
On Traversing Layered Graphs On-line �H. RameshCourant Institute, New York UniversityAbstractThe following bounds on the competitive ratios of deterministic and randomized on-line al-gorithms for traversing width-w layered graphs are obtained.1. A deterministic algorithm with a competitive ratio of O(w32w). This ratio is close to thelower bound of 
(2w) and improves upon the previous best upper bound of O(9w).2. The �rst known polynomially competitive randomized algorithm with a competitive ratioof O(w13). This settles a conjecture due to Fiat et al. ([FFKRRV]).3. A lower bound of 
( w2log1+� w ) on the competitive ratio of any randomized algorithm for thisproblem, where � is any positive number. The previous best lower bound was linear.1 IntroductionA layered graph is a connected weighted graph whose vertices are partitioned into sets (i.e., layers)L0; L1; L2; : : : ; and all edges connect vertices in consecutive layers. Each edge has a non-negativeintegral length. The set L0 is a singleton set and the only vertex r in L0 is called the root of thegraph. The width of a layered graph is de�ned as maxifjLijg. The on-line layered graph traversalproblem involves searching for a speci�ed target vertex in a layered graph whose width and numberof layers are unknown. The searcher starts at r and attempts to reach the target vertex. The edgesbetween layer Li and layer Li+1 and the vertices in layer Li+1 are revealed only when the searchervisits some vertex in Li. Note that all vertices in Li+1 are revealed when the searcher visits somevertex in Li. The searcher can traverse edges in both directions; however, he pays for the totaldistance he travels.The layered graph traversal problem belongs to a larger family of shortest path problems whichoperate with incomplete information about the environment being searched. It was introduced byPapadimitriou and Yannakakis [PY] and generalizes the work of Baeza-Yates, Culberson and Rawlins[BCR]. They [BCR, PY] consider a number of such shortest path problems and give algorithmswhich start at a source and search for a target, learning about the environment as they progress.The complexity measure associated with such deterministic algorithms is the worst case ratio ofthe total distance traversed by the algorithm to the length of the shortest source-target path. Forrandomized algorithms, the expected distance traversed by the algorithm is considered instead of thetotal distance.�This work was supported by NSF grants CCR-8902221, CCR-8906949, CCR-9202900 and CCR-8901484.1



Papadimitriou and Yannakakis [PY] gave an optimal algorithm for layered graphs of width 2, witha competitive ratio of 9. It follows from the work of Baeza-Yates et al. [BCR] that 1+2w(1+ 1w�1)w�1 �2ew is a lower bound on the competitive ratio for width-w layered graphs. Fiat et al. [FFKRRV] gaveupper and lower bounds of O(9w) and 
(2w), respectively, on the competitive ratio of deterministicalgorithms for traversing width-w layered graphs. Actually, their upper bound can be easily improvedto O((4:5)w). They also gave a randomized lower bound of 
(w). The only randomized upper boundknown prior to this work was the exponential deterministic upper bound. Fiat et al. [FFKRRV]conjectured that a polynomial upper bound could be achieved using randomization.Our contribution is threefold:� We give an O(w32w)-competitive deterministic algorithm for traversing width-w layered graphs.� We give the �rst polynomially competitive randomized algorithm for layered graph traversal,thus settling the conjecture due to Fiat et al. [FFKRRV]. Our algorithm has a competitive ratioof O(w13).� We show a lower bound of 
( w2log1+� w ) on the competitive factor of any randomized algorithm,even when w is known in advance. Here, � can be any positive constant.In addition to being inherently interesting, the layered graph traversal problem is related toother on-line problems. It generalizes the Metrical Task Systems problem [BLS] and the k-Serverproblem [MMS] as explained by Fiat et al. [FFKRRV]. However, in the latter case, the width ofthe layered graph depends upon the cardinality of the metric space and therefore, layered graphtraversal techniques are inadequate for producing solutions to the k-server problem. An importantdirect application of the layered graph traversal problem is to the Metrical Service Systems problem,suggested by Chrobak and Larmore [CL]. In this problem, a single server moving among points of ametric space is presented with requests; each request is a set of at most w points. The server mustmove to one of these points, the cost incurred being the distance moved. Chrobak and Larmore [CL]gave a competitive algorithm for uniform metric spaces and deterministic and randomized algorithmsfor all metric spaces for the case w = 2. Fiat et al. [FFKRRV] showed that the metrical service systemsproblem with requests of size w is equivalent to the width-w layered graph traversal problem, when wis known in advance. Thus, our bounds on layered graph traversal also apply to the metrical servicesystems problem. Some interesting variants of the layered graph traversal problem have also beenstudied [ABM, KRT].Fiat et al. [FFKRRV] showed that traversing layered graphs on-line is equivalent to traversinglayered trees on-line. All algorithms in the above work and in this paper actually traverse layeredtrees; the results applies unchanged to layered graphs.Both our deterministic and randomized algorithms and the deterministic algorithm of Fiat et al.[FFKRRV] have the following 
avour. The searcher starts from the root r of the layered tree T . Wesay that a searcher spots a vertex v when he reaches a vertex in the layer preceding the layer containingv. We pretend that the searcher is not looking for the target; rather, he wishes to determine a sequenceof sets of vertices in T , with each set increasing the lower bound on the source-target distance. Thesesets are called Active Sets (the term is due to Fiat et al. [FFKRRV]). In this process, whenever thesearcher spots the target, he aborts the search for the active set sequence and proceeds to the targetalong the shortest path from his current location to the target.2



Active sets have the following properties. All vertices in a particular active set are at the samedistance from r. Further, each path in T starting at r terminates at one of these vertices and notwo of them have an ancestor-descendant relationship. Note that if the searcher has spotted all thevertices in the active set whose vertices are at distance d from the root and the target vertex has notyet been spotted then the distance of the target from the root is at least d.The key issue in the algorithms is the determination of the active set sequence. The crucial stephere is the search for the vertices of an active set, given all previous active sets in the sequence. Allvertices in the current active set are twice the distance from the root as compared to the vertices inthe previous active set in this sequence. We refer to this step as the d-extension step, where d is thedistance between r and the vertices in the previous active set. d is a lower bound on the distancebetween r and the target vertex if the target has not been spotted till the beginning of the d-extensionstep. If the d-extension step completes without the target being spotted, the lower bound on thedistance between r and the target is \extended" by d, i.e., 2d becomes a lower bound on this distance.The e�ciency of the d-extension step is the critical factor which determines the overall competitiveratio of the algorithm. We give new schemes for performing the d-extension step which lead to theimproved deterministic and randomized upper bounds mentioned above. Note that in our randomizedalgorithm, randomization is used only in the d-extension step.Our randomized lower bound is achieved using a new construction. This construction is aimed atshowing a lower bound on the expected number of times any randomized algorithm, while performingthe d-extension step to determine a new active set, switches between the subtrees rooted at the verticesin the previous active set.The rest of the paper is organized as follows. Section 2 gives some de�nitions and preliminaries.Section 3 describes the overall structure of our algorithms. Section 4 describes the deterministicalgorithm and Section 5 describes the randomized algorithm. Section 6 describes the randomizedlower bound.2 De�nitions and PreliminariesDe�ne a layered 0{1 tree to be a rooted acyclic layered graph in which each edge has a 0-1 weightand each non-root vertex has a neighbour in the previous layer.Lemma 2.1 Fiat at al. [FFKRRV] The on-line layered graph traversal problem is equivalent to theon-line layered 0{1 tree traversal problem, i.e., given a competitive on-line algorithm for travers-ing layered 0{1 trees, one can construct an on-line algorithm, with the same competitive ratio, fortraversing arbitrary layered graphs.By virtue of Lemma 2.1, we need only consider layered 0{1 trees instead of arbitrary layeredgraphs. The algorithms that we present traverse layered 0{1 trees.Let T be a layered 0{1 tree with root r, target t, and width w. Let L0; L1; : : : refer to the layersof T . d(a; b) refers to the length of the path from vertex a to vertex b in T . Let v be a vertex in T .p(v) denotes the parent of v. Tv refers to the subtree of T rooted at v. A vertex in layer Lj has depthj. Vertex x is said to be deeper than vertex y if the depth of x exceeds the depth of y. A vertex v issaid to be live at an instant if it has a descendant in the deepest layer of T spotted till then.We de�ne active sets formally as follows. ASj(x) (read as the j-active set of vertex x) is the setconsisting of those descendants v of x such that: 3
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Figure 1: Active Sets1. v 2 Sj(x) = f u j d(x; u) = j; d(u; p(u)) = 1g, and,2. v has a descendant in the layer containing the deepest vertex in Sj(x).In Fig. 1, AS1(x) = fa; b; cg and AS2(x) = fe; fg. From Property 1 above, it follows that no twovertices in ASj(x) have an ancestor-descendant relationship. Then, from Property 2 above,Fact 1 jASj(x)j � w, for all j and all nodes x.The algorithms we present assume that the width of the tree is known in advance. Trees ofunknown width can be traversed using these algorithms in the following manner: the searcher guessesthe width w0 of the tree (the �rst guess is 1) and traverses the tree until either the target is foundor the tree is detected to have width greater than w0. In the latter case, the searcher increments w0,by 1 for the deterministic case and by w0 for the randomized case, and repeats the above step withthe new value of w0. This process adds only an O(1) multiplicative factor to the competitive ratio forboth the deterministic and the randomized cases.Instead of aiming to reach a target vertex t, our algorithms solve the harder problem of determiningASd(r;t)+1(r). Of course, this has to be done without prior knowledge of the value of d(r; t). Thesearcher is sure to spot the target in the process of determining ASd(r;t)+1(r). In order to actuallyreach the target, the searcher incurs a cost of at most 2d(r; t) after determining ASd(r;t)+1(r). Thusdetermining ASd(r;t)+1(r) and then moving to the target vertex adds at most an O(1) factor to thecompetitive ratio which is subsumed within the O notation.A and B refer, respectively, to our deterministic and randomized algorithm for traversing tree Tof known width w. Both A and B start at r and determine ASi(r), for some i. Dw and Rw denotequantities which upper bound the competitive ratios of A and B, respectively, i.e, Dw � i and Rw � iare upper bounds on the costs incurred by A and B while traversing T to determine ASi(r). Bothalgorithms recursively search subtrees of T which are known to have width w0, w0 � w. For all w0,1 � w0 � w, let Dw0 and Rw0 denote quantities which upper bound the competitive ratios of A andB, respectively, for traversing subtrees of T of known width w0, i.e., the cost incurred for determiningASi(x) when the subtree rooted at x is known to have width w0 is at mostDw0�i for the deterministiccase and at most Rw0 � i for the randomized case. We will de�ne Dw0 and Rw0 shortly.4



3 Outline of the AlgorithmsSince traversing trees of width w = 1 is trivial, we assume that w � 2.Fix a w0, 1 � w0 � w. We describe A and B as they search a subtree T 0 of T rooted at a vertexr0 to determine ASi(r0), for some i. We assume that the width of the portion of T 0 searched is knownto be w0. The knowledge of width prior to searching T 0 may seem peculiar. What actually happensis that the algorithms assume that width of the portion of T 0 searched is w0 and abort if the width isdiscovered to exceed w0. If abortion does occur then the cost incurred is accounted for at the nexthigher level of recursion; at the highest level, the width is known to be w, by assumption. Therefore,we can assume that the portion of T 0 searched indeed has width w0.De�nitions. Let i0 = w2 for the deterministic case and i0 = w7 for the randomized case. We de�nethe quantities Dw0 ; Rw0;XDw0 ;XRw0 ; Y Dw0 ; Y Rw0 as follows. As will will show later, the cost incurred by theA in determining ASi(r0) is bounded by Dw0i and the cost incurred by B in determining ASi(r0) isbounded by Rw0i. Clearly, this is true when w0 = 1. Note that we could have de�ned R1 = 1; thede�nition of R1 is below is for technical reasons which shall become clear in Lemma 5.10. Considersome w0 > 1. We will assume that the above holds for all widths less than w0 and show later that thisholds even for w0. Note that XDw0 ; Y Dw0 ;XRw0; Y Rw0 are de�ned only when w0 > 1 and i > i0. Also notethat Dw0 = O(w32w0) and Rw0 = O(w12w0).Dw0 = 1, if w = 1.Dw0 = w2w0, if w > 1 and i � i0.Dw0 = (1 + 1w + 2i0 )XDw0 = (1 + O(1)w )maxf2Dw0�1; 3Dw0�2 +Dw0�3 + � � � +D1g + O(w2)w0, if w0 > 1and i > i0.Y Dw0 = (1 + 1w + 1i0 )maxf2Dw0�1; 3Dw0�2 +Dw0�3 + � � � +D1g+ 4w(w0w + 2), if w0 > 1 and i > i0.XDw0 = (1 + 1w )Y Dw0 , if w0 > 1 and i > i0.Rw0 = O(w6), if w = 1.Rw0 = w7w0, if w > 1 and i � i0.Rw0 = (1+ 1w + 2i0 )XRw0 = (1+ 1w + 2i0 )(1+ 1w )maxf(1+ O(1)w )Rw0�1+O(w10); O(w12)w0g, if w0 > 1 andi > i0.Y Rw0 = maxf(1 + O(1)w )Rw0�1 +O(w10); O(w12)w0g, if w0 > 1 and i > i0.XRw0 = (1 + 1w )Y Rw0 , if w0 > 1 and i > i0.Both A and B share the following basic framework. The following sequence of active sets isdetermined.AS1(r0); AS2(r0); : : : ; ASi0�1(r0); ASi0(r0); AS2i0(r0); AS22i0(r0); : : : ; AS2ji0(r0); : : : ;.Note that ASi(r0) need not be in this sequence. The search to determine this sequence terminateswhen one of two situations is reached.1. ASi(r0) has been determined.2. A vertex v which belongs to last determined active set in the above sequence is discovered tohave the following property: all vertices in some layer in T 0 are descendants of v, i.e., v and itsdescendants are the only live vertices in T 0. 5



In situation (1), the algorithm terminates, having incurred a cost of at mostDw0�i in the deterministiccase and at most Rw0 � i in the randomized case. Situation (2) leads to a rede�nition of the rootfrom r0 to v, i.e., the searcher moves to v and determines ASi�d(r0;v)(v) recursively. Dw0 and Rw0will be de�ned so that the cost incurred by the algorithm till the rede�nition of the root is at mostDw0 �d(r0; v) in the deterministic case and at most Rw0 �d(r0; v) in the randomized case, and further,the cost incurred by the algorithm following the rede�nition of the root is at most Dw0(i � d(r0; v))in the deterministic case and at most Rw0(i� d(r0; v)) in the randomized case. We refer to situations(1) and (2) as termination conditions.The motivation behind rede�ning the root is the following. In the search to determine each activeset in the sequence, the subtrees rooted at vertices in the previous active set are recursively searched.Clearly, if a rede�nition of the root does not occur, then each such recursive search will involve asubtree of width at most w0 � 1. This condition is necessary in order to set up the recurrences whichdescribe Dw0 and Rw0.The determination of the active set sequence involves two di�erent schemes; one scheme determinesAS1(r0); : : : ; ASi0(r0) and another determines the rest of the sequence. The �rst of these is quite naive.A Naive Algorithm. AS1(r0) is determined by traversing all 0 weight edges which lead down fromr0. Clearly, this incurs no cost. Next, we show how to determineASk(r0), given ASk�1(r0), 2 � k � i0.The algorithm proceeds in at most jASk�1(r0)j � w0 iterations. The searcher is located at r0 at thebeginning and end of each iteration. In each iteration, a live vertex v in ASk�1(r0) is chosen. Thesearcher moves from r0 to v. He then searches Tv by traversing all possible 0 weight edges that leaddown from v in order to determine AS1(v). Finally, he returns to r0. The total cost incurred in eachiteration is at most 2(k � 1). The total cost over all iterations is thus at most 2(k � 1)w0.Lemma 3.1 The cost incurred by the naive algorithm to determine ASi(r0), i � i0, is at most i(i�1)w0. Therefore, Dw0 and Rw0 bound the competitive ratio of A and B, respectively, for determiningASi(r0), i � i0.It remains to show that Dw0 and Rw0 bound the competitive ratios of A and B, respectively, whenw0 > 1 and i > i0. This involves determining the rest of the active set sequence, which in turn involvesextension steps.The 2j-Extension Step. This step determinesAS2j+1i0(r0) after G = AS2ji0(r0) has been determinedand is accomplished by recursively searching the subtrees rooted at each of the vertices in G. If arede�nition of the root does not occur during this step then the width of each of these subtrees is atmost w0 � 1, as mentioned earlier.Our improved results stem from performing this crucial step e�ciently. We review the performanceof this step in Fiat et al. [FFKRRV] before describing our algorithms for performing this step. Wede�ne the competitive ratio of the 2j -extension step to be the total cost incurred in this step dividedby 2ji0. As we will show later, this ratio will be bounded by XDw0 for the deterministic case and byXRw0 for the randomized case.The 2j-Extension Step of Fiat et al. [FFKRRV]. Fiat et al. show that at most two subtreesof width w0 � 1 and at most one subtree each of width w0 � 2; w0 � 3; : : : ; 1 need to be traversedrecursively in the worst case. The worst case scenario for their algorithm is illustrated in Fig. 2.The widths of the subtrees appear within the subtrees in parentheses. Let Fw0 denote the competitive6
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Figure 2: Typical Scenario for the Algorithm of Fiat et al.ratio of their algorithm. The competitive ratio of an extension step for this algorithm is at most2Fw0�1 + Fw0�2 + � � � + F1 + O(w0); the last term re
ects the cost incurred in switching betweenvertices in G. In order to derive Fw0 for this algorithm, suppose that a rede�nition of the root fromr0 to v takes place during the 2j -extension step. Then, in the worst case, d(r0; v) could be as small as2ji0. The total cost incurred by the algorithm prior to this extension step is at most (i0)2w0 + (F1 +F2+ � � �+Fw0�2+2Fw0�1+O(w0))(2ji0� i0) � (F1+F2+ � � �+Fw0�2+2Fw0�1+O(w0))(2j�1)i0. Thecost incurred in this extension step could be as much as (F1+F2+ � � �+2Fw0�1+O(w0))2ji0. The totalcost incurred till the rede�nition is the sum of these two costs. Setting Fw0(2ji0) equal to this totalcost yields that, roughly, Fw0 � 2(F1+ : : :+Fw0�2+2Fw0�1+O(w0)) and therefore, Fw0 = O((4:5)w0).Thus, the competitive ratio of an extension step in Fiat et al.�s algorithm is at most 2Fw0�1 +Fw0�2 + � � �+ F1 +O(w0) and Fw0 is roughly twice this competitive ratio.Our 2j-Extension Step. We wish to show that Dw0 and Rw0 bound the competitive ratios of A andB, respectively, This is done by achieving the following goals.1. Performing each extension step in a manner such that XDw0 ;XRw0 bound the competitive ratios ofan extension step in the deterministic and the randomized case, respectively.2. To show that the competitive ratio of A is at most (1 + 1w + 2i0 )XDw0 and the competitive ratio ofB is at most (1 + 1w + 2i0 )XRw0 .We describe how to achieve each of these two goals.Goal 2. The solution to the second goal is common to both the deterministic and the randomizedcases. The solution is simply to perform the 2j-extension step in phases instead of doing it in oneshot. There are up to w phases. The phases proceed as follows. At the beginning and end of eachphase, the searcher is at r0. In phase i0, 1 � i0 � w, AS2ji0+i0d0(r0) is determined, where d0 = d2ji0w e.A phase is terminated prematurely if one of the termination conditions occurs, following which eitherthe root is rede�ned or the algorithm terminates. A rede�nition of the root occurs when at most one7



of the vertices in the previous active set (i.e., the active set determined at the end of the previousphase) is detected to be live.We show that the above algorithm satis�es Goal 2. We need the following de�nitions.De�nitions. Let the competitive ratio of a phase be de�ned analogous to the competitive ratio ofan extension step, i.e., it is the ratio between the cost incurred in a phase and d0. As we will showin subsequent sections, a phase can be performed so that Y Dw0 upper bounds the competitive ratioof a phase for the deterministic case and Y Rw0 upper bounds the competitive ratio of a phase for therandomized case.For the purpose of Lemmas 3.2 and 3.3, assume that Y Dw0 upper bounds the competitive ratio ofa phase for the deterministic case and Y Rw0 upper bounds the competitive ratio of a phase for therandomized case. Lemma 3.2 then shows that the competitive ratio of any extension step is boundedby XDw0 and XRw0 for the deterministic and the randomized cases, respectively. Lemma 3.3 shows thatGoal 2 is satis�ed.Lemma 3.2 The total cost incurred in the 2j-extension step is bounded by XDw02ji0 in the determin-istic case and XRw02ji0 in the randomized case.Proof. Since the cost incurred in a phase is at most Y Dw0 d0 in the deterministic case and Y Rw0d0 in therandomized case, and since there are up to w phases in the 2j -extension step, the total cost incurred inthe 2j -extension step is bounded by Y Dw0 d0w for the deterministic case and Y Rw0d0w for the randomizedcase. Since d0w2ji0 = w2ji0 d2ji0w e � 1 + w2ji0 � 1 + 1w , Y Dw0 d0w � XDw02ji0 and Y Rw0d0w � XRw02ji0. The lemmafollows. 2Lemma 3.3 The total cost incurred by algorithm A to determine ASi(r0), i > i0, is at most (1 +1w + 2i0 )XDw0i = Dw0i. The total cost incurred by algorithm B to determine ASi(r0), i > i0, is at most(1 + 1w + 2i0 )XRw0i = Rw0i.Proof. We show the lemma only for the deterministic case. The randomized case is identical. Supposethat the root is rede�ned from r0 to v (the second termination condition) in phase i0 of the 2j -extensionstep. A similar analysis holds if the �rst termination condition occurs instead of the second. Clearly, itsu�ces to show that the cost incurred by the algorithm till the rede�nition plus the cost of moving to vin order to recursively determineASi�d(r0;v)(v) is bounded by (1+ 1w+ 2i0 )XDw0�d(r0; v) = Dw0�d(r0; v).Note that d(r0; v) � 2ji0 + (i0 � 1)d0. The cost incurred in the previous extension steps is atmost (i0)2w0 + XDw0(2ji0 � i0) � XDw02ji0 (this is because the �nal values of XDw0 ;XRw0 derived aregreater than i0w0). The cost incurred in the �rst i0 � 1 phases of this extension step is at mostY Dw0 (i0 � 1)d0 � XDw0(i0 � 1)d0. The cost incurred in the i0th phase is at most Y Dw0 d0 � XDw0d0. The costincurred in moving to v is d(r0; v). The total cost incurred till the rede�nition is thus XDw0(2ji0 +(i0 � 1)d0) + XDw0d0 + d(r0; v) � XDw0(d(r0; v) + d0) + d(r0; v). Since d0 = d2ji0w e, d0d(r0;v) � 1w + 1i0 , andXDw0(1 + d0d(r0;v))d(r0; v)+ d(r0; v) � XDw0(1 + 1w + 1i0 + 1XDw0 )d(r0; v) � XDw0(1 + 1w + 2i0 )d(r0; v), as claimed.2Goal 1. By Lemma 3.2, for showing Goal 1, it su�ces to show how to perform a phase so that Y Dw0 andY Rw0 bound the competitive ratios of a phase in the deterministic and randomized cases, respectively.While describing a phase, we assume that the phase runs to completion without any of the terminationconditions occurring. The algorithm for performing a phase is di�erent in the deterministic and therandomized cases. The two cases are described in Sections 4 and 5, respectively.8



4 The Deterministic CaseRecall that the competitive ratio of an extension step for the algorithm of Fiat et al. is at most2Fw0�1 + Fw0�2 + � � � + F1 + O(w0). If a phase is performed using this algorithm, this leads to thecompetitive ratio of a phase possibly being 2Dw0�1 + Dw0�2 + � � � + D1 + O(w � w0), which is tooexpensive for solving Goal 1. Instead, we divide a phase further into subphases. There are up to wsubphases in a phase; each subphase determines a new active set. Recall d0 = d2ji0w e. Let d00 = dd0w e.Subphase j1 of phase j2 of the 2j -extension step determines the active set AS2ji0+(j2�1)d0+j1d00(r0), ifj1d00 < d0, and the active set AS2ji0+(j2�1)d0+d0�(j1�1)d00(r0), otherwise. A subphase continues as long asat least 3 vertices in the previous active set (i.e., the active set determined in the previous subphase)are live. This has the e�ect of ensuring that the portions of subtrees rooted at vertices in the previousactive set which are searched in this subphase have width at most w0 � 2. If in some subphase, atmost 2 vertices in the previous active set are discovered to be live then this subphase and the sequenceof subphases terminates. The phase is then completed by recursively searching the subtrees rootedat these two vertices, each of which has width at most w0 � 1 as long as none of the terminationconditions occurs. A subphase itself is performed similar to the algorithm of Fiat et al.For the sake of completeness, we give the algorithm for performing a subphase. Let W =AS2ji0+(j2�1)d0+d1(r0) be the last active set determined (W was determined either at the end of theprevious subphase, or at the end of the previous phase if there was no previous subphase, or at theend of the previous extension step if there was no previous phase either). In a subphase, there are upto jW j = n � w0 iterations. At the beginning and the end of each iteration, the searcher is locatedat the root r0. In the kth iteration, a vertex v in W is chosen. The searcher moves down from r0 tov and attempts to search Tv recursively to determine ASv(d2), where d2 = d00 if d1 + d00 � d0, andd2 = d0 � d1 otherwise. The searcher then returns to r0. The searcher performs the recursive searchin Tv only as long as the width of the portion of Tv traversed is at most k0 = minfk;w0 � 2g; heabandons this search and returns to r0 the moment this width is found to exceed k0. If this widthdoes not exceed k0 then v is removed from W at the end of this iteration, i.e., it is not consideredin subsequent iterations; otherwise, v remains in W . In either case, all those vertices in W whichare no longer live are removed from W at the end of this iteration. In addition, before beginning therecursive search of Tv, the searcher strips of all those vertices from Tv which do not have a descendantin the deepest layer of T spotted till then. The following lemma holds.Lemma 4.1 The above algorithm determines ASd2(v0) for all those vertices v0 which are initially inW in at most n � w0 iterations.Proof. We show that after the kth iteration, if the subphase does not terminate then there are atmost n � k vertices in W . Further, we show that whenever a vertex v is removed from W , ASd2(v)has already been determined.The proof is by induction on k. Before the �rst iteration, there are at most n vertices in W .Suppose after iteration k � 1 and before iteration k, there are at most n � k + 1 vertices in W .Consider iteration number k and suppose vertex v 2 W is chosen in this iteration. If ASd2(v) isdetermined in this iteration and v is removed from W then the lemma is clearly true. So supposethat Tv is found to have width more than k0 = min(k;w � 2) in this iteration.Let La be the deepest layer in Tv seen till immediately before Tv was searched in this iteration.Since the searcher strips o� all vertices in Tv which do not have a descendant in La before searching9
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Figure 3: Worst Case Scenario in a SubphaseTv, the width of layer La in Tv is at least as large as the width of any previous layer in Tv (afterstripping). Therefore, either La or some layer deeper than La in Tv achieves width greater than k0.Further, all vertices initially in W are at most as deep as La. It follows that at most n � k0 of thevertices (including v) initially in W can be live after the kth iteration. If k0 = w� 2 then at most twovertices in W remain live and the subphase terminates. If k0 < w�2, k0 = k. Since vertices which arenot live are removed from W and since when a vertex in detected not to be live all its descendantsare known to the searcher, the lemma follows. 2Corollary 4.2 The cost incurred in a subphase is at most (3Dw0�2 +Dw0�3 + � � �+D1)d2 + 4w0wd0(See Fig. 3. and contrast with Fig. 2.).Proof. In iteration k, 1 � k � w � 3, the width of the subtree traversed recursively is at most k;the cost incurred in this recursive traversal is thus at most Dkd2. The cost incurred in recursivelytraversing subtrees in the last three iterations is at most 3Dw0�2d2. The cost incurred in moving fromr0 to a vertex in W at the beginning of each iteration and back to r0 at the end of each iteration is atmost 2w0 � 2wd0. 2Next, we derive the total cost incurred in a phase. Goal 1 follows from Lemma 4.3.Lemma 4.3 The total cost incurred in a phase is at most (1+ 1w+ wi0 )maxf2Dw0�1; 3Dw0�2+Dw0�3+� � �+D1gd0 + 4w(w0w + 2)d0 = Y Dw0 d0.Proof. First, suppose each of the subphases in a phase is performed to completion (i.e., in none ofthe subphases are at most two of the vertices in the previous active set found to be live). The totalcost incurred is at most (3Dw0�2 +Dw0�3 + � � �+D1)d0 + 4w0w2d0. The lemma follows for this case.Next, suppose in the kth subphase, at most two of the vertices in the previous active set arefound to be live. Then the cost incurred in the k subphases is (3Dw0�2 + Dw0�3 + � � � + D1)d00k +4kw0wd0. The cost incurred after the subphases terminate is 2Dw0�1(d0 � d00(k � 1)) + 8wd0. The10



total cost incurred is maxf2Dw0�1; 3Dw0�2 + Dw0�3 + � � � + D1g(d0 + d00) + 4wd0(kw0 + 2). Sinced0 + d00 � d0(1 + d00d0 ) � d0(1 + 1w + 1d0 ) � d0(1 + 1w + wi0 ) and k � w, the total cost incurred is(1 + 1w + wi0 )maxf2Dw0�1; 3Dw0�2 +Dw0�3 + � � �+D1gd0 + 4w(w0w + 2)d0. 2Theorem 4.4 Dw0 = O(w32w0). There exists a deterministic algorithm for traversing a layered graphof unknown width having competitive ratio O(w32w), where w is the width of the layered graph.Proof. The fact that Dw0 = O(w32w0) follows from the de�nition of Dw0. The second part of thelemma follows from Lemmas 3.1 and Lemma 3.3. 25 The Randomized CaseConsider phase i0 of the 2j-extension step. In this phase, AS2ji0+i0d0(r0) is determined, where d0 =d2ji0w e. Let e = 2ji0 + (i0 � 1)d0 and W = ASe(r0).This case o�ers more di�culties that the deterministic case. To see that a naive strategy doesnot work, consider Fig. 4. Suppose the searcher initially chooses one of v1 and v2 at random andcompletely searches the subtree rooted at that vertex. If he chooses v1, he must traverse both T1and T2. If he chooses v2, he need only traverse T2. Both T1 and T2 have width w0 � 1, thereforeY Rw0 can be as much as 122Rw0�1 + 12Rw0�1 = 32Rw0�1, which gives an exponential bound. To improveupon this, the natural thing to do is to not traverse the subtrees T1 or T2 completely but to decreasethe probability of being in a subtree as more of it is traversed. To accomplish this, each subtree isdivided into \chunks", at boundaries of which the change in probability take place.De�nition. The notion of a \chunk" is made more precise as follows.De�ne Qh(u), u 2 W , to be the set fug if h = 0 and the set of vertices AShd d0w5 e(u), if 1 � h � w5.Intuitively, a chunk corresponds to the collection of subtrees of T 0 that lie between vertices in Qh�1(u)and Qh(u), i.e., subtrees rooted at vertices in Qh�1(u) and having the vertices in Qh(u) as leaves.For purely technical reasons, the de�nition of Qh(u) is re�ned further slightly as follows. Note thatQh(u) is not always de�ned. This is the case if each leaf u0 of Tu is such that d(u; u0) < hd d0w5 e. IfQh�1(u) exists but Qh(u) does not and u has a descendant which is deeper than the deepest vertexin Qh�1(u), we rede�ne Qh(u) to be the set of deepest leaves of Tu. We refer to Qh(u), for any h, asa Q-set of vertex u or a Q-set belonging to u.Recall our assumption that at all times at least two vertices in W are live; otherwise the currentphase and extension step terminate with a rede�nition of the root. It follows that the combined widthof the subtrees in Tu, u 2 W , forming a chunk is at most w0 � 1.A phase is accomplished by determining all Q-sets belonging to each vertex in W . This searchneed not proceed independently for each u 2 W . To see this, consider some Qh1(u1) and Qh2(u2)such that the deepest vertex in Qh1(u1) is at least as deep as the deepest vertex in Qh2(u2). Then,in the process of searching T to determine Qh1(u1), all vertices in Qh2(u2) would also be spotted bythe searcher. Therefore, the searcher can implicitly determine Qh2(u2) while explicitly determiningQh1(u1). More precisely, we say that the searcher explicitly determines a Q-set Qh(u), u 2 W , if thesearcher is in the subtree rooted at u when the deepest vertex in Qh(u) is spotted. Similarly, we saythat the searcher implicitly determines a Q-set Qh(u), u 2 W , if the searcher is in the subtree rootedat some vertex in W � fug when the deepest vertex in Qh(u) is spotted.11



)0ij2(Ow20ij22T1T 'v )1-w'()1-'w( 2v1 r
Figure 4:This motivates a total ordering of all Q-sets belonging to vertices in W in increasing order of thedepth of their respective deepest vertices, with ties broken arbitrarily. Note that any on-line algorithmdetermines the Q-sets in this order (modulo the ties). We say that Qh1(u1) is larger than Qh2(u2) orQh1(u1) > Qh2(u2) if the former appears after the latter in the above ordering. For any vertex u 2 W ,the largest Q-set belonging to u is called the maximal Q-set of u.Note that there may be up to w0w5 Q-sets. The expected number of these determined explicitly iscritical. In particular, note that this expected number must be least w5 and less than (1 + �)w5, forany constant � independent of w, otherwise the competitive ratio becomes exponential in w. We �rstshow, in Section 5.1, how the search for determining the Q-sets can be organized in a manner suchthat at most w5(1 + O(1)w ) Q-sets are determined explicitly. We then show, in Section 5.2, how eachexplicit search is performed, i.e., given Qh�1(u), how Tu is searched explicitly in order to determineQh(u).5.1 Minimizing Explicit Searches.This is the heart of the randomized algorithm. We need the following de�nitions before proceedingwith this description.De�nitions. We use the term \determination" to include both implicit and explicit determination,unless explicitly speci�ed. Note that the various Q-sets will be determined in the order de�ned above,which is independent of the random choices which the algorithm will make. Further, each Q-set isdetermined in the above order, either implicitly or explicitly. Since all Q-sets are not determinedexplicitly, we associate with each Qh(u) a probability ph(u) (over all random choices made by thealgorithm) that Qh(u), when determined, is determined explicitly and not implicitly. Qh(u) is calledheavy if ph(u) � 1w2 and called light, otherwise. In what follows, all probabilities are unconditional,unless speci�ed explicitly.5.1.1 The AlgorithmThe algorithm has the following framework. It proceeds in at most w0 stages; each stage ends whenthe maximal Q-set of some vertex in W is determined. At the beginning and end of each stage, thesearcher is located at r0. Each stage proceeds in a number of substages; at the beginning and endof each substage the searcher is at some vertex in W . In each substage, some Q-set is determinedexplicitly. 12



Consider a particular stage. Let W 0 � W be the set consisting of those vertices whose maximalQ-set has not been determined yet. This stage begins with the searcher selecting a vertex uniformlyat random from the vertices in W 0 and moving to that vertex from r0. This is followed by a sequenceof substages which continues until the maximal Q-set of some vertex in W 0 is determined. Followingthe last substage in the current stage, the searcher moves back to r0 from his current location. Inany particular substage, the searcher starts at some vertex v 2 W 0 and returns to v after determiningQh(v) explicitly, where h � 1 is the least number such that Qh(v) has not yet been determined. Itremains to describe how the vertex v is picked from substage to substage.In the �rst substage, the vertex v is picked uniformly at random from the vertices in W 0. Next,consider a particular substage and suppose the searcher determines Qh(u) explicitly in this substage.If either Qh(u) is the maximal Q-set of u or if the maximal Q-set of some other vertex is determinedimplicitly in the process of determining Qh(u) explicitly, then the current stage comes to an end andthe searcher moves back to r0. Otherwise, the decision of which vertex in W to move to for the nextsubstage remains the only crucial issue. This decision requires knowledge of ph(u), which can becomputed on the 
y using a very simple formula, as we show later in Lemma 5.2. Since this substageis not the last substage in the current stage, every vertex in W 0 has a Q-set greater than Qh(u).Let jW 0j = n. If ph(u) < 1w2 (i.e., ph(u) is light) then vertex u is chosen for the next substage too.Otherwise, if ph(u) � 1w2 , then each of the n � 1 vertices in W 0 � fug is chosen to be the vertex forthe next substage with probability 1w3ph(u), and with probability 1 � n�1w3ph(u), the vertex for the nextstage remains u.5.1.2 AnalysisWe show that the expected number of Q-sets determined explicitly is at most w5(1 + O(1)w ). We thenuse this fact to determine the total cost incurred by the searcher in performing this algorithm. Thesearcher incurs two kinds of costs in this algorithm; the traversal cost, which is the total cost incurredin the various explicit searches performed, and the switching cost, which includes the cost incurredin switching among the vertices of W between substages along with the cost of moving from r0 toa vertex in W at the beginning of a stage and the cost of moving back to r0 at the end of a stage.We show that the total traversal cost is at most w5(1 + O(1)w )C, where C is maximum over all Q-setsQh(u) of the cost of determining Qh(u) explicitly given Qh�1(u), and that the total switching cost isat most O(1)w2 1w3w5e = O(1)w4e (recall that e = 2ji0 + (i0 � 1)d0).By the linearity of expectation, the expected number of Q-sets determined explicitly is given bythe sum P ph(u) over all Q-sets Qh(u). Further, note that the sum P ph(u) over all light Q-sets is atmost 1w2 times the number of light Q-sets; this is at most 1w2w5w0 � w4. Bounding the sum P ph(u)over all heavy Q-sets is a more involved process. We derive an upper bound on this sum next.We analyze each stage separately. Consider a particular stage. Suppose this stage begins afterthe maximal Q-set of vertex v1 has been determined and ends when the maximal Q-set of vertex v2is determined. Consider the set J consisting of Q-sets which lie between the maximal Q-sets of v1and v2. Recall that the various Q-sets are determined in the order described earlier, independent ofthe random choices made by the algorithm. It follows that for each Q-set Qh(u) determined in thisstage, ph(u) is independent of the probabilities with which random choices are made by the algorithmin all the previous stages and depends only upon the probabilities with which the algorithm makesits various random choices in the current stage. 13



Let W 0 be the set of those vertices in W whose maximalQ-sets are larger than the maximalQ-setof v1. Let jW 0j = n. Let � � 0 be the least number such that each vertex in W 0 contains � heavyQ-sets in J . We show that the expected number of heavy Q-sets determined explicitly in this stage isat most n+ �+O(1) jJj+w5w2 . Over all w0 stages, the expected number of Q-sets determined explicitlycan be shown to be at most w5(1 + O(1)w ) as follows.Note that nw0 � w2 � w4. The � term sums to at most w5 over all stages. To see this, supposethat Qh(u) is the largest of all Q-sets. Let �k; Jk denote the value of �; J , respectively, in the kthstage, 1 � k � w0. Then there are at least �k heavy Q-sets of u in Jk, 1 � k � w0. Note that theJk's are all disjoint. Since u has at most w5 Q-sets, �w0k=1�k � w5, as claimed. The jJjw2 term sums toat most w0w5w2 � w4 over all stages. It follows that over all w0 stages, the expected number of heavyQ-sets determined explicitly is at most w5(1 + O(1)w ).Note that J does not contain any maximal Q-sets. Also note that in the current stage, at most 1Q-set apart from those in J can be determined explicitly. This Q-set is one of the following: for eachvertex v in W 0, the least Q-set of v which is greater than or equal to the maximal Q-set of v2. Thusthe expected number of heavy Q-sets determined explicitly in the current stage is at most 1 morethan the expected number of heavy Q-sets in J which are determined explicitly. We now bound thelatter by bounding the sum P ph(u) over all heavy Q-sets Qh(u) in J .De�nitions. For vertices u; u0 2 W 0 and Q-set Qh(u) in J , qh(u; u0) is de�ned to be the conditionalprobability of the searcher switching to vertex u0 for the next substage, given that Q-set Qh(u) isdetermined explicitly in the current substage. The product ph(u)qh(u; u0) is denoted by rh(u; u0)and is called the exit-to-u0 probability of Qh(u). The total exit probability of Qh(u) is de�ned to bePu02W 0�fug rh(u; u0). Let Parh(u) denote the largest Q-set belonging to u in J , if any, which is lessthan Qh(u). Note that if Parh(u) is de�ned then it equals Qh�1(u). Let Ch(u) denote the set of Q-setsin J de�ned as follows. If Parh(u) is de�ned then Ch(u) is the set of those Q-sets in J which belongto a vertex other than u, precede Qh(u), and follow Parh(u). If Parh(u) is unde�ned then Ch(u) isthe set of those Q-sets in J which belong to a vertex other than u and precede Qh(u).The following fact is easily seen from the algorithm description in Section 5.1.1.Fact 2 The exit probability of light Q-sets is 0. For vertices u; u0 2 W 0, u 6= u0, and each heavy Q-setQh(u) 2 J , rh(u; u0) = 1w3 .Lemma 5.1 Let Qh(u) 2 J and let Qh1(u) equal Parh(u), if the latter is de�ned. If Parh(u) isde�ned then ph(u) = ph1(u)(1 � Pu02W 0�fug qh1(u; u0)) + PQh0 (u0)2Ch(u) rh0(u0; u). If Parh(u) is notde�ned then ph(u) = 1n +PQh0(u0)2Ch(u) rh0(u0; u).Proof. First, consider the case when Parh(u) is de�ned. Qh(u) is explicitly determined if and only ifone of the following events occurs: either Qh1(u) is determined explicitly following which the searcherremains at u for the next substage or some Qh0(u0) 2 Ch(u) is determined explicitly following whichthe searcher switches to u for the next substage. Note that these events (one event correspondingto each Qh0(u0) 2 Ch(u) and one corresponding to Qh1(u)) are mutually exclusive. Summing up theprobabilities for each of these events gives the required expression for ph(u).The lemma for the case when Parh(u) is not de�ned follows from similar considerations with theevent that Qh1(u) is determined explicitly replaced with the event that vertex u is selected by thesearcher for the �rst substage. 2. 14



De�nitions. For each Q-set Qh(u) in J , we de�ne sets Danch(u) (direct ancestors of Qh(u)) andIanch(u) (indirect ancestors of Qh(u)) as follows. Danch(u) is the set of all heavy Q-sets of u in Jwhich precede Qh(u). Ianch(u) is the set of all heavy Q-sets in J which precede Qh(u) but do notbelong to u. In addition, we de�ne Ianch(u; u0) to be the set consisting of those Q-sets in Ianch(u)which belong to vertex u0.The following important lemma gives a way of computing, on the 
y, the explicit determinationprobabilities of Q-sets in J .Lemma 5.2 For Qh(u) 2 J , ph(u) = 1n + (Pu02W 0�fug(jIanch(u; u0)j � jDanch(u)j)) 1w3 .Proof. Using Fact 2 and solving the recurrence relation described by Lemma 5.1, we obtain thefollowing: ph(u) equals 1n minus the sum of exit probabilities of the Q-sets in Danch(u) plus the sumof the exit-to-u probabilities of the Q-sets in Ianch(u). The lemma now follows immediately fromFact 2. 2Corollary 5.3 For any vertex u 2 W 0, the number of heavy Q-sets in J is at most �+ w3 + 1.Proof. Let u be the vertex with the maximumnumber of heavyQ-sets in J , with ties for the maximumbroken in favour of the vertex whose largest Q-set in J is the smallest. Let Qh0(u) be the largestQ-set of u in J . Let u0 be a vertex in W 0 such that u0 has exactly � heavy Q-sets in J . In Lemma5.2, each of the subterms of the second term in the expression for ph0(u) is non-positive. Therefore,for ph0(u) to be non-negative, 1n + (jIanch0(u; u0)j � jDanch0(u)j) 1w3 must be non-negative. Note thatjIanch0(u; u0)j � �. It follows that jDanch0(u)j � �+ w3n � � + w3. 2Next, we use Lemma 5.2 to obtain an upper bound on the sum P ph(u), over all heavy Q-sets inJ .Lemma 5.4 P ph(u) over all heavy Q-sets in J is at most �+ w3 + 1 + w0 1w3 jJ j � �+O(1)w5+jJjw2 .Proof. We use a charging scheme to prove the above. Recall that in Lemma 5.2, ph(u) was expressedas the sum of two terms, A and B, say. B, in turn, is a sum of a number of subterms. Clearly, it issu�cient to account for A and the positive subterms in B.First, we account for the positive subterms in B over all heavyQ-sets in J . Some negative subtermsin B will be used to o�set these positive terms. Suppose the subterm corresponding to vertex u0 2 W 0,u0 6= u, is positive, i.e., jIanch(u; u0)j � jDanch(u)j > 0.Consider the Q-set Qh0(u0) < Qh(u) obtained by the following constructive procedure: considereach of the heavy Q-sets in J which belong to either u or u0 in increasing order; for each such Q-set,push it on a stack if either the stack is empty or contains Q-sets belonging to the same vertex as itself,and pop the stack otherwise; the Q-set popped by Qh(u) is the required Q-set. That Qh(u) doesindeed pop the stack is shown as follows. Note that at each step in the above constructive procedure,the size of the stack at the beginning of the step is the di�erence between the number of heavy Q-setsof u in J and and the number of heavyQ-sets of u0 in J which are smaller than the Q-set considered inthat step; further the stack contains only Q-sets of u if the former number is more than the latter, onlyQ-sets of u0 if the latter number is more than the former, and no Q-sets if both numbers are equal.Then, since jIanch(u; u0)j�jDanch(u)j > 0, the stack contains exactly jIanch(u; u0)j�jDanch(u)j > 0Q-sets of u0 when Qh(u) is considered. Therefore, Qh(u) pops the stack.15



Note that jDanch0(u0)j � jIanch0(u0; u)j is non-negative and equals the number of Q-sets on thestack immediately before Qh0(u0) was pushed on it. Further, jIanch(u; u0)j � jDanch(u)j is also non-negative and equals the number of Q-sets on the stack immediately before Qh0(u0) is popped fromthe stack. Clearly, jDanch0(u0)j � jIanch0(u0; u)j = jIanch(u; u0)j � jDanch(u)j � 1. Consequently, thepositive subterm (jIanch(u; u0)j � jDanch(u)j) 1w3 in the expression for ph(u) is largely o�set by thesubterm (jIanch0(u0; u)j � jDanch0(u0)j) 1w3 in the expression for ph0(u0). The di�erence of 1w3 betweenthe two is charged to Qh0(u0). It can easily be seen that, by this charging scheme, every heavy Q-setin J is charged at most n times overall, giving a total charge of n 1w3 jJ j � w0 1w3 jJ j.It remains to account for the A terms. There are n vertices in W 0, each of which has at most� + w3 + 1 heavy Q-sets in J . Clearly, the sum of the A terms over all these Q-sets is at most�+ w3 + 1.The lemma follows. 2Corollary 5.5 The expected number of heavy Q-sets determined explicitly in the current stage is atmost �+O(1)w5+jJjw2 +1 � �+O(1)w5+jJjw2 . The expected total number of Q-sets determined explicitlyover all w0 stages is at most w5(1 + O(1)w ).Proof. As described earlier, at most 1 Q-set outside J can be determined explicitly in the currentstage. Since 1 � w3, � +O(1)w5+jJjw2 + 1 � �+ O(1)w5+jJjw2 . As explained earlier, the � term sums toat most w5 over all n � w0 � w stages, the w5w2 term sums to at most w5w and the jJjw2 term sums to atmost w0w5w2 � w5w . The corollary follows. 2Theorem 5.6 The total expected traversal cost over all stages is at most w5(1 + O(1)w )C, where C ismaximum over all Q-sets Qh(u) of the cost of determining Qh(u) explicitly, given Qh�1(u). The totalexpected switching cost is at most O(1)w2 1w3w5e = O(1)w4e (recall that e = 2ji0 + (i0 � 1)d0). Thetotal expected cost is thus w5(1 + O(1)w )C +O(w4)e.Proof. The traversal cost follows from Corollary 5.5.The switching cost can be shown as follows. Each switch between stages and each move from r0 toa vertex in W and back to r0 costs O(1)e. The expected number of switches between stages is clearlybounded by the sum of the exit probabilities over all heavy Q-sets, which is at most w0 1w3w0w5. Thenumber of moves from r0 to a vertex in W and then back to r0 is at most w0, one per stage. Thetheorem follows. 25.2 Algorithm for Explicit Q-set DeterminationFor each vertex u 2 W , Q1(u) is determined explicitly by using B recursively to search Tu (recallfrom Section 2 that B is our randomized algorithm for traversing layered trees of known width w).The expected cost incurred in this process is Rw0�1d d0w5 e.Next, we show how to explicitly determine Q-set Qh(u) given Q-set Qh�1(u), h > 1. Note thatthe portion of T between Qh(u) and Qh�1(u) is not a single tree of width w0�1 and therefore, cannotbe assumed to be traversable with Rw0�1d d0w5 e expected cost. Rather, it is a collection of subtrees ofcombined width w0 � 1, with the additional property that the least common ancestor of vertices in16



Qh�1(u) is at most distance d0 from each vertex in Qh�1(u). This situation is akin to the situationhandled by an extension step and is dealt with in a similar manner as described below.We de�ne a procedure S1(v; x1; x2; w1) which determines the set ASx1+x2(v) given ASx1(v), x1 �x2, starting and terminating at v, and knowing that the portion of Tv searched in the process has widthat most w1. Clearly, explicit determination of Qh(u) given Qh�1(u) can be performed by S1(u; (h�1)d d0w5 e; d d0w5 e; w0 � 1). If w1 = 1 then S1(v; x1; x2; w1) is performed using the obvious algorithm.If x2 < w2, we use a naive algorithm similar to the one used used for determining the active setASi0(r0) in Section 3. This algorithm determines the active sets ASx1+1(v); ASx1+2(v); : : : ; ASx1+x2(v)in sequence. Otherwise, if w1 > 1 and x2 � w2, the algorithm for S1(v; x1; x2; w1) is similar to thatfor an extension step. This procedure is performed in a sequence of up to w phases. Each phasebegins and ends with the searcher at v; in the kth phase, ASx1+kdx2w e(v) is determined. The sequenceof phases continues till either the procedure completes or at most one vertex, v00 say, in the last activeset determined is detected to be live. In the latter case, the search is completed by using B recursivelyto search Tv00 . It remains to describe each phase.We de�ne another search procedure S2(v0; y1; y2; w01) which is used to perform a phase. In thisprocedure, the searcher determines ASy1+y2(v0), given ASy1(v0), y1 � y2, starting and terminating atv0, and knowing that the portion of Tv0 searched has width at most w01. Note that the kth phase ofS1(v; x1; x2; w1) is performed by S2(v; x1 + (k � 1)dx2w e; dx2w e; w1).If w01 = 1 then S2(v0; y1; y2; w01) is performed using the obvious algorithm. If y2 < w6, we use anaive algorithm similar to the one used used for determining the active set ASi0(r0) in Section 3. Thisalgorithm determines the active sets ASy1+1(v); ASy1+2(v); : : : ; ASy1+y2(v) in sequence. Otherwise, ifw01 > 1 and y2 � w6, in order to perform S2(v0; y1; y2; w01), we divide the portion of Tv0 between the setsASy1(v0) andASy1+y2(v0) into chunks (withQ-sets de�ned in a similar fashion) and use the algorithm inSection 5.1 to determine all Q-sets (replace w0,W , r0, d0 and e in Section 5.1 by w01, ASy1(v0), v0, y2 andy1, respectively). In this process, the procedure S1 is used recursively whenever explicit determinationof a Q-set is required, i.e., to determineQh(u) explicitly givenQh�1(u), S1(u; (h�1)d y2w5 e; d y2w5 e; w01�1)is used.Note that S2(r0; e; d0; w0) is equivalent to the procedure which performs phase i0 of the 2j -extensionstep (recall d0 = d2ji0w e and e = 2ji0 + (i0 � 1)d0). Further, note that the two search procedures S1and S2 recurse mutually; however, when S2 recursively uses S1 the width parameter decreases. Thiscauses the depth of recursion to be bounded by the width parameter at the outermost recursion level.5.3 Analysis of the Overall AlgorithmWe analyze the search procedures S1 and S2 and show that Y Rw0 upper bounds the competitive ratioof a phase in an extension step. In order to show this, it su�ces to bound the competitive ratio ofprocedure S2(r0; e; d0; w0).Let s1(x1; x2; w1)�x2 be the expected cost incurred by the searcher while performingS1(v; x1; x2; w1).Let s2(y1; y2; w01)�y2 be the expected cost incurred by the searcher while performing S2(v0; y1; y2; w01).The following lemmas de�ne the recurrences which describe s1 and s2.Lemma 5.7 s1(x1; x2; w1) � (1 + O(1)w )maxfs2(x1 + x2; dx2w e; w1); Rw1g + O(1)x1+x2x2 , for x2 � w2,w1 � 2.s1(x1; x2; w1) � O(1)(x1 + w2)w1, for x2 < w2, w1 � 2.s1(x1; x2; w1) = 2x1+x2x2 , for w1 = 1. 17



Proof. When w1 = 1, the cost incurred by the algorithm is at most 2(x1+ x2). Assume that w1 > 1.For x2 < w2, the naive algorithmwhich determines the active setsASx1+1(v); ASx1+2(v); : : : ; ASx1+x2(v)in sequence incurs a cost of at most 2(x1 + x2)w1 for each active set. The total cost is thus at mostO(1)w1(x1 + x2)x2. The lemma follows for this case.Next, consider the case when w1 � 2 and x2 � w2. Recall S1 is performed in a sequence of up tow phases; if at most one vertex in some intermediate active set determined is determined to be livethen this sequence is terminated and the procedure is completed by recursively searching the subtreerooted at that vertex using procedure B. To determine to the cost of the entire procedure, we considertwo cases.First, suppose that in each phase, at least two vertices in the active set determined in the previousphase remain live. Then the total cost is clearly at most ws2(x1 + x2; dx2w e; w1)dx2w e. The lemmafollows for this case since x2 � w2.Next, suppose during the hth phase, 1 � h � w, at most one vertex v00 in the active set determinedafter the h � 1th phase is determined to be live. Then the total cost incurred is at most s2(x1 +x2; dx2w e; w1)hdx2w e+Rw1(w� (h�1))dx2w e+2(x1+x2). The last term here is the cost of moving downfrom v to v00 and moving back to v. The lemma follows immediately from the fact that x2 � w2. 2Lemma 5.8 s2(y1; y2; w01) � (1 + O(1)w )maxfs1(y2; d y2w5 e; w01 � 1); Rw01�1g + O(1)w4 y1y2 , for y2 � w6,w01 � 2.s2(y1; y2; w01) � O(1)(y1 + w6)w01, for y2 < w6, w01 � 2.s2(y1; y2; w01) = 2y1+y2y2 , for w01 = 1.Proof. The latter two cases follow as in Lemma 5.7.Consider the �rst case next. Recall that S2 works by determining a sequence of Q-sets, some ofwhich are determined explicitly. Further, the Q-set Q1(u) for any vertex u 2 ASy1(v) is determinedexplicitly using the algorithm B recursively; this incurs a cost of at most Rw01�1d y2w5 e. In addition, anyQ-set Qj(u) for any vertex u and j > 1 is determined explicitly using S1; this explicit search incurscost at most s1(y2; d y2w5 e; w01 � 1)d y2w5 e. The lemma now follows from Theorem 5.6 and the fact thaty2 � w6. 2Lemma 5.9 In all invocations of S1 and S2, x1 � w5x2, where x1 and x2 are the second and thirdarguments to procedure S1, and y1 � 2w6y2, where y1 and y2 are the second and third arguments toprocedure S2.Proof. Recall that procedure S2(r0; e; d0; w0) actually performs phase i0 of the 2j -extension step (recalld0 = d2ji0w e and e = 2ji0+(i0�1)d0). Clearly, e � 2j+1i0 � 2wd0. The lemma now follows immediatelyfrom an examination of the recurrences de�ned in Lemma 5.7 and 5.8. 2The above lemma now enables us to de�ne s01(w1) and s02(w01) as below. Clearly, s01(w1) upperbounds s1(w5x2; x2; w1) which in turn upper bounds s1(x1; x2; w1). Similarly, s02(w01) upper boundss2(2w6y2; y2; w01) which in turn upper bounds s2(y1; y2; w01).s01(w1) = maxf(1 + O(1)w )maxfs02(w1); Rw1g+O(w5); O(w7)w1g, for w1 � 2.s01(w1) = O(1)w5, for w1 = 1.s02(w01) = maxf(1 + O(1)w )maxfs01(w01 � 1); Rw01�1g+O(w10); O(w12)w01g, for w01 � 2.s02(w01) = O(1)w6, for w01 = 1.Goal 1 follows for the randomized case from Lemma 5.10.18



Lemma 5.10 The competitive ratio of a phase is bounded by Y Rw0 , w0 > 1.Proof. Recall that S2(r0; e; d0; w0) actually performs phase i0 of the 2j -extension step (recall d0 = d2ji0w eand e = 2ji0 + (i0 � 1)d0). Therefore, the competitive ratio of a phase in an extension step isbounded by s02(w0). It follows from the above that s02(w0) = maxf(1 + O(1)w )maxfs02(w0� 1); Rw0�1g+O(w10); O(w12)w0g, for w0 � 3, and that s02(2) = O(w12) and s02(1) = O(w6). It now su�ces to showthat Rw0�1 � s02(w0�1). This is shown by induction. Let h be the induction parameter, 1 � h � w0�1.When h = 1, by an appropriate choice of the constant in the de�nition of R1, R1 � s02(1). Next,assume that Rw0�2 � s02(w0 � 2) and w0 � 1 > 1. Then s02(w0 � 1) = Y Rw0�1 for an appropriate choiceof constants in the de�nition of Y Rw0�1. Since Rw0�1 � Y Rw0�1, the claim follows. 2Theorem 5.11 Rw0 = O(w12w0). There exists a randomized algorithm for traversing a layered graphof unknown width having competitive ratio O(w13), where w is the width of the layered graph.Proof. The fact that Rw0 = O(w12w0) follows from the de�nition of Rw0 . The second part of thelemma follows from Lemmas 3.1 and Lemma 3.3. 26 A Randomized Lower BoundWe show a lower bound of 
( w2log1+� w ) on the competitive ratio of any randomized algorithm fortraversing layered trees of width w, even when the w is known in advance. Here � is any positivenumber.The lower bound we show is for randomized algorithms which are required only to spot the targetvertex (i.e., reach the layer immediately preceding the layer containing the target vertex) and not toreach it. Since spotting the target is a weaker requirement than reaching it, this lower bound alsoholds for randomized algorithms which are required to actually reach the target.Fix some value of �, 0 < � < 1. Let w0 be a constant such that for all j � w0, 1 > log1+� jj �log1+�(j+1)j+1 . Fix a width w > w0 and an algorithm C for spotting the target vertex in any layeredgraph of known width at most w.To show the lower bound, the adversary constructs a in�nite family Fw of trees of width w. Thedistance of the source from the target is di�erent in each tree in Fw; the minimum such distance overall trees in Fw is denoted by dw. Consider any tree T 2 Fw. All leaves in T are at the same level andat least distance dw from the root. The target is always the leaf which is least distant from the root.The construction of Fw is inductive. As the base case, we let Fw0 consist of a family of trees ofwidth w0 in which all leaves are at the same level and the distance of the source from the target is iin the ith tree in the family, i � 1. As the induction hypothesis, suppose the adversary has alreadyconstructed an in�nite family Fw�1 of trees of width w� 1 with the requisite properties. Let Tw�1(h)denote the tree in the family Fw�1 in which the target is distance h, h � dw�1, from the root. Weshow how to construct a tree T 2 Fw using a number of copies of trees in Fw�1.Let Ri be the lower bound on the competitive ratio of C for spotting the target in trees in Fi,w0 � i � w, i.e., Ri is the in�mum, over all h such that Ti(h) 2 Fi, of the expected cost incurred byC to spot the target in Ti(h) divided by h. 19



6.1 Construction of TT is constructed as follows. The root r of T has two children, a and b, each of which is distanceRw�1dw�12 from the root. We refer to the subtrees Ta and Tb as the left and right limbs of T , respectively.The construction of the rest of T consists of a number of augmentation steps. All leaves of theportion of T constructed so far will be at the same level before and after each augmentation step. Ineach augmentation step, the tree constructed till before that step is augmented as follows. Considera particular step. Let c and e be the leaves in the left and right limbs, respectively, which are leastdistant from the root. In the augmentation step, one of c; e is made the root of a new instance of atree T 0 2 Fw�1 while the other is made the root of a chain of 0-weight edges having the same numberof layers as T 0. We say that the augmentation step augments to the left if c is the root of the newinstance of T 0, and to the right otherwise. This augmentation step is said to use tree T 0.The series of augmentation steps is divided into two stages; these stages are designed with thefollowing motivation. In searching T , the searcher incurs two kinds of costs: the cost of traversingsubtrees in each limb and the cost of switching between limbs. The purpose of Stage 1 is to make theswitching cost substantial. Stage 2 is designed with the following observation in mind. Suppose thesearcher occupies a particular limb with probability greater than half. Then, if that limb is repeatedlyaugmented, the probability of the searcher being in that limb had better decrease. If this probabilitydecreases too slowly, then the expected cost incurred by the searcher in searching subtrees in thislimb is high and all this work is wasted if the target is chosen to be in the other limb. Otherwise, ifthis probability does not decrease too slowly, then the expected cost of switching between the limbsis high.De�nitions. Let y be a number such that y � 8Rw�1dw�1 and Tw�1(y) 2 Fw�1. De�ne d0 =maxfymaxfRw�1; wg;maxf(Rw�1)2; wgdw�1g.Stage 1. Stage 1 is as follows. At the beginning of this stage, T consists of just r, a and b. Fix somed such that d > d0, where d0 will be de�ned in Stage 2, and d is a multiple of dw�1. Di�erent valuesof d yield di�erent trees in Fw. T is alternately augmented to the right and left using tree Tw�1(dw�1)till each limb has ddw�1 instances of Tw�1(dW�1).We require the following de�nitions in order to describe Stage 2. De�ne pe, for any vertex e in T , tobe the probability that C is in the limb containing e when e is spotted for the �rst time, i.e., the layerpreceding the layer containing e is reached. Clearly, this probability is independent of the portion ofT contained in the layers deeper than the layer containing e. Therefore, the adversary can vary theportion of T deeper than e and still keep pe unchanged. Let z = ddy e. Note that z � maxfRw�1; wg.Let x = w64z log1+� w . Clearly, 0 < x � 164.Stage 2. In Stage 2, a stack is used to aid the construction. This stack will contain some of thetrees of width w � 1 used in the augmentation steps in this stage. At any instant, all trees in thestack will be in the same limb of T . The number of trees in the stack will exactly equal the di�erencebetween the current number of trees in the left and right limbs. Initially, the stack is empty. Eachaugmentation step either pops the stack or pushes into the stack. The following step is repeatedlyused to augment T until either the stack is popped z times or the size of the stack reaches 12x . Letc and f be the leaves nearest to the root at the beginning of this step in the left and right limbs,respectively. Since c and f are in the same layer, pc = 1 � pf . Let n be the number of elementscurrently in the stack. One of the following cases occurs.20



1. n = 0. T is augmented to the left using the tree Tw�1(y) if pc > pf and to the right using thesame tree, otherwise. The instance of Tw�1(y) used in this augmentation is pushed on the stack.2. 0 < n < 12x and the topmost tree on the stack is in the same limb as the limb which wasaugmented last. Without loss of generality, let this limb be the left limb. In this case, theprevious augmentation step pushed a tree on the stack. Let e be the root of the bottommosttree in the stack. If pe � pc < nx then T is augmented to the left using the tree Tw�1(y) andthis tree is pushed on the stack. Otherwise, if pe � pc � nx then T is augmented to the rightusing the tree Tw�1(y) and the stack is popped.3. 0 < n < 12x and the topmost tree on the stack does not belong to the limb which was augmentedlast. In this case, the previous augmentation step popped the stack. Without loss of generality,let the limb augmented last be the right limb. Let e be the root of the topmost tree in the stack.This tree is in the left limb. If pc > pe then T is augmented to the left using the tree Tw�1(y)and this tree is pushed on the stack. Otherwise, if pc � pe then T is augmented to the rightusing the tree Tw�1(y) and the stack is popped.The target is chosen to be the leaf in T which has the least distance from the root.This completes the construction of T .6.2 AnalysisWe now analyze the above construction. Consider Stage 1 �rst.Lemma 6.1 The cost incurred by the searcher in Stage 1 is at least Rw�1d.Proof. Each switch from one limb to another costs at least Rw�1dw�1 as does the explicit traversalof each tree used for augmentation in Stage 1. Clearly, the number of switches plus the number oftrees (i.e., those used in augmentation) traversed explicitly is at least ddw�1 in this stage. 2Consider Stage 2 next. The cost of each switch from a vertex in one limb to a vertex in the otherlimb in Stage 2 is at least 2d+Rw�1dw�1. The cost of traversing an instance of the tree Tw�1(y) usedin the augmentation in Stage 2 is at least Rw�1y. Consider one instance T 0 of this tree and let e bethe root and f be any leaf of T 0. Let q be the conditional probability that the algorithm C does notreach a vertex at least as deep as e in the limb which does not contain T 0 until it �rst spots f , giventhat it is in the limb containing e when it �rst spots e. The expected cost incurred by the searcher inbetween the layers containing e and f is thus at least peqRw�1y + pe(1 � q)(2d + Rw�1dw�1). Sincey � dRw�1 , this cost is at least peRw�1y + pe(1 � q)(d + Rw�1dw�1). Since peq � pf and therefore,pe(1 � q) � pe � pf , this cost is at least peRw�1y + (pe � pf )(d + Rw�1dw�1). We refer to the twocomponents of this sum as the expected traversal cost and the expected switching cost, respectively,of T 0.Lemma 6.2 At the end of each augmentation step in Stage 2, pb � pt � ntx, where b is the root ofthe bottommost tree Tb in the stack, t is the root of any other tree Tt in the stack and nt is the numberof trees in the stack below Tt. 21



Proof. By induction on the order of the augmentation steps. This is clearly true for the �rstaugmentation step as b = t and nt = 0. Next, assume that the statement is true after the i � 1thaugmentation step. We show that it is true after the ith augmentation step too. If the ith augmentationstep pops the stack then the lemma is clearly true. So assume that the ith augmentation step doesnot pop the stack; it pushes tree Tf on the stack. There are two cases depending upon whether ornot the i� 1th augmentation step popped the stack.First, suppose the i � 1th augmentation step did not pop the stack. Then it pushed a tree, T 00say, on the stack. The target of T 00 is the root of Tf . The lemma is obvious from the construction ofT . Second, suppose the i� 1th augmentation step pops the stack. If the stack is empty following thei � 1th augmentation step then the lemma follows in the same manner as the base case. Otherwise,let f be the root of Tf and let e be the root of the tree Te which is on top of the stack when Tf waspushed. Then pf > pe by construction and pb � pe � nex by the induction hypothesis. Thereforepb � pf � pb � pe � nex � nfx. 2Lemma 6.3 Consider any sequence of m augmentation steps in which the stack is popped with theproperty that the augmentation step immediately preceding the �rst step of this sequence did not popthe stack. Let T1 and T2 be the trees popped in the �rst and last steps, respectively, in this sequence.Let g be a leaf of T1 and f be the root of T2. Then pf � pg � mx. Further, the sum of the expectedswitching cost of the trees popped in this sequence of augmentation steps is at least mx(d+Rw�1dw�1).Proof. Let e be the root of T1. Let b be the root of the bottommost tree on the stack during thesequence of augmentation steps in consideration. Then, by construction, pb � pg � n00x, where n00 isthe number of elements in the stack at the beginning of the �rst augmentation step in the sequence ofaugmentation steps in consideration. But, by Lemma 6.2, pb � pf � n0x, where n0 is the number ofelements in the stack after the last augmentation step in the sequence. Since pb�pg = pb�pf+pf�pg,it follows that pf � pg � (n00 � n0)x. Clearly, n00 � n0 = m and the �rst part of the lemma follows.Next, we show that the sum of the switching costs of the trees popped in the current sequence ofaugmentation steps is at least mx(d + Rw�1dw�1). The proof is by induction on the pre�xes of thissequence. We show that for any pre�x of this sequence, if � is the root of the last tree popped in thispre�x subsequence then the expected switching cost of the trees popped in this pre�x subsequence isat least (p� � pg)(d+ Rw�1dw�1). As the base case, consider the pre�x of length 1, i.e., the poppingof tree T1. Recall that e is the root of T1. pe � pg � x by the �rst part of this lemma, and thelemma then follows for the base case from the de�nition of switching cost. Next, suppose T3 is thetree popped in the penultimate augmentation step in the sequence. Let h be the root of T3. As theinduction hypothesis, assume that the expected switching cost of the �rst m� 1 trees popped in thissequence is at least (ph� pg)(d+Rw�1dw�1). Consider two cases next. First, suppose ph > pf . Thenph � pg � pf � pg � mx and the lemma follows from the induction hypothesis. Second, supposeph � pf . We show in the next paragraph that h must be a leaf of T2. Then the expected switchingcost for T2 is at least (pf � ph)(d+Rw�1dw�1). The lemma follows from the induction hypothesis andthe facts that pf � pg = pf � ph + ph � pg and pf � pg � mx.It remains to show that h is a leaf of T2 if ph � pf . Suppose h is not a leaf of T2. Then theaugmentation step prior to the one which uses T3 would have popped the stack. Also T2 is on top ofthe stack when the augmentation using T3 is performed. From Case 3 in the construction description,it follows that ph > pf , a contradiction. 2 22



Corollary 6.4 The total expected switching cost over all trees used in the augmentation steps inStage 2 is at least x(d+Rw�1dw�1) times the number of times the stack is popped.Lemma 6.5 Consider an augmentation step which pops the stack. Let this augmentation step usetree T1 and let T2 be the tree popped. The expected traversal costs of T1 and T2 sum to at least Rw�1y.Proof. Let e and f be the roots of T1 and T2, respectively. We show that pe + pf � 1. The lemmathen follows from the de�nition of traversal costs.Let tree T3 with root b be the bottom of the stack when T2 is popped. Let n0 be the numberof trees in the stack below T2. Consider two cases. First, suppose the previous augmentation step(the one prior to the step in which T2 is popped) also popped the stack. Then from Case 3 of theconstruction description, 1 � pe � pf . Second, suppose the previous augmentation step did not popthe stack. Then it must have pushed T2 on the stack. Let e0 be a leaf of T2. Since e and e0 are at thesame level but in di�erent limbs, pe = 1� pe0 . From Lemma 6.2, pb � pf � n0x. From Case 2 of theconstruction description, pb� pe0 � (n0+1)x. Therefore, pf � pe0 � x and hence, pf + pe � 1+x � 1.2Lemma 6.6 Consider the state of the stack at any instant in the above construction. The sum ofthe expected traversal costs of the trees in the stack is at least 1�(m�1)x2 mRw�1y, where m is the sizeof the stack.Proof. If Ti is the ith bottommost tree in the stack and ei is its root then, by Lemma 6.2, pei �pe1 � (i � 1)x. Therefore, the sum of the expected traversal costs of all trees in the stack is at least2pe1�(m�1)x2 mRw�1y. By Case 1 of the construction, pe1 � 12 and the lemma follows. 2Let Case 1 refer to the case in which Stage 2 terminates as a result of there being z popping steps.Let Case 2 refer to the case in which Stage 2 terminates as a result of the stack growing to size 12x.In Case 1, let d0 = zy and in Case 2, let d0 = ny, where n is the number of popping steps in the Stage2 construction.Lemma 6.7 In Case 1, the cost incurred by C in Stage 2 is at least Rw�1d + xz(d + Rw�1dw�1).The �rst term is the cost incurred in traversing the subtrees in each limb and the second term is thecost incurred in switching between limbs. In Case 2, the cost incurred by C in Stage 2 is at leastRw�1d0 +Rw�1 y8x .Proof. First, consider Case 1. The total expected switching cost is clearly xz(d + Rw�1dw�1)from Corollary 6.4. The total expected traversal cost is at least zRw�1y from Lemma 6.5. Sincezy � d, the lemma follows for this case. Next, suppose Stage 2 terminates as a result of the stackgrowing to size 12x . The total expected traversal cost is at least nRw�1y, from Lemma 6.5, plus(1� ( 12x � 1)x) 14xRw�1y � 18xRw�1y, from Lemma 6.6. The lemma follows for this case too. 2Corollary 6.8 The total expected cost over both stages is at least Rw�1(2d) + xz(d +Rw�1dw�1) inCase 1 and at least Rw�1(d0 + d + y8x) in Case 2.23



Proof. Follows from Lemmas 6.1 and 6.7. 2We can now obtain the recurrence for Rw. Recall that the distance from the root to the target isRw�1dw�12 + d + zy in Case 1 and Rw�1dw�12 + d + ny in Case 2.Case 1.Rw(d + zy + Rw�1dw�12 ) � Rw�1(2d) + xz(d+Rw�1dw�1).Since d+ zy � 2d + y,Rw2d � Rw�1 2d1+ y2d+Rw�1dw�14d + xz d1+ y2d+Rw�1dw�14dSince y � dRw�1 and d � 12(Rw�1)2dw�1,Rw2d � Rw�1 2d1+ 1Rw�1 + xz d1+ 1Rw�1Since Rw�1 � 1 and since 11+a � 1� a, for all a � 0,Rw2d � Rw�12d � 2d+ xz d2Rw � Rw�1 + xz4 � 1Case 2.Rw(d + d0 + Rw�1dw�12 ) � Rw�1(d0 + d+ y8x).Rw(d + d0 + Rw�1dw�12 ) � Rw�1(d+ d0 + Rw�1dw�12 )(1 + y8x�Rw�1dw�12d+d0+Rw�1dw�12 )Recall that y � 8Rw�1dw�1 and x � 164 and therefore, x � y8Rw�1dw�1 . Therefore, y8x � Rw�1dw�1 andy8x � Rw�1dw�12 � y16x. Then, using the facts d � Rw�1dw�12 and d0 � d + y � 2d, we get:Rw � Rw�1(1 + y64xd)Since z = ddy e,Rw � Rw�1(1 + 164xz )Finally, from the above, we derive thatRw � minfRw�1(1 + 164xz ); Rw�1 + xz4 � 1gRecall that x = w64z log1+� w . Therefore,Rw � minfRw�1(1 + log1+� ww ); Rw�1 + w256log1+� w � 1gRecall that from the de�nition of w0, log1+� ww is at most 1 and non-increasing for w � w0. Therefore,Rw � minfRw02w0 wlog� w; Rw0 + w2�w20512 log1+� w � wgFor su�ciently large w, the �rst term is larger than the second. Therefore, Rw = 
( w2log1+� w ).Theorem 6.9 Any randomized algorithm for traversing a layered tree of width w has a competitiveratio of at least 
( w2log1+� w ), for any � > 0. 24
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