be shorter), each pair of adjacent pieces
overlapping in exactly r characters. There are O(™) such pieces. Let these pieces be
denoted by the strings sy, 82,...,85. Let p; be the string s;$;, where $; # §;, for any
1 # 3. T is the compacted trie of all suffixes of each of the p;’s, except the suffixes $;.
In other words, T} is a single data structure containing the suffix trees of all the s,’s.

To construct Tj, one processor is assigned to string p;. The processor associated with
p; inserts the suffixes of p;, except §;, in left to right order into T} using the sequential
algorithm of McCreight [M76]. FEach processor takes O(rlogm) time and does O(r)
work. In fact, there are O(r) time-steps and each processor takes O(1) time and does
O(1) work in each time step; in addition, after each time step, reorganizing the processors
in a manner to be described takes O(logm) time and O(™) work. Thus, the total time
taken is O(r logm) and the total work done is O(m). This construction will be described
in detail shortly.



Step 2. T} is post-processed to give Ty in three steps, each of which takes O(logm)
time and O(m) work.

Step 2.1. T} is truncated as follows. All edges e in T} are considered in parallel.
Suppose e is between a node 2 and its parent y such that len(x) > r and len(y) < r.
Then the edge e and the subtree rooted at x are removed; in addition, if len(y) < r then
a leaf 2 is inserted with parent y such that str(2’) is the prefix of str(z) of length r.

Step 2.2. Next, all subtrees containing only leaves = such that str(z) is a suffix of py,
k' # k, are removed. We do not do the above operation for py, for the following technical
reason: the symbol $; can serve as §, the last symbol of p (recall p = s§).

Step 2.3. All chains of degree 2 are contracted. Tj is the resulting tree.
The total time taken in Steps 1 and 2 is O(r logm) and the total work done is O(m).

Step 1 Description. As stated earlier, the processor associated with p;, 1 <1 < k,
inserts all suffixes of p;, except $,, in left to right order into T} using the sequential

algorithm of McCreight [M76].

McCreight’s Algorithm. For the sake of completeness, we briefly recapitulate Mc-
Creight’s sequential algorithm for constructing the suffix tree T of a string s'. Let
p’ = §'$. The algorithm inserts the various suffixes of p’ in left to right order, i.e., in
decreasing order of the lengths of the suffixes. In this process, the characters in p’ are
scanned from left to right in sequence and the nodes in the current suffix tree are scanned
in some order. Three variables, 7, 7 and ., are maintained at every step. 7 denotes the
index of the rightmost character in p’ which has been read. j denotes the index in p’
at which the current suffix which the algorithm seeks to insert begins. = denotes the
current node in T being scanned by the algorithm. This algorithm alternates between
two phases, the scanning phase and the rescanning phase. Initially the algorithm starts
in the scanning phase with 2 =1, 5 = 1, and x being the root.

We describe a snapshot of the algorithm starting with a scanning phase and ending
just before the next scanning phase.

In a scanning phase, the characters p[7], p'[7+1], ... are compared with the characters
in the strings associated with the edges along the appropriate path starting at a until
a mismatch occurs. Suppose a mismatch occurs when character p/[i'] is compared with
a character in the substring associated with the edge e between node y and one of its
children y’. Then the edge e is broken at the appropriate point and a node z is inserted
as a child of y and parent of /. A new leaf 2’ is inserted as a child of z; 2/ will be the
leaf corresponding to the suffix j.

A rescanning phase begins now. Suffixes 7 + 1,7 4+ 2,... are inserted one by one in
this rescanning phase. Suffix j 4+ ¢ is inserted as follows after suffix 7 + ¢ — 1 has been
inserted, where ¢ > 1. Suppose edge e¢; between node w and one of its children was
broken in order to insert the suffix 7 +¢ —1; let f; be the node which was used to break
edge e1. Then the edge ¢} which has to be broken in order to insert suffix 7+ ¢ is found
by traversing the appropriate path starting at node suf(w) until a node w’ is reached
such that len(w') > len(z) — g. If len(w’) > len(z) — g then €] is the edge between w’
and its parent; suf(f1) is then set to fi, the node which is used to break ¢/; further, the



rescanning phase the continues with suffix 7 4+ ¢ + 1. If len(w’) = len(z) — ¢ then the
current rescanning phase comes to an end (without having inserted suffix 7 + ¢ yet) and
the next scanning phase begins with i =4/, j = 5 + ¢ and @ = w'; further, suf(f1) is set
to w'.

An important fact to note is that in the rescanning phase, traversing an edge e takes
constant time, while in the scanning phase, characters in the strings associated with e are
compared in sequence and this takes time proportional to the number of comparisons.
McCreight showed that the total time spent in the above rescanning phase is O(h+i" —1),
where h is the number of suffixes inserted in the rescanning phase; the entire algorithm
can then be easily seen to take O(]s|) time.

Problems Encountered. Note that since all the O(%) processors which run Me-
Creight’s algorithm on the strings pq,...,pr work on a common data structure, these
processors interfere with each other. The following two problems are encountered.

1. A number of processors may simultaneously attempt to break an edge e between
node x and its child y and insert different nodes between these two nodes.

2. When a node y is inserted in T}, the suffix link su f(2) of the current parent node
x of y may not have been determined. The analysis of McCreight’s algorithm
requires that this link be in place when y is inserted.

These problems are solved as follows.

Solution to Problem 2. After a node y is inserted as a child of x, the processor which
inserted y waits at @ until the suffix link of = is set before proceeding further. It needs
to be shown that the total time spent by a processor waiting at various nodes is bounded

by O(r). This analysis will be described in Section 4.2.

Definition. We define the current string length of the processor associated with py,
1 <1 < k, at any instant as follows. If 7 is the index of the rightmost character in p
scanned till that instant and j is the index at which the last suffix of p; inserted begins
then the current string length of the above processor is 1 — j.

The following fact holds for McCreight’s algorithm.

Fact 1 The current string length of the processor associated with p; equals str(x) + 1
immediately before it inserts a node x.

Solution to Problem 1. The run of the algorithm is divided into time-steps. As we will
show in Section 4.2, there are O(r) time-steps in all. At each time-step, each processor
executes one step of McCreight’s algorithm in O(1) time. Following this the processors
are organized into ordered lists in a manner to be described; this will take O(log m) time
and O(%) work per time-step. Thus, the total time taken is O(rlogm) and the total
work done is O(m).

At each time-step, two ordered lists are maintained for each node a in T{. The first
list, Iy, contains those processors which either are at node x in the rescanning mode,
or are in the scanning mode comparing characters in the strings associated with one



of the edges leading down from x. The second list, [5, contains processors which are
waiting at node x, i.e., waiting for the suffix link of node = to be set (see solution to
Problem 2). If suf(x) is defined then the list [ at a is empty. Fach list is ordered by the
current string lengths of the processors it contains. As we shall show, the only operations
needed to update these lists at each time-step are to partition each list into contiguous
sublists, divide each list into a constant number of non-contiguous sublists and to merge
a constant number of lists into a single list. These operations can be accomplished in
O(logm) time and O(Z) work per time-step.

Consider a node x. At each fime-step the following operations are performed, in
addition to those that are routinely performed in McCreight’s algorithm.

1. The list of processors in [; at node x is split into two ordered lists, one containing
processors which seek to go down the edge whose associated substring begins with a 0
and the other containing processors which seek to go down the edge whose associated
substring begins with a 1. Let Iy be the former list and i be the latter list. We
concentrate our description on Lg. L is processed similarly.

2. All processors in [ read in the pointer to the appropriate child y of 2. Those
processors in Lg which are in the scanning phase compare their next character; those
which are in the rescanning phase check whether the nodes they seek to insert are to be
between = and y or not. Following this, an ordered sublist I/ of Ly comprising those
processors which seek to break the edge e between x and y is obtained. Since processors
in [; were ordered by their current string lengths, by Fact 1, the processors in I/ appear
in top to bottom order of the point at which they seek to break e. This also implies that
all processors which seek to break e at the same point occur consecutively in I/

3. I’ is divided into sublists; each processor in a sublist seeks to break edge e at the
same point. Let xy,.... 2, be the distinct nodes, in order from top to bottom, which
processors in I/ seek to insert between x and y. Fach sublist is further reorganized
into groups of maximal size such that all processors in the same group have identical
characters in the last scanned positions in their respective strings. Note that except for
at most two groups (corresponding to last scanned characters 0,1, respectively) in each
sublist, all other groups are singleton groups (because the $,’s are all mutually distinct).

Consider a particular 2;. Let a be the first processor in the sublist associated with
x;. « creates the node x; and makes it a child of a;_{ if + > 1, and of x otherwise. In
addition, if 7 = h, & makes y a child of ;. Next, a sets suf(z;),suf(z!) to ;, where
zi, 2. were the last nodes inserted by the processors in the sublist of I/ associated with
x; (note that there are at most two such nodes). The first processor in each group in
the sublist associated with ; creates a new child of x;; For the purpose of analysis, each
such processor is said to have inserted x; while all other processors in the above sublist
are said to have sought to insert x;.

4. For each x; and newly created child v of x;, let P denote the group of processors
such that the first processor in P creates v. The first processor in P either continues
its rescanning phase or starts a new rescanning phase. Consider processor « which is
in P but not the first processor in p. If & is in the rescanning phase, then it begins a
new scanning phase from z; at the next time-step (In McCreight’s algorithm, when the

10



node o seeks to insert already exists, o begins a new scanning phase from that node.
The above situation is similar). Suppose a was already in the scanning phase. Further,
suppose « is associated with p;, 1 <[ < k. o sought to insert node x; after performing
an unsuccessful comparison involving pi[len(x;)+1]. « then continues its scanning phase
in the next time-step by comparing pi[len(x;) 4 2] with the second character in the string
associated with the edge between z; and v; note that pi[len(x;) + 1] is guaranteed to
match the first character in this string.

5. The new lists /; and [, are obtained for the nodes x, x4, ..., ) as follows. Let z, 2" be
the two nodes, if any, such that suf(z) = = and suf(z") = = (at least one of z, 2" exists
after the first suffix of each p;, 1 <1 < k., has been inserted). Let y’ be the parent of
x at the beginning of the current time-step. Note that y’ may no longer be the parent
of . The new list [ at # comprises processors derived from the old lists [; at x, ¢/, =
and 2’ and the old lists I, at z,2’. The new list /1 at x;, 1 <1 < h, comprises processors
derived from the old lists I; at x, z; and z/, and the old lists [y at z; and z! (z;, 2} were
defined in Step 3). If suf(x) is defined then the new list [ at = is empty; otherwise, the
new list [ at = is obtained by inserting into the old list [ at « those processors in the
sublist associated with x; which are the first processors in their respective groups. The
new list [y at 2 is empty. The new list [y at z;, 1 <1 < h, contains those processors in
the sublist associated with x; 1 which are the first processors in their respective groups.
Note that these processors are now in the rescanning phase.

Note that the processors in the old list [; at x contribute only to the new lists /4
at x, 21, ..., 25, y,suf(x). The old list I at a either remains unchanged, or has some
processors from the old list [; at 2 inserted into it, or becomes part of the new list [; at
suf(a). Further, recall that those processors in the old list /1 at 2 which move to the the
new lists [y at xy,..., 2, appear in order in the old list [ at =, i.e., a processor which
moves to the new list [y at =; appears after a processor which moves to the new list [y at
x;if 7 > 7. In addition, note that the current string length of each processor in some
old list [; can change by at most one and the current string length of each processor in
some old list I, remains unchanged. Tt can easily be checked that all new lists can be
derived from old lists by partitioning each old list into a number of contiguous sublists,
dividing each old list into a constant number of non-contiguous sublists, and merging
together a constant number of the lists. Therefore the new lists can easily be obtained

in O(logm) time and O(=) work.

The following fact is noteworthy; it follows from point 4 above.

Fact 2 Consider one scanning phase of a processor o which processes p;, 1 < | <
k. Suppose this scanning phase begins with a comparison at pi[i] and ends with an
unsuccessful comparison at pi[7]. Then each character in p[i...7] is compared exvactly
once in this scanning phase, one character in each time step.

Remark. We remark that an array storing, for each index 5, 1 < 5 < m, the leaf = of
To such that p[j...7+r — 1] = str(x) can be obtained in the process of constructing Tg
without any time or work overhead. In addition, for each leaf x of T, a list of indices 5
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Figure 3: The sequences H,.

such that p[j...7 4+ — 1] = str(x) can also be obtained in the process of constructing

Th.

4.2 The Analysis

Since processors spend time waiting in the I3 lists at various nodes in T, it is not obvious
that the total number of time-steps is O(r). We show that this is indeed the case.

Definitions. p(z) is defined to be the parent of & when x is inserted. Let root denote the
root node. p(root) is defined to be root. For a node x in T}, let at, denote the time-step
in which node = is inserted in 7. Consider a particular processor a which is associated
with some piece of s. Let p1,pa, ..., pn, h < 2r, be the sequence of leaves inserted by
a and let a; = p(pi). p1,...,pn correspond to the suffixes (in decreasing length order,
respectively) of the piece of s processed by a.

The Node Sequences H;. We define node sequences H;, for 1 <1 < h. The first node
in each sequence is root. The last node in sequence H; will be x;. See Fig.3a. For each
node = in sequence H;, we will define a time-step 1,.;. t,,,:; is defined to be 1 for all 1.
If x follows y in H; then t,,; will be greater than #,; and x will be a strict descendant
of y in T5. As we will show, the above definitions will guarantee that node x is in 7] by
time-step 1, ;, i.e., at, <1,,;.

Sequence [. The first node in Hy is the root node root and 1,,,:1 = 1. Consider the
sequence S of nodes finally on the path from root to 7 in that order, with both endpoints
excluded. The first node z in S such that at, < t,,,:1+ 1 is added to Hy and 1, is
defined to be 1,,,:1+ 1. Next, the first node 2z’ in S following z such that at., < 1,51 +2
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is added to Hy and 1.4 is defined to be f,.,,:1 + 2. This process is continued until no
further nodes in S can be added to Hy. Then zy is added to Hy. 1., is defined to be
trootn + len(xy) — len(root) + 1 = len(a1) + 2. Note that if a processor traverses the
path from root downwards towards x; starting at time-step 1, then the only nodes it can
encounter are the nodes added to H; above.

The Remaining Sequences. Sequence H, 1, 7 > 1, is defined next, assuming that H;
has already been defined. H,;,1 will contain as a subsequence (not necessarily contiguous)
the nodes suf(x), where x is in H;. Suppose H,4; has been defined up to suf(x) for
some x in H;. Let y = suf(x). Let z be the node following 2 in H,, if any.

There are two cases to consider. If z is defined then we describe how to augment
H .,y until suf(z) has been included. If z is not defined then we describe how the rest
of the sequence H;;y is constructed.

First, suppose @ # x;, i.e., z is defined. See Fig.3b. Tet ¢ = max{t, 11, ;}
Consider the sequence S of nodes finally on the path from y to suf(z) in that order,
with y and suf(z) excluded. The first node 2z’ in S such that at,, <141 is added to
H,y1 and t. ;41 is defined to be t + 1. Next, the first node z” in S following 2z’ such that
at.n <t421is added to H;4y and t.» ;14 is defined to be £ + 2. This process is continued
until no further nodes in S can be added to H,41. Then suf(z)is added to H; . If S'is
non-empty then t.,¢(2) ;41 is defined to be £, ;11 + 1, where w € S is the node preceding
suf(z)in Hjg. 16 S is empty then touf(z),j+1 = t + 1. Note that if a processor traverses
the path from y downwards towards suf(z) starting at time-step ¢, then the only nodes
it can encounter are the nodes added to H;,, above.

Next, suppose z is not defined, i.e., v = z;. If y = 2,41 then H;4, is fully defined. So
suppose y # x,41. See Fig.3c. Then a begins a new scanning phase from y. In this case,
the construction of H, 4y is similar to that of Hy. Let t = ¢, ;1. Consider the sequence S
of nodes finally on the path from y to ;1 in that order, with both endpoints excluded.
The first node 2z’ in S such that at., <141 is added to H;1y and 1,/ ;41 is defined to
be t + 1. Next, the first node z” in S following 2’ such that at.» < 14 2 is added to
Hiyi and t.n ;44 1s defined to be 1 4 2. This process is continued until no further nodes
in S can be added to H;,;. Then x;4, is added to H;y and %, ;41 is defined to be
tyit1 +len(x,01) — len(y) + 1. Again, note that if a processor traverses the path from y
downwards towards su f(z) starting at time-step ¢, then the only nodes it can encounter
are the nodes added to H, 4y above.

Analyzing the Sequences. The following key lemma holds for the above defined
sequences. The proof of the lemma is given in the Appendix 1. Here we only sketch the
intuition.

Lemma 4.1 Ifx e H;,, 1 <1 <h, then at, <t,,.

Intuition. The intuition behind this key lemma is the following. First, note that if
does not have a suffix link into it from a node in H; ; and if @ # x;, the lemma is true
by definition. We give the intuition here as to why the lemma is true for nodes which
have suffix links from nodes in the previous sequence.
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Let zg,z¢ be two consecutive nodes in sequence H,. Assume that at., < 1. and
Al suf(zo) < tsuf(z),i+1- We show that Wl guf(z;) < Touf(zp)it-

We illustrate the intuition with the easier case, i.e., when zo = p(z;). Then the
processor which inserts zy will wait at z5 at most until time-step ma,x{atzfjats“f(z(])} <
ma,x{tzfﬂ;?ts“f(ZO)JH}. After this time-step, the above processor starts its search for
sufizg). By the way Hiiq is defined, the only nodes that the processor can encounter in
this process are those in H, 4y strictly between suf(z9) and suf(z;); let §¢ be the number
of such nodes. Therefore, by time-step ma,x{tzfﬂ;jt,,,“f(ZO)JH + 0+ 1} < Lowf(zp) 41>
the above processor would either have located suf(zf), if it already exists, or inserted
suf(zy), otherwise.

The harder case is when zq # p(zf). Suppose there exist nodes zy,...,z5 1 such
that p(zy) = z51, p(zf-1) = 252 and so on until p(z;) = zo. This is really the bad
case because the processor that inserted z; could be waiting at z;_y, the processor that
inserted z;_y could be waiting at zy_5 and so on. However, the desired result can again
be obtained by just repeating the argument of the previous paragraph with zg, z1, then
21, 29, and so on until z;_, z¢, and combining the results of each of these arguments.

We use Lemma 4.1 as follows to complete the analysis. The remaining portion is akin
in spirit to the analysis of McCreight’s algorithm.

Definitions. Let 7 be a sequence comprising nodes derived from the sequences Hy, ..., H},
defined as follows. Associated with each node z in 7 is a value seq(2) which is 7 if x
is derived from H;. m begins at x; and ends at root. See Fig.da. seq(x,) = h and
the seq values of the nodes in 7 are non-increasing. If 2 is a node in 7, seq(x) = 1,
x # root, then the node y in m which follows x is determined as follows. Tf 7 = 1 then
y is the node preceding x in Hy and seq(y) = 1. Suppose ¢ > 1. If there is no node
2’ € H;_1 such that suf(2') = x (i.e., 2 = x;), then y is the node preceding = in H; and
seq(y) = 1. Otherwise, suppose that there is a node 2’ € H; ; such that suf(z') = z.
Let 2z’ be the node which immediately precedes 2/ in H;_; and let z = suf(2’); Then if
t.; > twi1,y = z, otherwise, y = 2’. In the former case seq(y) = 7 and in the latter
case seq(y) =1 — 1.

7 is divided into maximal subsequences such that for all consecutive x, y’s in a partic-
ular subsequence, seq(y) = seq(x) — 1, i.e., suf(y) = 2. Note that the last subsequence
is a singleton subsequence containing only root as suf(root) = root.

If 2,y are nodes in some H;, i > 1, y preceding z, then §;(x,y) is defined to be the
number of nodes in H; between y and x.

Lemma 4.2 Let yi,ys,...,y; be one of the maximal subsequences of m defined above
and suppose seq(yr) = e, i.e., seq(yz) = e —1,...,seq(y;) = e —j+ 1 (see Fig.4b). Let
z be the node which follows y; in w, i.e., seq(z) = e—34+1. Ifj =1 then t, . <
toe+2(len(yr) —len(2)). If j > 1 then ty, . <t.. i1+ 2(len(yr) — len(z)) + 47 — 3.

Proof. First, we show that when 4, . 1 <t.. 0 4+ 2(len(y;) —len(2)) +2(5 — f +
1) —(len(yy) —len(y};)) — 1, for f =j...1, where i/} is the node preceding y; in H._ ;4.
This claim is shown by induction on f, f = j5...1, in the subsequent paragraphs. The
lemma follows when j = 1 because then y; = z and len(y1) — len(z) > 0 and therefore,
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tye < toe+ (len(yr) —len(2))+ 1 < t.. 4+ 2(len(yr) — len(z)); for j > 1, the lemma
follows because ¢, . < t.. ;01 + 2(len(y;) — len(2)) + 27 — (len(yr) — len(y))) — 1 <

toemiir £ 2(len(y;) —len(2)) +25 =1 <o jir +2(len(y) +7 — 1 —len(z)) +2] — 1 <
toe—jr 4 2(len(yr) —len(2)) + 45 — 3.
As the base case, consider f = j. Then y: = 2. If y; = x4 then £, ;4

A

toeejmr +(len(y;) —len(z))+ 1. I y; # 2._;41 then by the construction of m, 1, .,
boemjrt + 0ejir (4, 2) + 1 < toejpn + (len(y;) — len(2)) + 1.

Next, assume that £, o rp1 <t jir +2(len(y;) —len(z)) +2(7 = f+ 1) — (len(ys) —
len(yy)) =1, f > 1 and considert, oo Ty empaa = typemprrt0epralyr—r, suflyr))+
U<ty port (Len(yfy ) den(onf )1 < Tor s +5(len(ys) — den(=)) 4205 [ 1
0 (Jenuy)—ten(y)) 1k (en(y,) —Ten(su () +1. Since fen(ys 1) len(yly ) ~
(len(ys)—len(y})) —(len(yy o) —len(suf(yy))), weget by, | pro <toomjpr+2(len(y;)—
len(2) 42— (F 1)+ 1) Genlyy 1)~ Tenly ) - - s claimed. 0

Lemma 4.3 1,, , < 14r.

Proof. Let wu;,v; be the extreme nodes in the ith subsequence and let size(i) be the
number of nodes in the ith subsequence. Let f be the number of subsequences. wuy, vy =
root and uqy = x,.

The sum X[4size(r) — 3] over all non-singleton subsequences is clearly 5h. Then, by

Lemma 4.2, 1, 1 — troot seq(root) < Br<icf[2(len(ug) — len(uig))] 4+ 5h < 2len(xy) + 5h <
4r +10r = 14y, O
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Corollary 4.4 The total number of time-steps taken by processor o is at most 14r.

Theorem 4.5 There exists an algorithm which constructs the r-ST of s in O(rlogm)
time and O(m) work.

5 Completing the Suffix Tree

Given an r-suffix tree Ty of s, we show how to compute the complete suffix tree ST of s.
This is done in logm — log r iterations. In the ith iteration, the 2/7-ST of s is obtained.

Definitions. Tet T denote the 2'r-ST of s. Let leafi(j) be the leaf in T: such that
there is an occurrence of str(leaf;(7)) beginning at index j in p. For any leaf [ € T}, let
indices;(1) be the set of indices j such that there is an instance of str(l) beginning at j,
i.e.,indices; (1) = {j|leafi(y) = 1}.

A Naive Algorithm. First, we describe a naive algorithm which computes ST in
O(m log®m) work.

At the end of iteration i — 1, for each index j, 1 < j < m, we keep track of lea f;_1(j).
Consider the ith iteration.

T;—1 is preprocessed in O(m) work and O(logm) time for order queries on leaves
(see Section 2). Following this, the relative order and longest common prefix of any two
substrings of p of length at most 2°r can be determined in constant time and work.

Next, all Teaves [ of T;_y such that str(l) is not a suffix of p are processed in par-
allel. Consider one such leaf I. The substrings of p of length 2'r beginning at indices
in indices;_1(l) are sorted; subsequently, one representative is selected from each equi-
valence class of identical substrings. Fach representative substring is said to represent
all the substrings in its equivalence class. Let L;(I) denote the ordered list of these rep-
resentative substrings. The trie induced by the strings in 7;(I) is constructed using the
induced trie construction algorithm mentioned in Section 2 and the root of this trie is
merged with [ (note that following this merger, I may no longer be a node in T;).

Computing L;(1) takes O(log m) time and O(mlogm) work over all leaves [ of T; 1.
Computing the trie induced by the strings in ;(/) takes O(log m) time and O(m) work,
over all leaves [ of T; ;. The overall algorithm is made to run in O(log®m) time and
O(mlog® m) work by starting with » = 1 and performing O(log m) of the above iterations.

Reducing the Work. There are two main components in the above algorithm which
lead to superlinear work. The first is obtaining the ordered list ;(I) of representative
substrings. The second involves preprocessing Ty, Th, ... for order queries.

In our scheme too, we construct, for each leaf [ of T; ¢, the trie induced by the strings
in L;(1) in iteration 7. This is done as before by first obtaining L;(I) for each leaf [ of
T;_1 and then using the induced trie construction algorithm. In order to restrict the total
work done to O(m), we use the fact that ST has a highly repetitive structure. Exploiting
this repetitive structure, we show how to obtain the ordered lists L;(1) for all leaves [ of
Ti—1, by sorting and preprocessing (for order queries) only O(;-5—) items rather than
up to m items. In the process, we make critical use of the property defined in Corollary
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Figure 5: 1-,0-, and $-links (u is a string and @ = 0/1).

3.3 and also of periodicity properties of strings. The overall algorithm then takes linear
work.

The New Scheme. Tj is constructed with r = 2[log®m] in O(log* m) time and O(m)
work. Note that by Corollary 3.3, n, = O(]OgLQm) Next, log m iterations are performed,
each iteration taking O(log” m) time. Tn iteration i, the ordered list L;(l) is computed
for all leaves [ of T;_1 in two steps. First, I;(1) is obtained for a subset of the leaves [ of
T;_1; these leaves are called sources. Next, L;(l) is obtained for all leaves of T;_; using
the computation in the first step and the repetitive nature of ST'. ST is repetitive in the
following sense. If nodes z,y are such that y = su f(2) and there are no other suffix links
pointing to y then the subtree of ST rooted at y is “identical” to that at x. If nodes
x,y, z are such that y = suf(x) and y = suf(z) then the subtree of ST rooted at y is a
“merger” of the subtrees rooted at = and z.

The issues which need to be addressed next are how sources are chosen, how L;(1)
is obtained efficiently for sources [, and how I;(I) is obtained for all remaining leaves /.
We discuss each of the above three issues in turn. First, we need some definitions and
primitives.

Definitions. Let H;_; be the set of leaves of T;_;. We define 0-links, 1-links, and $-links
as follows (see Fig.5). The 0-link of | € H; 1 points to the leaf I in H,; ;. if any, such
that str(l) and str(l’) are consecutive substrings of p and str(!’) ends in 0. The 7-link of
[ € H, 4 points to the leaf I’ in H;_y, if any, such that str(/) and str(l’) are consecutive
substrings of p and str(!’) ends in 1. The $-link of | € H, 1 points to the leaf I" in H; 1,
if any, such that str(l) and str(l’) are consecutive substrings of p and str(!’) ends in $.
0-links, 1-links, and $-links are collectively called next-links. Tet .J; ; denote the digraph
whose vertices are the leaves in H; 4 and whose edges are the next-links among these
leaves.

In Section 6, we consider the digraph G = Jy = (Ho, F/), where F is the set of next-
links between vertices in Hg, and show how to choose O(M) = O(=5—) leaves of T,

log? m,
called origin leaves. In iteration 7, source leaves will be determined using these origin

leaves.

In Section 7, we show how to obtain L;(1) for source leaves in iteration 7. In Section
8 we show how to obtain 1;(]) for the rest of the leaves in iteration 7. In both sections,
for each leaf [ of T;_;, we show how a list Li(]) with the following description is obtained
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first. LY(1) is an ordered list of one representative string from each equivalence class of
the set of substrings of p of length £.2°"'r which begin at indices in indices; (1), for
some k, 2 < k < 3. The value of k is different for different leaves [. In particular, for
source leaves, k = 3. Note that if & = 2 for leaf [, Li(I) = L;(I). Clearly, if the longest
common prefix of adjacent strings in L(1) is known, which will indeed be the case, ;(])

L(1)]) work. Henceforth, we

can easily be obtained from L(I) in constant time and O(
refer to Li(1) as the list at [.

In Section 9, we show how some data structures defined in Sections 7 and 8 are
maintained.

6 Choosing Origin Leaves

Recall from the remark at the end of Section 4.1 that an array storing lea fo(7), for each
index 7, 1 < 57 < m, was obtained while constructing Ty. The next-links for the set of
leaves Hg in T can be set up easily from the above information and therefore, G can be
obtained easily. Equivalently, (G can be obtained during the construction of Ty itself.

To select origin leaves, we remove edges from ¢ until each connected component in
the resulting graph is a rooted tree of O(log® m) height. There will be O(&T’m) such
trees. The roots of each such tree are chosen as origin leaves.

In iteration 7, a similar (but implicit) removal of edges from graph .J;_y will be
performed. These removals will result in connected components which are rooted trees
of O(log®m) height; the roots of these trees will be the sources in iteration .

Before describing how origin leaves are determined, we need the following definitions
and lemmas.

Definitions. Consider an index 7,2 < j<m. Letu=p[j...7+r—1], v =7p[] — 1u
and let v equal v with the first character complemented. 7 is called a B-index if both
the following conditions hold.

1. v and v’ occur at least once each in p.

2. Either v occurs fewer times than »’ in p, or v occurs as many times as v’ and

pli—11=0"

For technical reasons, index 1 is also defined to be a -index. The leaf lea fo(7) is called
a f-node in G if 7 is a f-index. The leaf leaf;_1(7) is called a G-node in J;,4 if jis a
B-index.

Recall from the remark in Section 4.1 that for each leaf = of Tj, a list of indices j such
that p[j...j74+r — 1] = str(x) was obtained in the process of constructing Ty. From this
information and using the next-links among the leaves of Tj, all G-indices and F-nodes
in (G can be determined easily using the following lemma.

Lemma 6.1 With the exception of leafo(1), a node in G is a B-node only if it has
in-degree 2 in (. Further, any node in .J, which has in-degree 2 is a [(3-node, where
0 < h <logm. In addition, if there are edges from nodes ', I" tol in J,, 0 < h <logm,
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then either all j > 1 such that leafo(7 — 1) =1" or all j > 1 such that leafo(7 — 1) =1"
are B-indices.

Proof. For the first part of the lemma, consider a node [ in G, [ # leafo(1). Suppose
that [ is a S-node. Then both 0str(l) and 1str(l) are substrings of p. Tt follows that there
exist nodes ", 1" such that there are edges from I’,1” to [ in G and str(l') and str(l”) are
prefixes of Ostr(l) and 1str(l), respectively, of length r. Therefore, [ has in-degree 2 in
G.

For the second part of the lemma, consider a node [ in .J,, and suppose [ has in-degree
2 in Jy. Let I’ " be the nodes from which there are edges to [ in (7. Then there exists
indices 7,7 > 1 such that leaf,(7) =leafi(3)) =1, plg...5+r— 1] =plj ...7 +r —1]
is a prefix of str(l), p[s —1...54+r — 2] is a prefix of str(I'), p[j/ —1...7/+r —2]isa
prefix of str(l”), p[7 — 1] = 0 and p[3’ — 1] = 1. It follows that either j or j' is a S-index
and therefore, [ is a F-node.

The third part of the lemma is true by definition. O

Lemma 6.2 The number of B-indices and 3-nodes in (7 is O(@) = O(]OgLQm)
Proof. The number of F-indices j > 1 is clearly bounded by ¥ min{iq,,, 7.}, where
the summation is over all binary strings w of length r (see Section 3). The lemma then
follows from Corollary 3.3 applied to string s. O

Edge removals from (G are performed in three steps, Step 1 3.

Step 1. A graph (& is obtained from ( in this step. For all g-indices 7 > 1, the edge
from leafo(y7 — 1) to leafo(j) is removed. Step 1 takes O(m) work and O(1) time. Note
that by Lemma 6.1, leafo(7) has in-degree 2 in (& and therefore, in-degree 1 in (4. Let
[y C E denote the set of edges removed in Step 1. Note that all edges in F; are incident
upon f-nodes. Then Gy = (Ho, £ — F4).

Definition. A connected component of a digraph is any maximal subgraph containing
at least one vertex x from which there is a path to all other vertices in that subgraph; =
is called the root of the connected component. Two nodes in a digraph are adjacent if
there is an edge from one to the other. Two nodes in a digraph are distance j apart if
the shortest path from one to the other contains exactly j edges.

The following lemma holds now (see Fig.6).

Lemma 6.3 Fuvery connected component of Gy has at least one root. Fach such con-
nected component has exactly one cycle unless the root is unique and equals lea fo(1), in
which case it has no cycles. If such a cycle exists then it comprises all the roots of the
component and contains al least one F-node.

Proof. Let x be the leaf in Ty such that str(z) is a prefix of p. Clearly there is a path in
(7 from x to every other vertex in (7. Fach vertex in (7, except possibly x, has in-degree
at least 1 and at most 2. Each vertex in (71, except possibly x, has in-degree exactly 1.
This implies the following.
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Figure 6: Connected components of (5.

If a connected component of (7 does not have any cycles then the root is unique and
must be x, which is a J-node. If a connected component C'C' has a cycle (' then (' is the
only cycle in C'(U; further, all nodes in (" are roots and no node outside (' can be a root
of C'C. If x is in (' then the lemma follows. If x is not in ', some node y in ' must
have an edge in F; incident upon it as there is a path from x to every node in ' in 5.
From LLemma 6.1, y is a #-node. O

Step 2. One edge is removed from each cycle in (; to give a graph (5. This requires
finding the cycles first which is done as described below in O(m) work and O(log® m)
time. Let Ky C K — Fy denote the set of edges removed in Step 2.

Finding Cycles in ;. Note that no optimal algorithm is known for finding the bi-
connected components of a graph. Instead, using the fact that the number of nodes with

in-degree 2 in (&1 is small, we obtain a new graph G’ of size O(@) = O(;-5—) from

o
(71; each cycle of &' corresponds to a unique cycle in (. We then run the biionnected
components finding algorithm [TV84] on ' in order to find the only cycle, if any, in
each connected component of G/, in O(log® m) time and O(m) work.

(&' is obtained as follows. First the node leafo(1) and all those nodes in G4 which
have in-degree or out-degree more than 1 in G are removed from (4. By Lemmas 6.3
and 6.1, at least one node is removed from every cycle in (7. Clearly, each connected
component of the resulting graph is a simple chain of nodes. These chains are identified
easily in O(log m) time and O(m) work. G’ is just the graph G4 with each such chain
condensed into one node. ' is obtained easily in O(log m) time and O(m) work.

Lemma 6.4 shows that ' has O(M) = O(]O;”T’m) vertices. Since ' has degree at
most 2, it has O(]O;”T‘m) edges, as required. Further, since lea fo(1) and all those nodes

in (71 which have in-degree 2 in (¢ are also in G/, it follows from Lemmas 6.3 and 6.1
that each cycle in (| corresponds to a unique cycle in (&

Lemma 6.4 ( has O(m +1) = O(]O;Zm) nodes.

Proof. It follows from Lemma 6.3 that each connected component of G’ is a tree with
at most one extra edge. Let the term chain node denote a node in G which represents
a condensed chain of vertices in (7. Clearly, two chain nodes cannot be adjacent in '
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We bound the number of nodes in (& which have out-degree 0, 1, 2 and 3 in '
individually. There is at most 1 node which could have out-degree 3 in G and hence in
(', specifically, the vertex x such that str(z) is a suffix of s (recall p = s$). To see this,
note that nodes = such that str(a) is a suffix of p have only $-links going out from them.
Further, nodes x such that str(z) is neither a suffix of s or p do not have an outgoing
$-link.

First, we show that the number of nodes with out-degree 0 in G is O(

m Iogm,) _

O(]Og‘m). Note that with the exception of at most 1 node (the node corresponding to the
suffix of p = s% of length 2, recall that the suffix $ of p is excluded from Tg, by definition),
each node has out-degree at least 1 in (7. It follows from Step 1 that, but for 1 node with
out-degree 0 in (&, each node in ' with out-degree 0 in (& is adjacent in (7 to a S-node.

By Lemma 6.2, the number of nodes with out-degree 0 in (¢ is O(m +1) = O(]OgLQm)

Since each connected component of (&' is a tree with at most one extra edge, the
number of nodes with out-degree 2 in (& is proportional to the number of nodes with
out-degree 0 in G&'.

It remains to bound the number of nodes = with out-degree 1 in GG, Let z be a node
in (7, if any, which has out-degree 3 in (7. Recall from above that there is at most one
such node. There are only O(1) nodes z such that either # = z or = is adjacent to z
in (7. In addition, the number of nodes = which are at most distance 2 in G from a

node y with in-degree 2 in (G is O(M) = O(M;”T‘m); this follows from Lemmas 6.1, 6.2
and the fact that G has constant degree. Therefore, we assume that = # z, i.e., = has
out-degree 1 or 2 in (¢, = is not adjacent to z in (7, and that neither x nor any of the
nodes within distance 2 from = in (G has in-degree 2 in (. We now show that such an «
must be adjacent in ' to a node with out-degree 2 in G'. The lemma then follows from
the fact that (' is a constant degree graph.

First, suppose x is not a chain-node, i.e., it has either in-degree or out-degree more
than 1 in (. From the assumptions above, it must have out-degree 2 in (7. Recall that «
has out-degree 1 in (&". Therefore one of the edges exiting x in (& was removed in Step 1,
i.e., ¢ is adjacent in (7 to a #-node, a contradiction. Second, suppose = is a chain-node.
Let y be the node to which there is an edge from 2 in G'. Since x has out-degree 1 in (&,
y exists. Since y is not a chain node, it has either in-degree or out-degree more than 1 in
(7. From the assumptions above, y must have out-degree 2 in (7. If y has out-degree 2
in ' as well then we are done. Otherwise, one of the edges exiting y in (¢ was removed
in Step 1, i.e., y is adjacent in (¢ to a -node and = is distance at most 2 in (& from a
B-node, a contradiction. O

It follows from Lemma 6.3 that the connected components of (75 are rooted trees.
The distance of each node in each tree from its respective root is found in O(log m) time

and O(m) work.

Step 3. A graph (i3 is obtained from (3 by removing the sole edge incident into each
node z in GGy which is distance a multiple of [log®m] from the root of the tree forming
its connected component in (5. Let F3 C K — F; — Fy denote the set of edges removed
in Step 3.

Note that G5 = (Ho, K — Fy — FEy — F3). Clearly, the connected components of G5
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Figure 7: The family F(j), [v| = per(j), w a prefix of v.

are rooted trees with O(log? m) height. The roots of these trees are chosen to be the
required origin leaves.
The following fact will be used repeatedly later.

Fact 3 All edges in Fy are incident upon (3-nodes in (. Fdges in Fo, K3 are incident
upon nodes in (7 which are origin leaves, i.e., which are roots of the connected components

()f Gg .

6.1 Properties of Origin Leaf Indices

Next, the origin leaves chosen above will be divided into two categories. The sum of the

sizes of the sets indicesg(l) over all origin leaves in the first category will be O(]Og‘m).

For origin leaves [ in the second category, str(l) will be periodic with period O(log®m).
The categories to be defined will be based upon some properties of the various indices
J such that leafo(7) is an origin leaf. Such indices are classified as follows.

a-,v- and d-Indices. Let A be the set of indices j such that leafo(7) is an origin leaf.
The sequence of indices in A (considered in increasing order) is divided into maximal
contiguous subsequences with the following property: if j;,..., j), is one such subsequence
then there is no f-index k, 71 < k < j,, and, in addition, leafo(j1) = leafo(ja) = -+ =

lea.fo(jh)-

Definitions. o-,5- and d-indices are defined as follows. Consider an origin leaf x of
To. If for all 7 € A such that lea fo(j) = 2, the subsequences containing j are singleton
sequences then all such j’s are defined to be a-indices and = is called an a-origin leaf.
Suppose there exists 7 € A such that leafo(j) = = and the subsequence containing j is
not singleton. 2 is called a non-a-origin leaf. All those j such that leafo(j) = x and j
is the first index in its subsequence are d-indices. The indices in the subsequence of -
index j constitute the family F(7). Lemma 6.5 shows that str(2) is periodic with period
per(7) < [log®m] in this case (see Fig.7). For each d-index j, F(5) = {ji,-..,7n},
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end(7) is the smallest index greater than j, such that plend(7)] # plend(7) — per(j)].
Those indices k € F(7) such that j, — k is a multiple of the smallest multiple of per(j)
which is at least [log”m], are defined to be v-indices.

I ' € F(j) we say that fam(j') = j.

By Lemma 6.5, for each d-index 7, F(j) = {j1,-..,7n}, end(j) can be computed by
finding the LCA of leafo(71) and leafo( 7 + per(7)) in constant time after processing T
for LCA queries in O(logm) time and O(m) work. Clearly, all a-, v-, é-indices and the
families F'(7) for §-indices j along with per(j) and end(j) can be obtained in O(m) work
and O(logm) time.

The above defined indices satisfy the following properties which the algorithm will
exploit. The proofs of the following lemmas appear in Appendix 2.

Lemma 6.5 Suppose j is a d-index and F(j) = {j1,72,---.gu}, h > 1, 5 = j1. Let
per(j) be the smallest period of plj...74r—1]. Then jo—51 = j3—Ja =+ = Jh—Jn1 =
per(5) < [log®m). Further j,+r—1 < end(j) < jo4per(j)+r—1 andplj...end(j)—1] is
periodic with period per() < [log® m] while pljy . .. end ()], pli2 - .- end(H)], ..., pljn - .. end(7)]
all have periods greater than [log® m].

The following corollaries can easily be derived from Lemmas 6.5 and 2.1, keeping in
mind the structure illustrated in Fig.7.

Corollary 6.6 If 7.7 are two d-indices such that leafo(7) = leafo(s") then per(j) =
per(j'). Further, for any kK, k € F(j),k € F(j"), if end(j") — k' < end(j) — k then
p[k' ... end(3") — 1] is a prefiv of plk ... end(y) — 1].

Corollary 6.7 Let 7 be a d-index and F(j) = {j1,72,.--,Jn}, where j = j; and h > 1.
Let g, b’ be such that 1 < g, 1 < h' < h. The following facts hold.

1. str(leaf,(ju)) has period per(j) < [log®m] if ju + 297 — 1 < end(j) and period
greater than [log>m], otherwise.

2. 0f 0" > 1 then leaf,(ju) = leaf,(j1) if and only if jn + 297 — 1 < end(y), i.e.,
str(leaf,(ju)) has period per(j) < [log®m].

3. 0fh < handleaf,(3n) # leaf,(jrar) thenleaf,(ju), leaf,(Gusr), leaf,(Grsa), .- leaf,(jn)
are all distinct and str(leaf,(7p41)), str(leaf,(jrs2)), -, str(leaf,(jn)) all have
periods greater than [log®m].

Lemma 6.8 Consider indices k. K, k € F(j), ¥ € F(3'), where 3,7 are é-indices
cuch that Teafo(j) = leafo(i"). 1 plend(i)] = plend()] = 1 then plk..end(j)] <
UK~ end(")] if and only if end(7) k> end(§') K Ifplend(j)] = 1 and plend(})] = 0
then plk...end(7)] > p[k' ... end(7")].

Next, we bound the number of a-, §- and y-indices.

Lemma 6.9 The number of a-indices is O(]OgLQm)
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Lemma 6.10 For cach §-index j > 1, there exists a B-index k, max{j’, 7 — per(j)} <
k <7, where j' is the largest index in A such that j' < j. Thus the number of d-indices
is OB = O(—5—).

log? m,

Lemma 6.11 The number of y-indices is O(@) = O(]OgLQm)
Lemma 6.12 Suppose j' € F(j) for some §-index 5. Then j' is a y-index if and only if

per(j) L%J is divisible by the smallest multiple of per(j) which is at least [log” m].

7 Computing lists at sources

Recall from the end of Section 5 that for sources [, Li(1) is an ordered list of one repres-
entative string from each equivalence class of the set of substrings of p of length 3.2~ 'r
which begin at those indices j € indices; 1(1). Also note that we have yet to describe
how exactly sources are defined.

In Section 7.1, we define sources. In Section 7.2, we describe some data structures and
auxiliary information required to be maintained by the algorithm. Section 7.3 describes
the list computation algorithm for sources.

7.1 Defining Sources

Source Leaves. A leaf [ of T;_; is called a source leaf or source if one of the following
is true.

1. Forsome j,leaf;1(j) =1, 7 is a f-index and there is at most one next-link incident,
upon /.

2. For some j, leaf; 1(7) =1 and j is either an a-index or a y-index.
3. For some 7, leafi 1(7) =1, jis a §-index and 7 + 2" 'r — 1 < end(j).

Since there are only O(M;”T‘m) a-, B-, v- and d-indices, the list of all source leaves | can be

obtained in O(M;”T‘m) work and O(log m) time, given the data structures to be described
in Section 7.2.

Lemmas 7.1, 7.2, 7.3 and 7.4 describe some important properties of sources.

Lemma 7.1 Consider a source . [If source | has no next-links incident into it then
the only index j such that leafo(7) =1 is j = 1. If there exists a (-index j # 1 such
that leaf;1(j) = | and | has only one next-link incident into it then all k such that
leaf; 1(k) =1 are B-indices. If there exists an a-index j such that leaf;1(j) =1, then
all k such that leaf; 1(k) =1 are a-indices.

24



Proof. We consider each case in turn. The lemma is true in the first case because for
each index k& > 1, there is a next-link from leaf,_1(k — 1) to leaf;_1(k). Consider the
second case. The definition of S-indices implies that all indices &’ such that lea fo(K'—1) =
leafo(j—1) and leafo(K') = lea fo(7) are B-indices. Sincel has only one incident next-link,
leaf; 1(k—1) =leaf;,1(7—1) for all indices k such that lea f;_1(k) = leafi_1(7). Since the
set of those indices k such that lea f; 1(k—1) =leafi 1(7—1) and leaf; (k) = leaf;_1(j)
is a subset of the set of indices &’ above, the lemma follows for this case. Consider the
third case. The set of indices k such that leaf;_1(k) = leaf;_1(j) is a subset of the set
of indices k' such that leafo(k) = leafo(j). The lemma follows for this case from the
definition of a-indices. O

Lemma 7.2 Consider a source l. [If there exists a §-index j such that leaf; 1(7) =1
and §+27""r —1 < end(5) then str(l) is periodic with period per(j) < [log®m]; further,
leaf; 1(k) =1 if and only if k € F(3") for some §-index j such that leafo(j) = leafo(s'),
and k4 27""r — 1 < end(y').

Proof. The first part of the lemma follows immediately from the Corollary 6.7. Consider
the second part. Since the set of all indices k such that leaf, (k) = [ is a subset of
the set of all indices &' such that leafo(k') = leafo(7), by the definition of d-indices,
k€ F(j") for some é-index j" and leafo(j') = leafo(k) = leafo(j). By Corollary 6.6,
per(j) = per(y’). Since str(l) is periodic with period per(j) = per(j’), it follows from
Corollary 6.7 that leaf; (k) =1 for k € F(5')ifand only if k+2"""r — 1 < end(3’). The

lemma follows. O

Lemma 7.3 If | € H,;_ is not a source leaf and its ancestor ' € Hy is an origin leaf
then I’ is a non-a-origin leaf.

Proof. Suppose for a contradiction that I’ is an a-origin leaf. Then all indices j such
that lea fo(7) = I are a-indices. Tt follows that all indices 7 such that leaf; 1(7) =1 are
a-indices and therefore [ is a source leaf, a contradiction. O

Definitions. We say that a source [ is periodic if it satisfies the conditions in LLemma
7.2, i.e., there exists a d-index j such that leaf; 1(5) =l and j4+2""'r — 1 < end(j), and
aperiodic otherwise.

Lemma 7.4 Consider a sourcel. Suppose there exists an vy-index j such that leaf; 1(j) =
1, but no §-index §' such that leaf; 1(j') = 1. Then str(l) has period greater than [log” m]
and leaf; (k) = 1| only if k is a y-index satisfying k +2"'r — 1 > end(fam(k)); in
addition, the value end(fam(k)) — k is the same for all such k.

Proof. There exists an v-index j such that leaf,_1(j) = [, but no d-index 5’ such
that leaf; 1(3') = [. Then leaf,1(fam(3)) # leaf,_1(j) = [. Clearly, all k such
that leaf,_1(k) = [ belong to the family of some d-index; by Corollary 6.6, the value
per(fam(k)) is the same for all such k. By Corollary 6.7, str(l) has period greater
than [log?>m]. Tt follows from Corollary 6.7 that for all k such that leaf; (k) = I,
k427" — 1> end(fam(k)). By Lemma 6.5, p[k...end(fam(k)) — 1] is periodic with
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period per(fam(k)) < [log?>m] and end(fam(k)) —k > r > per(fam(k)) for each such
k; therefore, the value end(fam(k)) — k is the same for all such k. From Lemma 6.12,
it follows that if any one such k is a y-index (which is indeed the case as j is a y-index)
then so are all such £'s. O

Some Machinery for Periodic Sources. We set up some machinery that will be
required for handling periodic sources in Section 7.3. We need the following definition.

Definitions. 1If leaf;, 1(j) = [ is a source then let rep(j) denote the string which
represents p[7...7+ 3.2 " — 1] in Li(1).

Consider a periodic source [. Recall Lemma 7.2. There exists a d-index 7 € A such
that 542 ""r — 1 < end(j). Further, str(l) is periodic with period per(j) < [log®m]. Tn
addition, leaf; (k) =1 if and only if k € F(j"), for some §-index 7/, and k+2"""r — 1 <
end(s').

Defining a;,b;. Tet j be a §-index in indices; 1(I). From the above, j + 2" 'r —
1 < end(j). We define a;,b;, a; < b;, as follows. By Lemma 6.5, F'(j) has the form
{7,7+per(y),....7+h=*per(7)}. a; is defined to be the largest index in F}, if any, such
that a; +3.2'r —1 < end(j). Tf a; is not defined above then let a; = j. b; is defined to be
the largest index in F;, if any, such that b; +2""'r —1 < end(j) but b;4+3.2'r —1 > end(j).
If b, is not defined above then, since j +2"'r — 1 < end(j) and per(j) < r, it must be
the case that j + h * per(j) + 3.2'r — 1 < end(j); in this case, let b; = j + h * per(j).
Note that a; = b; in this case.

Lemma 7.5 a; and b; satisfy Propertics 1, 2 and 3 defined below,
I. Por all j' € F(j), leafi +() = 1 if and only if j < j' < b,
2. Forall j' € F(j), j <j <aj, rep(j') = rep(a;).
5. Forall . " € F(j), a; < j' < 7" < by, rep(i’) # rep(j").

Proof. Recall that str(l) has period at most [log®m].

Consider Property 1 first. Note that b; + 2" 'r — 1 < end(j) and that for all indices
J' € F(j) greater than b;, 7/ +2"'r — 1 > end(j). By Corollary 6.7, for all 3 € F(j),
leafi 1(3") = leafi_1(7) =1 if and only if 7 < 37 < b;. Thus Property 1 holds.

Consider Property 2 next. For all 3/ € F(j), 7 < 7 < a;, 7 +3.2r — 1 < end(5);
it follows from Lemma 6.5 and the definition of end(j) that p[y’...5" + 3.2'r — 1] =
plj... 7+ 3.2'r —1]. Property 2 follows immediately.

Finally, consider Property 3 and assume that a; < b;. From the definition of a;, it
follows that 3 +3.2'r — 1 > end(7) for all 7 € F(j), 7 > a;. Recall that by Lemma 6.5,
plj-..end(j)— 1] is periodic with period per(j); further, plend(y)] # plend(7) — per(j)],
and that end(j) > b; +r —1>b; + per(j) — 1. Property 3 follows. O

The following lemmas are key in the computation of L(]) when [ is periodic.

Lemma 7.6 Consider -index 5 € indices;,_1(l) such that a; # b; and plend(j)] = 1. If
aj <k k+per(j) < by and k k+ per(j) € F'(j) then rep(k + per(j)) > rep(k)'.

"Recall the lexicographic order defined on strings in Section 2.
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Proof. By the definition of a;, k + rep(j) + 3.2'r — 1 > end(j). By Lemma 6.5, p[k +

per(j)...end(j)—1] = plk...end(j)—1—per(j)] and plend(7)] 7£ plend()—per(j)].
Then plend(j) — per(7)] = 0 and the lemma follows. O

Lemma 7.7 Consider d-indices 7,5 € indices; (1) such that a; # b; and a; # bj.
For koK, a; < b < by ap < K < by, if rep(k 4 per(j)) > rep(k' + per(7)) then
rep(k) > rep(k').

Proof. Since leaf; 1(7) = leafi1(5'), and since per(j) < r, plk...k + per(j)] =
p[k" ... K + per(7)]. The lemma follows immediately. O

Lemma 7.8 Consider d-indices j,j € indices,_1(I) such that a; # b;, aj # by,
plend(7)] = plend(y")] = ]. For k k' € indices; (1), a; < k < b;, ay <k < by,

ke F(), kKeF(, if Lk poTe pPT( ) then rep(k) > rep(k').
Proof. By Corollary 6.6, per(j) = per(j') = per, say. Further, by the definition of b; and
from Lemma 6.5, b; +2' " 'r — 1 < end(5), by + 2" 'r — 1 < end(j'), bj +per +2""'r —1 >
end(), and by4per+2""r—1 > end(j'). Therefore, |(end(7)—b;)—(end(5")—b;1)| < per.
Also, b; — k < bj — k' — per. Therefore, (end(j) — k) — (end(j') — k') < 0. By Lemma
6.8, plk...end(7)] > p[k’...end(5")]. The lemma follows. O

Lemma 7.9 Consider d-indices j,j" € indices; (1) such that plend(7)] = 1 and p[end(j")] =

0. For all kK, k€ F(3), K € F(j"), rep(k) > rep(K).

Proof. Follows immediately from Lemma 6.8. O

7.2 Data Structures And Auxiliary Information

Data Structures. We assume that the following data structures are available at the end
of iteration 7 — 1. We will show in Section 9 how these data structures are maintained
after iteration 1.

(1). An array storing, for each a-, G-, v-, and d-index j, a pointer to lea f;_1(j).

(2). Next-links between the leaves H;  of T; ;. Fach leaf knows both the next-links
pointing into it and the next-links pointing away from it.

(3). A data structure which given any two indices k, k' enables the computation of the
longest common prefix of p[k...k+ 2" — 1] and p[k' ... K + 2"+ — 1] in O(1) time
and work. Note that using this data structure, the longest common prefix of p[k ...k +
g2 "r — 1] and p[k' ...k + ¢.2" 'r — 1] can be computed in O(g) time and work.

(4). For each index 7, a data structure which enables the computation of next; 1(j) and
previ_1(7) in constant time and work, where next; 1(7) is the smallest index at least j
such that either next, 1(j) is a f-index or leaf;_1(next;_1(7)) is a source, and prev;_1(j)
is the largest index at most 7 such that either prev; _1(7) is a g-index or lea f; 1 (prev,_1(j))
1S a source.
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Some Required Auxiliary Information. Consider a source /. We show how to
compute L(1) along with the following auxiliary information associated with the strings

in LAI).

1. For each string x € Li(l), an index ind(x) such that there is an occurrence of
x beginning at index ind(x), i.e., leaf; 1(ind(x)) = | and plind(x)...ind(x) +
3.0 — 1] = =

2. For each string x € Li(l), an array pir(x) of pointers. The size of ptr(z) equals
max{next; 1(7)—jlpli...7+3.27"r—1] = 2}. Sincefor all j/, j < j' < next; 1(j),
leaf;—1(7") is not a source, the size of the ptr arrays over all strings 2 in L(I) and
over all sources [ is O(m).

We remark that the array ptr(z) is necessary only to set up the data structure described
in (3) above and does not play any part in computing Li(1). Each pointer in pir(x) points
to a list of indices. Only the first of these is set up now; subsequent pointers in ptr(x)
will be set up later when lists at non-sources are computed. The first pointer in ptr(z),
z € IX(1), points to a list Ist(z) of all indices j such that p[j...7+3.2" "0 — 1] = 2. The
indices in this list may not appear explicitly if = is periodic. We will show how this list
is set up in work which is linear over all iterations shortly. Indices in the list pointed
to by the subsequent pointers will always appear explicitly; further, these indices will be

B-indices.

7.3 The List Computation Algorithm

There are two cases in the computation of Li(1) for source [, namely the case in which [
is aperiodic and the case in which it is periodic.

Aperiodic Case. By Lemmas 7.1 and 7.4, either indices; (1) = {1} or indices; (])
contains only a-indices or only B-indices or only ~-indices j with the property that

J+27"r — 1> end(fam(j)). In each case, the number of indices in indices; (l) over
all aperiodic sources [ is O(=—%—) by Lemmas 6.9, 6.2 and 6.11. Li(]) along with the

log® m.

ind and [st values for each string in L(]) is easily computed by sorting the strings of
length 3.2 ' beginning at indices in indices; () using the data structure (3) described
above to perform comparisons in constant time and work; this takes O(log m) time and

O(]Og—’m) work over all aperiodic sources [. The work done over all iterations in this step

is clearly linear. The indices in the [st lists appear explicitly in this case.

Periodic Case. Recall the machinery developed in Section 7.1 for handling periodic
sources. Note that from the definition of a;,b; and Lemma 7.5, to compute Li(1), it
suffices to consider only those indices j* € F(j) for which a; < 3/ <b;, for each d-index
J €andices; (7).

Li(1) is computed for periodic source [ in O(log> m) time and work O(h;”—‘m + (b —

a;)), where the summation is over all §-indices j € indices; 1(l). To see that this work is
linear over the entire algorithm, note that for any d-index j such that F'(j) = {j1,...,Jn}
and any index k such that j; <k < 73, in at most two iterations is k& between the a; and
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b; values for these iterations. We remark that the ind and [st values can be computed
for all strings in LX(I) in the process of computing Li(1) in the same time and work
bounds. Also note that the indices in F(j) between j and «a; inclusive appear implicitly
in [st(rep(a;)) in the form of the pair (7, a;). The sum of the lengths of the /st lists over
all strings in the lists at all sources [ is then O(LQT)7 + 3(b; — a;)), where the summation

log
is over all d-indices 7. The sum of these lengths is clearly linear over all iterations.

The following three step procedure is performed.

Step 1. d-indices j € indices; () such that a; = b; are considered. An ordered list
X of rep(a;)’s is obtained by simply sorting the rep(a;)’s using the data structure (3)
described before to perform comparisons in constant time and work. This takes O(log m)
time and O(]OZ—’m) work over all periodic sources [. The work done over all iterations in
this step is clearly linear.

Step 2. All §-indices j € indices;_1(l) such that a; # b; are considered and an ordered
list ¥ of strings rep(k) is obtained, where k € F(j) and a; < k < b; for some such j.
This is done in two stages.

First, only those j such that plend(j)] = 1 are considered.

For each such 7, let Y; be the list of substrings of p of length 3.2°"'r beginning at
indices k, k € F(7),a; <k <b;, and in increasing order of k. Y is easily set up in O(1)
time and O(b; —a;) work. By LLemma 7.6, the strings in Y, are in increasing lexicographic
order. All Y;’s are then merged together to give a list Y'. This merger is achieved as
follows.

ATl Y;’s are vertically aligned along their rightmost column. Lemma 7.7 implies that
the order in any column is the same as the order in the next column to the right (some
inequalities may change to equalities but this does not affect the order) and Lemma 7.8
shows that all items in a column precede or equal all items in columns to the right. The
strings in each [log m]th column are sorted in O(logm) time and O(¥(b; — a;)) work,
where the summation is over all 4-indices 7 being considered currently. Subsequently,
merging the Y;’s is accomplished easily in O(logm) time and O(%(b; — a;)) work, where
the summation is over all §-indices 7 being considered currently.

Second, those j such that plend(j)] = 0 are considered and a list Y is obtained in
the manner similar to Y'. Lemma 7.9 implies that Y? and Y can be merged by simply
concatenating the two lists to give a new ordered list; YV is the list obtained by removing
duplicate strings from this list.

Step 3. X and Y are merged in O(log m) time and O(| X |+ |Y]) = O(+=53— +%(b; — a;))

log® m.

work, where the summation is over all d-indices 7 € A. L(I) is the list obtained by
removing duplicates in the resulting list.

8 Computing L)(/) for Remaining Leaves

L] > 1,
rin = 1.

We show how L(1) is computed for those remaining leaves [ of T;_; for which

given Li(]) for source leaves [. Note that there is no need to compute Li(1) if
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Definition. A next-link is said to be frozen if either it is incident upon a source leaf or
it leads from leaf; 1(j — 1) to leaf;_1(7) for some F-index j # 1. Let J!_, be the graph
obtained from .J;_; by removing those edges which correspond to frozen next-links. The
following lemma is key; the proof appears in Appendix 3.

Lemma 8.1 The connected components of the graph J! | are rooted trees, whose roots
are all sources. The height of each tree is at most 3[log”>m].

LLemma 8.1 facilitates the computation of the lists at all nodes [ in the same connected
component in J! ;| by a breadth-first scan of the associated rooted tree. Recall from
Section 7 that the list at the root of this tree has already been obtained. We need the
following lemma and definitions before describing the algorithm for computing the lists
at non-source leaves of T;_;.

Lemma 8.2 The number of nodes in J;_y with in-degree 2 is O(s=r—=—).

20— log” m.

Proof. By Corollary 3.3, the number of binary strings a of length 2°='r such that both

. . Jog m ,
0z and 12 occur in s is at most 257 = O(W> The lemma follows. 0.

Definitions. Recall that for sources [, Li(1) is an ordered list of one representative string
from each equivalence class of the set of substrings of p of length 3.2'"'r which begin
indices in indices; _1(l). L:(I) for non-sources [ is defined in a similar manner as follows.
If I is distance k from the root of its connected component in J! | then Li(1) is an ordered
list of one representative string from each equivalence class of the set of substrings of
p of length 3.2 'r — k which begin at indices in indices; 1(l); further, rep(j) denotes
the string which represents p[7...7 + 3.2 "r — 1 — k] in L/(l). Note that by Lemma
8.1, k < 3[log”m] < r, therefore, 3.2+ — k > 2.2 'r as claimed in the penultimate
paragraph of Section 5.

Some Required Auxiliary Information. For each string z in each Li(]) computed,
where [ is a non-source, the following auxiliary information is computed. We remark
that only the first of these is intrinsic to the procedure described in this section. The
remaining three are used only for maintaining the data structure (3) described before
which enables longest common prefix queries to be answered in constant time.

1. An index ind(x) such that = occurs beginning at index ind(z) in p.
2. A list G-list(2) of all B-indices 7 such that there is an occurrence of 2 beginning at j.

3. A string ext(x) with the following properties: y = ext(x) is the longest string such
that y € Li(I") for some ancestor I’ of [ in the tree formed by the connected component
of J/_; containing [ and x is a suffix of y. Since [ is not a source, it will be the case
that ext(x) = x if and only if all j such that = occurs starting at j are G-indices, i.e.,
leaf;_1(7 — 1) is not the parent of leaf;_1(7) = [ in the tree formed by the connected
component of J/_| containing /.

4. If ext(x) = =, a 3[log> m] sized array ptr(z) of pointers is maintained. Recall that
a similar data structure was defined earlier in Section 7.2 for sources [. Clearly, over all
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x,1, the sum of the sizes of the ptr arrays is linear by 3 above and by Lemma 6.2. If
ext(x) = x then B-list(x) is non-empty by 3 above and the first pointer in ptr(z) will be
made to point to this list. In addition, if ext(x) # = but B-list(x) is non-empty, then a
pointer in ptr(ext(x)) will be made to point to G-list(x).

The [st list (see Section 7.2), the (-list, the ext values and the ptr arrays are used
specifically to perform the following computation: given a string = € Li(]) for some leaf
[ of T; 1, to determine the set of indices j at which occurrences of « in p begin in work
proportional to the number of such indices. As mentioned earlier, this computation will
be useful in maintaining data structure (3).

The List Computation Procedure. The following procedure is used to compute the
lists at non-sources.

Preprocessing Step. First, each node x in J! | with in-degree 2 in J;,_; scans and
marks the path (this path is against the edge direction) from 2 to the root of the tree
containing = in J/_;. A node of J/_; is called open if it lies on one such path. By Lemma
8.1 and 8.2, this takes O(log®m) time and O(5%) work per iteration. The total work
done in this process in O(m) over all iterations. By LLemma 8.1 and 8.2, the total number
of open leaves is at most O(5%7).

Phase Sequence. Next up to 3[log®m] phases are performed. Fach phase takes
O(log m) time; the total time taken in the iteration is thus O(log” m). Tn the jth phase,
J > 1, those leaves I’ in T; 4 which are distance 7 from their respective roots in J!_|
and which satisfy one of the following two properties are active: either I’ is open or

L) > 1, where [ is the parent of I’ in the tree formed by the connected component
of J!_, containing [,I’. Recall that since [" is distance j from the root of its connected
component in J!_,, the strings in Li(I') will have length 3.2 'r — ;.

H = 1.
This is fine because, by Lemma 8.3, for all nodes [” in the subtree of the tree formed by

L) = 1.

It is important to note that L.(I') is not computed if I’ is not open and

the connected component of .J/_| containing [’

Lemma 8.3 let T be the tree formed by the connected component of J! | containing
LD = 1 then for all 1" in the subtree of T rooted at I,

1LI'. IfI' is not open and
| =1

Proof. We show in the next paragraph that |L.(I")| = 1. Then, since none of the nodes in
the subtree in question is open (by the definition of open), the lemma follows by repeating
the argument in the next paragraph once for each level in the subtree.

Since !’ is not open, I’ has in-degree 1 in .J; ¢, i.e., there is exactly one next-link
incident into I’. Recall that |Li(1)] = 1. Then [ has out-degree 1 in J; 4, i.e., there is
exactly one next-link leading out of /. Tt then follows that the only strings in Li(I") are

) =1. o

suffixes of the strings in L(]) with length one less. Therefore,

Description of a Phase. Consider a particular phase. Let I’ be a vertex which is active
in this iteration and let [ be its parent in the tree formed by the connected component
to which [, I’ belong in J! ;. [ is processed as follows.
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LA(I') is obtained from LX) in O(logm) time and O(|LL(D)| + |LA(I)| + #51 log m)
work in a manner described below, where #3; is the number of -indices 7 such that
LD — 14 |LA(IN)] — 1 internal nodes together
in the subtrees of T;; rooted at [, ', the first two terms in the work done can be charged
LD LAY > 1. Fach internal
node of the final suffix tree is charged a constant number of times in this process. If
(1) =

be charged to I'; the total charge in this process in iteration 7 is O(52r), which sums

leaf;_1(7) = I'. Since there are at least

to internal nodes in these subtrees if even one of

LI = 1 then " is open and the first two terms sum to O(1) work which can

to O(m) over all iterations. The last term in the work done is clearly linear over all
iterations by Lemma 6.2.

Without loss of generality, assume that the next-link from [ to I’ is a 0-link. First, a
list X comprising those strings = such that y = ax for some y € Li(1), y[2" 'r +1] = 0,
and a = 0,1, is obtained. Clearly, the order of strings = in X is the same as the order
of the corresponding strings y in Li(I). For each 2 € X, ind(2) = ind(y) + 1. This step
takes O(1) time and O(|Li(1)|) work.

Second, all G-indices 7, if any, such that leaf; _1(j) = 1" are considered. Such indices

exist only if I’ has in-degree 2 in .J!_,. An ordered list Y of the rep(j)’s is obtained in
O(log m) time and O(#5; logm) work using data structure (3) to perform comparisons
in constant time and work. For each 2 € Y, a f-index ind(x) such that there is an
occurrence of = beginning at index ind(x), and B-list(x), a list of all S-indices at which
occurrences of = begin, are also obtained in this process.

Third, X and YV are merged to get Li(I'). Tf string 2 is in both X and YV then ind(x)
is chosen to be the value in X (this will prove to be critical later). This takes O(log m)
time and O(|L5(1I")]) work.

Fourth, ext(x) is obtained as follows. If # € X then ext(x) is defined to be ext(y),

Fifth, the ptr arrays are updated as follows. Fach x € Li() is considered. If ext(x) =
z then an array ptr(z) of size 3[log” m] is allocated. Finally, a pointer in ptr(ext(z)) is
made to point to [-list(x).

This completes the algorithm.

The following lemmas pertain to the auxiliary information maintained by the above
algorithm and will be useful in setting up the data structures described earlier.

Lemma 8.4 Suppose x € Li(I") and z € Li(I"), where 1" is an ancestor of I' in the
connected component of J!_ containing U',1"” and x is a suffiz of z. Then ind(x) =

ind(z) + |z| — |x|.

x. Clearly, ext(x) = ext(z). Let | be the parent of I’ in the tree formed by the connected
component of J! | containing I’. Then ext(x) = ext(y) and ind(x) = ind(y) + 1, where
y € Li(l) and y = ax for some a, a = 0,1. The lemma follows by a simple induction
argument. O



Lemma 8.5 let € Li(I") and suppose that Li(l") is indeed computed by the above
algorithm. Let G be the set of indices g in the lists pointed to by pointers in ptr(ext(x))
at the end of the phase in which Li(1) is computed. For each g € G, let k, denote the
distance between leaf; 1(g) and " in J!_,. Occurrences of x in p begin at exactly the set

of indices {g + k,|g € G}. In addition, for no g,.¢' € Gisg+k, =g + k.

Proof. Suppose ext(x) € Li(I"). Note from the definition of ext(x) that for all ¢ € G,
the leaves I” leaf;_1(g),!" are all in the same connected component of J! | and that "
is an ancestor of lea f;_1(g) and of I” in the tree T' formed by this connected component.
Recall that we are considering the instant at the end of the phase in which Li(I') is
computed. At this instant, leaf;_1(g) is a descendant of I” and an ancestor of I in T' for
all g € (3.

First, consider some g € (G. We show that there is an occurrence of = starting at
index g + k,. Let y denote the string rep(g) € Li(leaf;_1(g)). By definition, there is an
occurrence of y beginning at index ¢ in p. Since g € G, y must be a suffix of ext(x).
Since leaf; 1(g) is an ancestor of I" in T, || < |y| and, in particular, |y| = || + k,.
Since z is a suffix of ext(x), x is a suffix of y, and therefore, there is an occurrence of
beginning at index g + k,.

Second, consider an index j such that an occurrence of & begins at j. We show that
for some g < 7, g € GG and k, = j — g. Define g to be either the largest index less than
or equal to j such that leaf; (g — 1) is not the parent of leaf;_1(g — 1) in T or the
largest index less than or equal to j such that rep(g) = ext(x), whichever is larger. Let
y denote the string rep(g) € Li(leaf;_1(g)). Clearly, x is a suffix of y and k, = 7 — g.
Since leaf;_1(g) is on the path from {” to I’ in T and since z is a suffix of y and of
ext(x), y is a suffix of ext(x). Tt remains to be shown that ¢ € G. If y = ext(x) then
ext(y) = y. Then, if leaf;_1(g) is the root then ¢ € [st(y) and if leaf;_1(g) is not the
root then ¢ is a f-index and ¢ € (-list(y); in either case, g € G. Suppose y # ext(x).
Then ext(y) = ext(x) and leaf;_1(g — 1) is not the parent of leaf;_1(g) in T. Tt follows
that ¢ is a f-index and g € B-list(y), and therefore, g € G.

Finally, suppose for a contradiction that there exist distinct ¢,¢" €  such that
g+k, = ¢'+k, = j. From the previous paragraphs, there is an occurrence of @ beginning
at index 7. Without loss of generality, assume that ¢ < ¢. Clearly, k, > k,, i.e.,
leaf;_1(g) is a strict ancestor of leaf; _1(¢") in T and |rep(g)| > |rep(q’)|. Further, since
we are considering the instant at the end of the phase in which Li(I") is computed and since
9,9 € G, leaf, 1(g),leaf;1(g") are ancestors of I'in T'. Therefore, lea f;1(g), leaf,1(g+
D), ..., leaf;1(g+k,) =1"isapath in T. Then leaf, 1(g+k, —ky — 1) and leaf; 1(g+
k, — ky) = leafi_1(¢") are both in T This implies that ¢’ is not a G-index, which along
with the fact that leaf; _1(¢’) is not the root gives the required contradiction. O

9 Maintaining Data Structures.

We describe how the following data structures mentioned earlier are maintained after
each iteration 7, assuming that they are available at the end of iteration 7 — 1. Data
structures (1), (2), and (4) can clearly be obtained before the first iteration in O(m)
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work and O(log m) time. Data structure (3) can be obtained before the first iteration by
preprocessing Ty for LCA queries in the same time and work bounds.

(1). An array storing, for each a-, §-, v-, and §-index j, a pointer to lea f;(7).
Since there are only O(]Ogg'm) such indices and [ = leaf;_1(7) is known for each such

index 7, lea f;(7) can be computed by binary searching (1) for each such j using the
constant time comparisons facilitated by data structure (3). This takes O(logm) time
and O(%) work per iteration, which is linear over all iterations.

(2). Next-links between the leaves H; of T;. Each leaf knows both the next-links pointing
into it and the next-links pointing away from it.

Next-links between the leaves of T; are set up as follows. All pairs of leaves [,I" of
T;—1 such that there is a next-link from [ to " and either |L;(I)| > 1 or |L;(I")] > 1 are
considered in parallel. Without loss of generality assume that the next-link from [ to ” is
a 0-link. For each string 0x € [;(/), the strings 20,21 in I;(I') are found; this is done for
all such 2’s by removing the first characters of the strings in L;(I) beginning with 0 and
L)+ 114

work; this work is clearly linear over the entire algorithm. For @ = 0,1,$, an a-link is

merging the resulting set of strings with 7;(I") in O(log m) time and O(

set between the leaf representing string 0z in the subtree of T; rooted at | and the leaf
representing za in the subtree of T} rooted at /.

Remark. Suffix links can easily be set up using next-links in the same time and work
bounds as those required to set up next-links.

(3). A data structure which given indices k, k' finds the longest common prefix of
plk...k+2r — 1] and p[k' ... K + 27 — 1], in O(1) time and work.

This data structure has the following components. Component 3A can be maintained
easily using (1) and the induced subtree construction algorithm in O(logm) time and

O(]OZ’m) work per iteration. Component 3C can be maintained easily as the L. lists
are constructed without any time or work overhead. We will show how to maintain

component 3B after the sth iteration.

3A. The subtree of T; induced by leaves leaf;(7) is maintained and processed for LCA
queries, where j is an a-, -, or v-index. These indices are called special indices 1
and the corresponding leaves are called special leaves.

3B. For each index j such that lea f;(7) is not a special leaf, a special index ¢(7) is main-
tained such that d(j), the length of the longest common prefix of ple(j)...c(j) +
2r — 1] and p[j...7 + 2'r — 1] is maximized over all special indices. d(j) is also
maintained.

3C. For each index j such that ind(z) = j for some string a in some Li(]), | a leaf of
T;_1, a pointer from index j to the leaf I’ of T; such that lea f;(j) = I’ is maintained.

The data structure in 3B is updated as the sets L:(]) are computed in the ith iteration.
Note that if lea f;_1(j) is not a source or a f-node then lea f;_1(7) is not a special leaf after
iteration « — 1 and therefore, ¢(j) and d(j) would have been defined following iteration
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i — 1. Tt then suffices to consider those j such that leaf;_1(j) is either a source or a
B-node. We consider each case in turn.

First, consider a leaf [ of T,y which is a source such that indices; 1(l) has at least
one special index. For each x € Li(1), if Ist(x) (recall [st(x) was defined in Section 7.2)
contains no special indices then for each j € lst(x), ¢(j) is set to any special index in
Ist(y), where y € Li(l) is the string such that the longest common prefix of y and =
is the longest among all z € Li(]) such that [st(z) contains at least one special index.
d(7) is set to be the longest common prefix of z and y. Note that whether or not /st(x)
contains any special indices can be computed while [st(2) is set up without any additional
overhed. Since L(I) is ordered, for all 2 € Li(l), the corresponding y can he found in
O(logm) time and O(|Li(1)]) work. Thus this step is accomplished in O(logm) time
and O(
indices; (1) for which ¢(7) is defined in this iteration.

LD+ #) work per source [ per iteration, where # is the number of indices in

Second, consider a leaf [ of T;_; which is a #-node in .J;_; and consider the end of
the phase in which Li(l) is computed. All 2 € Li(I) such that there is no f-index j at
which an occurrence of 2 begins are considered (i.e., B-list(x) is empty). Consider one
such x. String y € Li(1) is computed with the property that the longest common prefix
of y and z is the longest among all z € L () such that -list(z) is non-empty. Next,
all 7 such that there is an occurrence of x beginning at j are determined using L.emma
8.5 in O(logm) time and work proportional to the number of such indices; ¢(j) is set
to any index in G-list(y) and d(j) is set accordingly. Thus this step is accomplished in
O(log m) time and O(|LL(1)|+#) work per S-node [ per iteration, where # is the number
of indices in indices;_1(1) for which ¢(j) is defined in this iteration.

Fach index j is considered for setting ¢(j) and d(7) in at most two iterations (note that
L2(I) contains strings which are possibly longer but not twice as long as the corresponding
strings in I;(1)). Since there are at most O(]O;”T’m) sources and #-nodes and since the
subtree of Tiyy rooted at leaf [ of T;_; has at least |Li(])| — 1 internal nodes, the total
work done above is O(m).

Computing Longest Common Prefixes. With the above data structures, the longest
common prefix v of 2 = plk... k+2'r — 1] and y = p[k'... k' +2'r — 1] can be computed
as follows. First the longest common prefix of p[k... k+r — 1] and p[k’ ... K +r — 1] is
computed in constant time using Ty. If these two strings are different then the process
ends. Suppose the two strings are the same.

Let sp(h) denote the nearest special index to the right of index h. Without loss of
generality, assume that j = sp(k)—k < sp(k’)— K. By Lemma 8.1, the fact that y-indices
occur less than 2[log®m] apart in the family of any §-index, and the fact that m > 8,
spk) <k + 5[]0@;2 m| —1<k+r—1and sp(k') <K +r — 1. Tt follows that v can be
easily determined after the longest common prefix o' of p[sp(k)...sp(k) + 2'r — 1] and
plk' +7... k' 4+ 5 +2'r — 1] is found in constant time as follows.

If £ + 7 is a special index then this is easily done using 3A. Suppose &’ + j is not a
special index. The main problem now is that lea f;(k' + 7) is not known. However, recall
that it can still be determined in constant time whether or not lea f;(K' + 7) is a special
leaf by simply checking whether or not ¢(k’+ 7) has been computed (¢(k' 4 j) would have
been computed if and only if leaf;(k" 4+ 7) is not a special leaf). There are two cases
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next.

First, suppose lea f;(k'+7) is not a special leaf, i.e., ¢(K'+ ) has been computed. Then
v’ can be found in constant time by finding the LCA of leaf;(c¢(k' 4+ 7)) and leafi(sp(k))
using 3A, and using d(k + 7).

Second, suppose leafi(K' + 7) is a special leaf. Then leaf; (K + j) is either a source
or a f-node in J;_1. In either case, the algorithm computes Li(lea f;_1(k'+7)) even if this
list has only one leaf. Recall that the main problem here is to get a pointer to lea fi(K'+7).
Once this is available, the longest common prefix o' of p[k' + j... kK + 7+ 2'r — 1] and
plsp(k) .. .sp(k) 4+ 2'r — 1] is found in constant time by finding the LCA of lea f;(sp(k))
and lea f;(K'+7) using 3A. We show how to obtain this information. More specifically, we
show how to compute a, b such that plb4-a...b+a+2'r —1]=plk'+5 ... K +5+2'r 1],
e leafi(K' +7) =leaf;(b+a), and leaf;(b+ a) can be computed in constant time from
b+ a.

By the definition of prev, (K 4 7), leaf, (K + j) and leaf;, 1(prev,_1(K' 4 7)) are
in the same connected component of J! | and, in particular, leaf; _1(prev,_1(K + j))
is the ancestor of leaf;,1(k' + j) in the tree formed by this connected component. Let
a=Fk+j—prev, 1(K+7)and b = ind(rep(prev, 1 (K'+7))). Then |rep(prev, 1 (K'47))| =
lrep(K' + j)| + a and rep(K' + j) is a suffix of rep(prev;_1(K' 4+ 7)). @ can be computed in
constant time and work using data structure (4). To see that b can also be computed in
the same time and work, note that rep(h) can be computed for all indices A which have
the form prev,_¢(h') for some ', 1 < b’ < m, in constant time and work given rep values
for all a-, B-, v-, and d-indices. This is because h must either be an a-, G-, v- or §-index,
or h € F(g) for some é-index g and rep(h) = rep(g). Also note that the rep values for
a-, B-, v-, and d-indices can easily be computed in O(log m) time and O(]J;—‘m) work.

Since |[rep(previ_1(K'+7))| = |rep(K'+7)|+a and rep(K'+7) is a suffix of rep(prev; . (kK'+
7)), plb+a...b+a+|rep(k’ +7)| — 1] = p[k' +j ...k + 7 + |[rep(K' + j)| — 1]. Since
lrep(K" + )| > 2'r, plb+a...b+a+2r — 1] = p[k +7... K + 74+ 2'r — 1], ie,
leafi(K'+j) = leafi(b+ a). By Lemma 8.4, b+ a = ind(rep(b+ a)); by 3C, leafi(b+ a)

is known. This shows the required claim.

(4). For each index j, a data structure which computes next;(j) and prev;(7) in constant
time and work, where next;(7) is the smallest index at least 7 such that either next;(7) is
a fB-index or lea f;(next;(j)) is a source in the 7 4 1th iteration, and prev;(j) is the largest
index at most j such that either prev;(7) is a S-index or lea f;(prev;(7)) is a source in the
7 + 1th iteration.

First, we show how neat;(7) is computed in constant time. Let k& > j be the smallest
index which is either in A (recall the definition of A from Section 6) or a S-index. If k is
an a-, -, y-index or if k is in the family of some §-index &’ such that k42'r —1 < end(k’)
then next;(7) = k. Otherwise, k € A, k € F(k') for some §-index &’ and k + 2'r — 1 >
end(k'); in this case, next;(7) is the nearest v-index in F'(k’) to the right of .

Second, we show how prev;(j) is computed in constant time. Let k& < j be the largest
index which is either in A or a G-index. If k is an a-, #- , v-index or if k is in the
family of some d-index &’ such that k +2'r — 1 < end(k') then prev;(7) = k. Otherwise,
ke A ke F(F) for some §-index £ and k + 2y — 1 > end(k"). Then there are two
cases. If k' +2'r — 1 < end(k') then prev;(7) is the larger of the largest index k" in F (k)
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such that k” 4+ 27 — 1 < end(k') and the largest y-index in F(k') which is at most k.
fE 200 1> end(k') and there exists a vy-index in F(K') which is at most & then
previ(7) is the largest such y-index. If &' + 27 — 1 > end(k') and no such y-index exists
then prev;(7) is the largest S-index which is at most &’; the correctness of this definition
follows from Lemma 6.10.

We conclude with the following theorems.

Theorem 9.1 There is a CREW-PRAM algorithm to construct the suffix tree of a bin-
ary string s of length m in O(log” m) time, O(m) work and O(m) space.

An easy generalization of Theorem 9.1 is Theorem 9.2, obtained by simply encoding
a general alphabet in binary.

Theorem 9.2 There is a CREW-PRAM algorithm to construct the suffix tree of a string
s of length m drawn from any fired alphabet set which takes O(log* m) time, O(m) work
and O(m) space. In addition, there is an CREW-PRAM algorithm to construct the
suffix tree of a string s of length m drawn from a general alphabet set which takes in

been sorted by alphabet, where |Y| is the number of distinct characters in s.

10 Concluding Remarks

The above algorithm is optimal in all respects except for the time. The time can possibly
be improved to O(log®m) by pipelining the computation of lists at non-sources with
the various iterations; there are a number of technical difficulties here and we do not
know how exactly this can be done. On the other hand, based on the following rough
argument, we believe that it will be hard to obtain a linear space, linear work algorithm
which takes o(log” m) time on the CREW-PRAM and o(log” m polyloglog(m)) time on
the CRCW-PRAM. Tt seems hard to avoid performing O(log m) iterations, each iteration
requiring sorting. Since sorting has an O(log m) work overhead with linear space, the

size of the set to be sorted in each iteration must be O(]Og‘m ). Tt seems hard to “fill in”

the rest of the tree without performing O(log” m) stages, each stage requiring merging of
lists. We believe that our algorithm can be implemented on a common CRCW-PRAM
in O(log® m polyloglog(m)) time in the same work and space bounds.

A thing to note is that while the algorithm of [ATL.SV86] requires O(mlogm) work,
the information it computes enables on-line pattern matching, i.e., finding all occurrences
of a pattern of length & in a text of length m, given the suffix tree of the text, in O(log k)
time. Our representation of the suffix tree would require O(k) time to trace the path
of the pattern through the suffix tree. Whether the suffix tree can be preprocessed in
linear work and polylog(m) time so that on-line queries can be answered in O(log k) time
remains an important problem.
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Appendix 1

We prove LLemma 4.1 of Section 4.2, which states: If x € H;, 1 <1 <h, then at, <t,,.
We need the following lemma, first.

Lemma 11.1 Let zy, ..., z¢ be nodes in T, such that zo,z¢ € H;, for somei, 1 <1 < h,
and each zp = p(zpyy), for O < f° < f — 1. Suppose at., < 1. ; and algz,) <
Louf(zo)itr- Then atg,p.,) < ma,x{atzf, atouf(z) )+ 05+ 1< rrlax{tzfﬂ;7 Louf(zo)sit1 ) + 05+
1, where d¢ is the number of nodes in H;1y between suf(zo) and suf(zs), excluding
both endpoints. In addition, if oy is the processor which inserts z¢, then by time-step
max{al, ,alg, i)t + 0+ 1 <max{l. i, toseo)iv f + 07 + 1, ap would have traversed
the node suf(zy).

Proof. Note that since zp = p(zp41), at., <at,, ., for 0 < "< f—1. We show by
induction on f', 1 < f" < f, that ats, (. ) < ma,x{a,tzf,?(J,tsuf(z(])} + 64+ 1, where 4 is
the number of nodes in H;1y between suf(zo) and suf(zs), both endpoints excluded.
Suppose a 18 the processor which inserts z4. In addition, we show that by time-step
Py i sup(zo)t F 0+ 1 <max{t. i o)t + 07+ 1, ap would have traversed

the node suf(zs). The lemma follows immediately.

max{at,

First, consider the case f* = 1. The processor a4 which inserted z; waits in the list /5
at zo until the time step in which su f(zo) is inserted. It then either resumes the rescanning
phase or starts a new rescanning phase; this event occurs immediately following time-
step max{at.,, atgs(-)}. In this rescanning phase, oy traverses the path from su f(z)
to suf(z1), until it reaches suf(z1) (if suf(z1) does not already exist, it seeks to insert
suf(z)). Since max{at.,,atg, )} < ma,x{atzf,ats“f(%)} < ma,x{tzfﬂ;?tsuf(ZO)JHL by
the definition of H,y i, the only nodes a; can traverse in the above process are those
41 nodes in H, 1 which are strictly between suf(z9) and suf(z1). Tt then follows that
algup(z) < ma,x{atm,atmf(%)} + &6, + 1, as required. It also follows that by time-step
max{at.,, atsg )} + 0 + 1, ay would have traversed the node su f(z).

Next, assume that the claim holds for some [/, 1 < f/ < f — 1. We show that it holds
for f 4+ 1 as follows.

Note that since Alouf(z,) < ma,x{a,tzf,,(J,ts“f(ZO)} + 6p + 1 < max{at,,, alg, g} +
Sp 41 <max{l., i tsupz)ivr } +0p + 1, suf(zp) € Hiyy. Therefore, § = 6pq —8p — 1
is precisely the number of nodes in H,;y which follow suf(z;) and have len values less
than suf(zpyq1).

Essentially by the argument for the case f' = 1, it follows that A suf(zp0p,) < ma,x{a,tzf,“ , (J,ts“f(zf,)}—
d+1< ma,x{a,tzf,“ c0lgufo)f F 0 +14+0+1 < ma,x{a,tzf,“ c0lguf(z)} + Op + 1, as
required. It also follows that by time-step ma,x{a,tzf,“ c0lgufzo) } + Opr + 1, apgq, the
processor which inserted zp .1, would have traversed the node suf(zp4q1). O

Proof of Lemma 4.1. We show this by induction.

First, consider the case of Hy. The lemma is clearly true for all nodes in H,, except
r1. We show that it is true for node z; also. Recall that o seeks to insert z; at the
end of the first scanning phase which begins at root. o compares one character in p,
at every time-step in this phase. By Fact 2, each character in p[1...len(zq) + 1] is
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compared exactly once in this scanning phase. = is inserted in the same time-step
in which the unsuccessful comparison at pi[len(z1) + 1] is performed. Tt follows that
aty, < alpoor +len(x) +1 =1, 1.

Next, assume that the lemma is true for all @ € Hy,..., H;. We show that it is true
for all x € H, 1. By definition, it is true for all those nodes x € H, i which are neither
equal to ;41 nor to suf(x’) for some node ' € H,;. We claim that the lemma is also
true for all nodes suf(2’), where 2’ € H;, and also for z,41. We show the former claim
first.

We perform an induction on the nodes in the sequence H;. The lemma is clearly
true for suf(root) = root. Assume that it is true for node x = suf(2’), where 2/ € H;,
¥ # x;. Let y' be the node which follows 2/ in H;. Let y denote the node suf(y’),
y € H;y1. There are three cases, depending upon whether p(y') = 2/, p(y’) is a strict
ancestor  of 2/, or p(y’) is a strict descendant of 2’.

Case 1. Suppose p(y') = 2. Then, by Lemma 11.1 with zo = 2/, z; = ¢/ and [ =1,
at, < max{t, ;. t, i1} +5+1, where § is the number of nodes in H; 1 which are strictly
between x and y. Clearly, at, <1, ;41 in this case.

Case 2. Suppose p(y’) is a strict descendant of 2'. Then at,,) > at,, otherwise
p(y’) must be in H;, a contradiction. Therefore, p(p(y’)) cannot be a strict ancestor
of o', If it is a strict descendant of 2’ then at,( ) > at,, otherwise p(p(y’)) must
be in H;. Repeating this argument, we get a sequence of nodes zg,zy,...,2s, where
zo = 2, zp = y', and each zp = p(zpaq), for 0 < f/ < f — 1. By Lemma 11.1,
loup(z;) < ma,x{ts“f(z(])’ﬁ] , tzf’j}—l—(s—l— 1, where 4 is the number of nodes in H;;4 between
suf(zo) and suf(zs). In other words, at, < max{t, y1,ty;}++1="1,,41.

Case 3. Suppose p(y') is a strict ancestor of 2. Then at, > at,y > at,). Let z be the
node with the largest len value in H; such that len(z) < len(p(y’)). As in the previous
paragraph, there is a sequence of nodes zg, z1,..., 2z, where zo = z, z; = v/, and each
zp=p(zpgr), for 0 < f/ < f—1. By Lemma 1.1, atoup(zp) < max{at s, f(z), a,tzf}+5+1,
where § is the number of nodes in H, 41 strictly between suf(z9) and suf(z¢). In other
words, at, < max{at,s.),at,y}+6+1. Tt then suffices to show that max{at,,;.), at, } +
0+ 1 <1, ,;41. This is seen as follows.

Let wo, ..., w, denote the nodes in H; from z to ¢, in that order, where w, = z and
w, = y'. p(y’) is an ancestor of wy, ..., w, by the definition of z; therefore, aty, , > aly,,
1 < ¢ < g. We show by induction on this sequence that max{at,,s(.), at,,} + 6y +1 <
Lsufuy)i+rs for all ¢, 1 < ¢ < g, where d, is the number of nodes in H;iy strictly
between su f(z) and suf(wg). For g =1, o, rum), 41 = Max{t s rug)jdts tun i 01 +1 >
max{at g, (), atu, } + 01 + 1 > max{aty, sy, atw,} + 6 + 1, where the first inequality
follows from the induction hypotheses of the inductions being performed on the nodes of
H; and on the sequences H,. Next, we assume that the claim is true for ¢’, 1 < ¢ < ¢,
and show that it is true for ¢’ + 1. By the induction hypothesis of the induction being
performed on ¢, Pouf(ugr )i+l = max{tsuf(wg/),j+1atwg/+1,.7‘} + Gy =Gy — 1)+ 1 >
gy + Byt — 00— D) 41> masc{at gy, atu, } o+ b+ 14 (B — 8 — 1) 41>
max{alg,f(z), aty, } + 841 + 1, as required.

2We assume that a node is an ancestor but not a strict ancestor of itself.
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This proves the lemma for all suf(2') € H,4q such that 2’ € H;. 1f 2,40 = suf(x;)
then the proof is complete. Otherwise, if 2,11 # suf(x;), it remains to show the lemma
for 2,41 Let y = suf(x;). o seeks to insert 2,41 at the end of the scanning phase which
begins at y.

First, we show that this scanning phase must have begun by the time-step ¢, () j4+1+
1. Consider Cases 1 3 above with ¢y’ = 2;. By Lemma 11.1, @ must have traversed
suf(x;) by time-step max{atl. , alo, )} +305 41, where zp = 25, the value of z; depends
upon which one of Cases 1 3 holds, and §; is the number of nodes in H;yy strictly
between suf(zg) and suf(zf). By the first part of this lemma, max{at. , ale,z0)} +
dr+1< ma,x{tzf’j, Louf(zo),j41} + 07 + 1. The right hand side clearly equals Pouf(zp)jtt =
Louf(a,),j+1 Tor Cases 1 and 2. For Case 3, it was shown that rnax{a,tzf7 at,,,“,,f(ZO)}Jr(Ser] <
Lsuf(z5)i41 = Lsuf(ay),i+1-

Finally, consider this scanning phase. a compares one character in p; at every time-
step in this phase. By Fact 2, a distinct character in p; is compared in each time-step
in this scanning phase, including the time-step in which « inserts ;4. Tt follows that

(]’tﬂ?7+1 < Ly i1 + 1677/(.”17'7‘4_1) - len(y) +1 = tm,7+1,.7+1 .

Appendix 2

The proofs of the lemmas defined in the latter part of Section 6 are given here.

Proof of Lemma 6.5. Recall that lea fo(j1) = leafo(j2) = - -+ = leafo(ji). Tet 2 denote
lea fo(j1). Note that there are no G-indices or indices in A strictly between j; and j2. By
Fact 3 and Lemma 6.1, the path leafo(71),leafo(ji +1),....leafo(ja — 1) in G contains
only vertices and edges in the same connected component of (73. Since each connected
component of (73 is a rooted tree, any vertex in the same connected component in (75 as =
is distance at most [log® m] —1 from 2 in G. Tt follows that per(j) < jo— 71 < [log®m].
Since 3[log”>m] < r = 2[log” m] for m > 8, p[ji ... 1 +r — 1] is periodic with period at
most [log? m]. Further, j,—jy is a period of p[jy ... j1+7—1]. In fact, the smallest period
per(j) of p[j1 ... 51 +r— 1] must equal j, — ji, otherwise, by Lemma 2.1, it is easy to see
that there must be some 7', j1 < j' < g9, such that p[y’ ... 7" +r—1] =p[j1 ... 51 +7—1],
ie., 7/ € A, a contradiction.

Next, we show that jo — j1 = j3 — J2 = -+ = jn — Jn_1 = per(j). Suppose for
a contradiction that this is not true. Let k., 3 < k < h be the smallest number such
that jr. — jr—1 # per(7). Let v be the prefix of str(x) of length per(j). By Lemma 2.1,
str(x) has the form v90’, where v' is a prefix of v and ¢ > 2. If for all [, 1 <1 < per(y),
ik 1m0 = plistr— 1+ per()] then clearly, pLjx++per(7) .. ju+per(i)1
r—1]=plJe-1-- Jk1+r—1],i.e., Jr_1 + per(j) = jr, a contradiction. So assume that
there exists an [, 1 <1 < per(j), such that p[jr_1+r— 141 # plje—1+r— 14— per(j)]
and consider the smallest such . Then, for all multiples I of per(j), I' < [log®m],
i +r —1+1 # pljgy +r —1+1—1]. This along with Lemma 2.1 implies that
Tk — gk > r —per(g) > [log>m]. Since the connected components of (i3 are trees of
height [log®m] — 1, the path leafo(js 1), leafol(js 1 +1),. .., leafo(jr) in G traverses an
edge in Ky U Fy U F3 which is not incident on . By Fact 3, there must be a -index or

42



an index in A between j,_; and ji, a contradiction. Therefore, jo — j1 = j3— jo = --- =
Jb — dno1 = per(§) < [log®m]. Tt follows that p[j; ... j, +r — 1] is periodic with period
per(j) (see Fig.7).

Since pljp ... jn + 1 — 1] has period per(j), end(3) > jn +r — 1. Further, end(j) <
Jntper(g)+r—1, otherwise j,+per(j) will be in F(5) as well. Clearly, p[j . P??(]( )—1] is
periodic with period per(j). By Lemma2.1, p[ji ... end(j)], plj2- .. end(y )], ey plin - end(j)]
have periods at least r — per(j) +1 > ﬂog m]. O.

Proof of Lemma 6.8. Recall from Corollary 6.6 that per(j) = per(j’).

First, suppose plend(j)] = plend(j")] = 1.

Suppose end(j) — k > end(y’) — K. We show that plk...end(7)] < p[k'...end(7")].
By Corollary 6.6, p[k’...end(j") — 1] is a proper prefix of p[k...end(j) — 1]. Since
plend(3")] = 1, it suffices to show that plk+end(j')— k'] = 0. By the definition of end(j’),
plend(y") — pPT( "] = 0. Since p[k’ ... end(3") — 1] is a proper prefix of p[k...end(j) — 1],
plk+end(3’)—K —per(3’)] = 0. By Lemma 6.5 and the fact that k+end(j")— k' < end(j),
plk + end(y") — K — per(j) + per(j)] = plk + end(j') — K — per(j)] = 0, as claimed.

Now, suppose p[k...end(j)] < p[k’...end(3")]. We show that end(j) —k > end(j’) —
K. Suppose for a contradiction that end(j) — k < end(j') — K. By Corollary 6.6,
plk...end(j) — 1] is a prefix of p[k’...end(j") — 1]. Since plend(j)] = plend(j")] = 1,
it follows that these two strings are not of the same length, otherwise, plk...end(7)] =
p[k’ ... end(3")]. Therefore, end(j) — k < end(y’) — k. From the previous paragraph,
with the roles of k k' interchanged, it follows that plk...end(7)] > plk ...end(j")], a
contradiction.

Next, suppose plend(7)] = 1 # plend(3')] = 0. If end(j) — k = end(j') — K then the
lemma immediately follows from Corollary 6.6. There are two cases next.

First, suppose end(j’) — k' < end(j) — k. By Corollary 6.6, p[k’...end(j") — 1]
is a proper prefix of plk...end(7) — 1]. Since plend(y’)] = 0, it suffices to show that
plk + end(j") — k'] = 1. By the definition of end(j’), plend(3’) — per(y')] = 1. Since
p[k’ ... end(3")—1] is a proper prefix of p[k...end(j)—1], plk+end(j') — K —per(j")] = 1.
By Lemma 6.5 and the fact that k& + end(3’) — E < end(j), plk + end(3") — k' — per(j5) +
per(j)] = plk 4+ end(y") — K — per(j)] = 1, as claimed.

Second, suppose end(j’) — k' > end(j) — k. By Corollary 6.6, p[k...end(j) — 1]
is a proper prefix of p[k’...end(j") — 1]. Since p[end(j)] = 1, it suffices to show that
p[k' 4+ end(7) — k] = 0. By the definition of end(j), plend(j) — per(j7)] = 0. Since
plk...end(j) — 1] is a proper prefix of p[k’ ... end(5") — 1], p[K' +end(j) — k — per(7)] = 0.
By Lemma 6.5 and the fact that &’ 4+ end(j) — k < end(3), p[k’ + end(j) — k — per(7’) +
per(j')] = plk 4+ end(j) — k — per(j')] = 0, as claimed. O

Proof of Lemma 6.9. Consider an a-index j which is not one of the two rightmost
indices in A. Tet k, k', k' > k, be the next two indices in A to the right of j. We show
that either there is a B-index between j and &’ inclusive, or k' — 7 > [log® m]. The lemma
then follows from Lemma 6.2.

If 7 is a B-index then the above claim is clearly true. Suppose j is not a F-index. By
the definition of an a-index, either there is a f-index between j and k (k included) or
leafo(g) # leafo(k), otherwise 7 and & would be in the same maximal subsequence. The
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Figure 8: A connected component of (7.

above claim follows in the first case too. So suppose that there is no -index between
j and k inclusive. Then since leafo(j) # leafo(k), leafo(7),leafo(k) are in different
connected components of (3. Consider the first edge e in G on the path from lea fo(j)
to leafo(k) which is missing in (G5 and which connects vertices in different connected
components of (5. Then ¢ is either in Ky, Ky, or E3. We consider each case separately.
Recall Fact 3.

If e € K then there is a B-index between k& and j inclusive, which is a contradiction.
If e € Fa, the claim that &' — j > k — 7 > [log®m] follows from the definition of the
set F3. Suppose e € F,. Since all edges in Fy are incident upon origin leaves and since
there are no indices in A strictly between 7 and k, e must be incident upon lea fo(k).
Since leafo(j) # leafo(k) and e € Fsy, leafo(7) and lea fo(k) are in the same connected
component in (3 but in different connected components in Gs; further, lea fo(k) must
be the root of its connected component in 5 (see Fig.8). Since leafo(7) is the root of
its connected component in G, it follows that the edge f in G5 incident upon lea fo(j)
is in F3. For all edges ¢’ € (& such that ¢’ leads out of one of the vertices in the same
connected component in (G5 as lea fo(k), ¢’ € Fy (because if ¢ was in Fy then ¢’ would be
incident upon lea fo(k) and therefore ¢/ = e, which is a contradiction because the other
endpoint of e is not is the same connected component of G5 as lea fo(k)). Tt follows that
either there is a B-index between k and &’ (K’ included) or k' — k > [log® m], as claimed.
O

Proof of Lemma 6.10. If 5 is a f-index the lemma is clearly true. So assume that j is
not a f-index. If j — per(7) < 1 and j is the smallest index in A (i.e., 7’ is not defined)
then the lemma is true as 1 is a S-index. So suppose that either 7 — per(j) > 1 or 5" is

defined.
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Since lea fo(7) is a non-a-origin leaf, there exists a non-singleton maximal subsequence
(as defined in Section 6.1) of indices associated with this leaf. Let e be the first index in
one such subsequence. By definition, e is a d-index. Note that lea fo(e) = lea fo(j) and
|F'(e)| > 1. There are no G-indices or indices in A strictly between e and e + per(e). By
Fact 3, it follows that all edges on the path lea fo(e),leafole+1), ... leafo(e+per(e)—1)
in G are in F — (Fy U FyU Fy); therefore lea fo(e), leafo(e + 1), ..., leafo(e + per(e) — 1)
is a path in GG3. Since leafo(e) = leafo(e 4+ per(e)), there is an edge between lea fo(e +
per(e)—1) and leafo(e) in G, e, leafo(e),leafole+1),. .. leafo(e+per(e)—1),leafo(e)
is a cycle C'in G. Since there are no G-indices between ¢ 4 1, ¢ 4+ per(e) inclusive, none
of the edges in C'is in Fy.

Let k& < j be the largest index such that leafo(k) is one of leafo(e),leafo(e +
1), ..., leafo(e + per(e) — 1) but leafo(k — 1) is not. We show that & > j — per(7)
if 7 — per(7) > 1. In addition, we show that & > j" if j' is defined and greater than
J — per(7). Finally, we show that & is a S-index. The lemma follows.

Suppose for a contradiction that j — per(j) > 1 and either k& does not exist or k <
J —per(j). Since p[j...j+r— 1] is periodic with period per(j) by Lemma 6.5 and since
r > 3per(j), it follows that for all &', 1 < K < per(j), leafo(j—K') = lea fo(e+per(e)—K').
In particular, by Corollary 6.6, lea fo(j—per(7)) = lea fole+per(e)—per(j)) = leafole) =
leafo(7). Since none of the edges in ' is in Ky, no index h such that leafo(h) and
leafo(h — 1) are both in C' can be a (-index. Therefore, 7 — per(j) +1,...,7 are not
B-indices. Since there are no G-indices between 7 — per(7) + 1 and 7 inclusive and since
there are no indices in A strictly between j — per(j) and j, 7 cannot be a d-index, a
contradiction.

Next, suppose for a contradiction that j' is defined and greater than j — per(j) and
that either k does not exist or & < 7. Using the argument in the previous paragraph,
forall /)1 <K < j5— 3" leafo(j — k') = leafo(e + per(e) — k). Then since j' € A,
leafo(j") must be an origin leaf. Therefore, leafo(j') = leafo(7) = leafo(e). As in the
previous paragraph, ;' + 1,7+ 2,...,7 are not G-indices. Since there are no (-indices
between 3/ + 1 and 7 inclusive and since there are no indices in A strictly between j’ and
7, 7 cannot be a d-index, a contradiction.

To see that k is a f-index, recall that lea fo(e),leafole + 1), ... leafo(e + per(e) —
1), leafo(e) form a cycle C in (G. Since leafo(k — 1) is outside (' and there is edge in
G from leafo(k — 1) to leafo(k) which is in O leafo(k) has in-degree 2 in . From
Lemma 6.1, it follows that leafo(k) is a G-node in G. Tet h be an index such that
leafo(k) = leafole + h), 1 < h <per(j). By Lemma 6.1, either ¢ + h or k is a S-index.
Since there are no B-indices between e+ 1, e+ per(e) inclusive, k is a S-index, as claimed.
O

Proof of Lemma 6.11. The lemma follows from Lemma 6.10 and the fact that v-indices
in the family of a §-index appear at least [log®m] distance apart. O

Proof of Lemma 6.12. Let j, be the largest index in F(7). By definition, ;' is a
v-index if and only if j, — 7’ is divisible by [, the smallest multiple of per(j) which is at
least [log®m]. By Lemma 6.5, j, +r — 1 < end(j) < ji + per(j) + r — 1 and therefore,

dn =3 < end(j) = ' =7 < ju+ per(j) — j. Tt follows that 2] = [ “Uldr ),
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Therefore 7, — 7’ is divisible by [ if and only if per(])LMJ is divisible by [. O

per(j)

Appendix 3

We give the proof of Lemma 8.1 here.

Proof. We claim that all non-source vertices in .J! | have in-degree exactly 1 and that all
source vertices have in-degree 0; the first part of the lemma follows from this claim. The
claim is shown as follows. All nodes in .J;_1, except possibly lea f; (1), have in-degree at
least 1 and at most 2. By LLemma 6.1, any node x with in-degree 2 in .J;_; is a -node in
Ji_1,i.e., there is a B-index j > 1 such that leaf;_1(7) = x. Clearly, 2 will have in-degree
1in J!_,. Tt follows that all nodes 2 in J! | have in-degrees at most 1; in addition, the
in-degree is 0 if and only if either z is a source or @ = lea f;_1(7) for some S-index j > 1
and = has in-degree 1 in J;_; or o has in-degree 0 in J;, 4 (i.e., leaf;_1(1) = x); by the
definition of source, x is a source in the last two cases too.

Next, we show that the heights of the trees forming the connected components of J!_,
are bounded by 3[log® m]. We need the following definition and a preliminary fact. For
any leaf 2z of T;_, let 2% denote the leaf of Ty of which z is a descendant. Also note that
if there is an edge from z to 2’ in J/_, then for no f-index 7 > 1 isleaf, 1(j — 1) =z
and leaf; 1(7) = 2’. We claim that for no B-index j > 1 is leafo(j — 1) = 2° and
leafo(j) = z’°. Assume for a contradiction that such a j exists. Then, by Lemma 6.1, all
indices j' > 1 such that lea fo(5'—1) = 2° and lea fo(3') = 2’° are B-indices. Therefore, all
indices 3’ such that leaf; 1(3'—1) = z and lea f; _1(j") = 2’ are B-indices, a contradiction.

Let y be a node in J/_;. Let w be the root of the tree in J! | containing y. It suffices
to show that the length of the path in .J/ | from w to y is at most 3[log” m].

Let z, z # w, be the nearest node to y, if any, on the path from w to y in J!_, such
that 2% is an origin leaf. We show that z is indeed defined and that the length of the
path from z to y in J/_, is at most [log>m]. Let yu, ys 1,--.,y1, W = Yr,y = 1, be
the nodes, in order, on the path from w to y in J! . Clearly, each y) has an edge to
y? in G = Jy, 2 < h < k. None of these edges is in F; as edges in F; only lead from
leafolg — 1) to leafo(g) for S-indices g > 1. If none of these edges is in either Fy or Fj
then y{,yY,...,yY is a path in G and therefore k& < [log?m], as required. So assume
for the rest of the proof that one of these edges is in Ky U F3. Since edges in Fy, F5 are
incident into origin leaves (recall Fact 3), z is defined. Tt also follows that there is a path
from 2° to y% in (3 and therefore, the length of the path from z to y is at most [log”? m].

It now suffices to show that the length of the path from w and z in J! , is at most
2[Tog® m]. Suppose for a contradiction that this is not so.

Since z is not a source, by Lemma 7.3, 2® must be a non-a-origin leaf. Tet e be a
§-index such that leafo(e) = 2 and |F(e)| > 1. Such an index exists by the definition
of a non-a-origin leaf. Let d be an index such that leaf; i(d) = z. Since lea fo(d) = 2°,
d € F(d') for some d-index d’. By Lemma 6.5, the prefix of str(z) of length r is periodic
with period per(e) < [log®m]. By the definition of sources, if ' +2~'r — 1 < end(d")
and leaf; 1(d") = z then z would have been a source; it follows that either ' +2'"'r—1 >
end(d') or leaf; (d') # z. Tn the former case, d + 2'"'r — 1 > end(d’). In the latter
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case also, by Corollary 6.7, d 4+ 2"'r — 1 > end(d’). This implies that str(z) has period
greater than [log? m].

Next, we show that for every node v on the path from w to z, there exists an f,
e < f < e+ per(e) such that str(v)[1...7] = p[f...f 4+ r — 1]. This is shown by
induction. As the base case, the claim holds when v = z with f = e. Assume that the
claim is true for some v’ on the above path and v is the node preceding v’ on this path.
Let [/, e < " < e+ per(e), be the value such that str(v)[1...r] = p[f' ... [+ —1].
Let f=f —1if f'>eand f=e+per(e)— 1, otherwise. Let j be an index such that
leafi 1(7) =vand leafi 1(7+1) =v". Sinceplf/ ... f'+r—1]=plj+1...54+14+r—1]
and since ple...e4+r—1] = pletper(e)...e+per(e)+r—1], plf ... f+r]and p[y ... 7+7]
can differ only in the first character. Suppose for a contradiction that these two strings
actually differ in the first character. Then either f + 1 1is a B-index or 7 + 1 is a G-index.
7 + 1 cannot be a (-index, otherwise the edge from v to v’ in .J;_; would have been
removed in J!_ . By the definition of a non-a-origin leaf, f + 1 cannot be a #-index, a
contradiction.

Consider the set S of those nodes on the path from w to z whose distances from z
are multiples of per(e) and at most 2[log” m]. Let #,...,2; be the nodes in S ordered
by decreasing distance from z. In order to obtain a contradiction, we show that one of
the nodes in .S must be a source; this contradicts the fact that sources have in-degree 0
inJ! .

It follows from the paragraph before the previous one that if @ = leaf; 1(j) € S for

some index 7, then the str(x), str(z) match on the first r characters, i.e., lea fo(j) = 2°.

O is a non-a-origin leaf, it follows that each j such that leaf; ((j) € S is in

Since z
the family of some d-index, i.e.; fam(j) is defined. There are two cases next. First,
suppose str(x) is periodic with period per(e) for some 2 € S. Then let j be such that
leaf;_1(7) = « and let 3 = fam(j). By Corollary 6.6, per(e) = per(j’). Further, by
Corollary 6.7, 3/ +27"'r — 1 < 742" "0 — 1 < end(5’). Tt follows that leaf; 1(j') = =
and that 2 is a source, as required. Second, suppose that str(x) has period greater than
per(e) for all @ € S. Let k, denote the length of the longest prefix of str(z,) which has
period per(e), where 1 < g < h. Clearly, k, > r for all g, 1 < g < h; further, since
2[Tog?m] < r, k, — kyp1 = per(e). Tt follows that there exists some 2, € S such that

g

per(j) L;TZ)J is divisible by the smallest multiple of per(e) which is greater than [log® m].

Let j be an index such that leaf; 1(7) = x,. By Corollary 6.6, per(e) = per(fam(y)).
By Lemma 6.12, 7 is a y-index. It follows that =, is a source, as required. O
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