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Abstract

The following bounds on the competitive ratios of deterministic and randomized on-line al-
gorithms for traversing width-w layered graphs are obtained.

1. A deterministic algorithm with a competitive ratio of O(w?2"). This ratio is close to the
lower bound of ©(2") and improves upon the previous best upper bound of O(9").

2. The first known polynomially competitive randomized algorithm with a competitive ratio
of O(w'). This settles a conjecture due to Fiat et al. ([FFKRRV]).

3. A lower bound of Q(]Ogﬂ‘i 7“) on the competitive ratio of any randomized algorithm for this

problem, where ¢ is any positive number. The previous best lower bound was linear.

1 Introduction

A layered graph is a connected weighted graph whose vertices are partitioned into sets (i.e., layers)
Lo, L1, Lo, ..., and all edges connect vertices in consecutive layers. Fach edge has a non-negative
integral length. The set Ly is a singleton set and the only vertex r in g is called the root of the

L

problem involves searching for a specified target vertex in a layered graph whose width and number

graph. The width of a layered graph is defined as max;{|l;|}. The on-line layered graph traversal
of layers are unknown. The searcher starts at r and attempts to reach the target vertex. The edges
between layer [; and layer ;11 and the vertices in layer Iy, are revealed only when the searcher
visits some vertex in [;. Note that all vertices in ;1 are revealed when the searcher visits some
vertex in ;. The searcher can traverse edges in both directions; however, he pays for the total
distance he travels.

The layered graph traversal problem belongs to a larger family of shortest path problems which
operate with incomplete information about the environment being searched. Tt was introduced by
Papadimitriou and Yannakakis [PY] and generalizes the work of Baeza-Yates, Culberson and Rawlins
[BCR]. They [BCR, PY] consider a number of such shortest path problems and give algorithms
which start at a source and search for a target, learning about the environment as they progress.
The complexity measure associated with such deterministic algorithms is the worst case ratio of
the total distance traversed by the algorithm to the length of the shortest source-target path. For
randomized algorithms, the expected distance traversed by the algorithm is considered instead of the
total distance.
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Papadimitriou and Yannakakis [PY] gave an optimal algorithm for layered graphs of width 2, with
a competitive ratio of 9. Tt follows from the work of Baeza-Yates et al. [BCR] that 142w(1+4 #)“,71 ~
2ew is a lower bound on the competitive ratio for width-w layered graphs. Fiat et al. [FFKRRV] gave
upper and lower bounds of O(9") and Q(2"), respectively, on the competitive ratio of deterministic
algorithms for traversing width-w layered graphs. Actually, their upper bound can be easily improved
to O((4.5)"). They also gave a randomized lower bound of 2(w). The only randomized upper hound
known prior to this work was the exponential deterministic upper bound. Fiat et al. [FFKRRV]
conjectured that a polynomial upper bound could be achieved using randomization.

Our contribution is threefold:
o We give an O(w’*2")-competitive deterministic algorithm for traversing width-w layered graphs.

o We give the first polynomially competitive randomized algorithm for layered graph traversal,
thus settling the conjecture due to Fiat et al. [FFKRRV]. Our algorithm has a competitive ratio
of O(w').

e We show a lower bound of Q(]Ogﬂ‘%) on the competitive factor of any randomized algorithm,

even when w is known in advance. Here, € can be any positive constant.

In addition to being inherently interesting, the layered graph traversal problem is related to
other on-line problems. It generalizes the Metrical Task Systems problem [BLS] and the k-Server
problem [MMS] as explained by Fiat et al. [FFKRRV]. However, in the latter case, the width of
the layered graph depends upon the cardinality of the metric space and therefore, layered graph
traversal techniques are inadequate for producing solutions to the k-server problem. An important
direct application of the layered graph traversal problem is to the Metrical Service Systems problem,
suggested by Chrobak and Larmore [CL]. In this problem, a single server moving among points of a
metric space is presented with requests; each request is a set of at most w points. The server must
move to one of these points, the cost incurred being the distance moved. Chrobak and Larmore [C1]
gave a competitive algorithm for uniform metric spaces and deterministic and randomized algorithms
for all metric spaces for the case w = 2. Fiat et al. [FFKRRV] showed that the metrical service systems
problem with requests of size w is equivalent to the width-w layered graph traversal problem, when w
is known in advance. Thus, our bounds on layered graph traversal also apply to the metrical service
systems problem. Some interesting variants of the layered graph traversal problem have also been
studied [ABM, KRT].

Fiat et al. [FFKRRV] showed that traversing layered graphs on-line is equivalent to traversing
layered trees on-line. All algorithms in the above work and in this paper actually traverse layered
trees; the results applies unchanged to layered graphs.

Both our deterministic and randomized algorithms and the deterministic algorithm of Fiat et al.
[FFKRRV] have the following flavour. The searcher starts from the root r of the layered tree T'. We
say that a searcher spotsa vertex v when he reaches a vertex in the layer preceding the layer containing
v. We pretend that the searcher is not looking for the target; rather, he wishes to determine a sequence
of sets of vertices in T', with each set increasing the lower bound on the source-target distance. These
sets are called Active Sets (the term is due to Fiat et al. [FFKRRV]). In this process, whenever the
searcher spots the target, he aborts the search for the active set sequence and proceeds to the target
along the shortest path from his current location to the target.



Active sets have the following properties. All vertices in a particular active set are at the same
distance from r. Further, each path in T starting at r terminates at one of these vertices and no
two of them have an ancestor-descendant relationship. Note that if the searcher has spotted all the
vertices in the active set whose vertices are at distance d from the root and the target vertex has not
yet been spotted then the distance of the target from the root is at least d.

The key issue in the algorithms is the determination of the active set sequence. The crucial step
here is the search for the vertices of an active set, given all previous active sets in the sequence. All
vertices in the current active set are twice the distance from the root as compared to the vertices in
the previous active set in this sequence. We refer to this step as the d-extension step, where d is the
distance between r and the vertices in the previous active set. d is a lower bound on the distance
between r and the target vertex if the target has not been spotted till the beginning of the d-extension
step. If the d-extension step completes without the target being spotted, the lower bound on the
distance between r and the target is “extended” by d, i.e., 2d becomes a lower bound on this distance.
The efficiency of the d-extension step is the critical factor which determines the overall competitive
ratio of the algorithm. We give new schemes for performing the d-extension step which lead to the
improved deterministic and randomized upper bounds mentioned above. Note that in our randomized
algorithm, randomization is used only in the d-extension step.

Our randomized lower bound is achieved using a new construction. This construction is aimed at
showing a lower bound on the expected number of times any randomized algorithm, while performing
the d-extension step to determine a new active set, switches between the subtrees rooted at the vertices
in the previous active set.

The rest of the paper is organized as follows. Section 2 gives some definitions and preliminaries.
Section 3 describes the overall structure of our algorithms. Section 4 describes the deterministic
algorithm and Section 5 describes the randomized algorithm. Section 6 describes the randomized
lower bound.

2 Definitions and Preliminaries

Define a layered ) 1 tree to be a rooted acyclic layered graph in which each edge has a 0-1 weight
and each non-root vertex has a neighbour in the previous layer.

Lemma 2.1 Fiat at al. [FFKRRV] The on-line layered graph traversal problem is equivalent to the
on-line layered 0 1 tree traversal problem, i.e., given a competitive on-line algorithm for travers-
ing layered ) 1 trees, one can construct an on-line algorithm, with the same competitive ratio, for
traversing arbitrary layered graphs.

By virtue of Lemma 2.1, we need only consider layered (0 1 trees instead of arbitrary layered
graphs. The algorithms that we present traverse layered (0 1 trees.

Let T be a layered 0 1 tree with root r, target ¢, and width w. Let Lg, 1,... refer to the layers
of T. d(a,b) refers to the length of the path from vertex a to vertex b in T. Let v be a vertex in T.
p(v) denotes the parent of v. T, refers to the subtree of T' rooted at v. A vertex in layer I.; has depth
7. Vertex x is said to be deeper than vertex y if the depth of = exceeds the depth of y. A vertex v is
said to be live at an instant if it has a descendant in the deepest layer of T spotted till then.

We define active sets formally as follows. AS;(z) (read as the j-active set of vertex ) is the set
consisting of those descendants v of = such that:



Figure 1: Active Sets

L€ Si(r) = { u | dyu) = j, du,p(u)) = 1}, and,
2. v has a descendant in the layer containing the deepest vertex in S;(x).

In Fig. 1, ASi(x) = {a,b,c} and ASy(x) = {e, f}. From Property 1 above, it follows that no two

vertices in AS;(2) have an ancestor-descendant relationship. Then, from Property 2 above,
Fact 1 |AS;(2)] < w, for all 7 and all nodes x.

The algorithms we present assume that the width of the tree is known in advance. Trees of
unknown width can be traversed using these algorithms in the following manner: the searcher guesses
the width w’ of the tree (the first guess is 1) and traverses the tree until either the target is found
or the tree is detected to have width greater than w’. In the latter case, the searcher increments w’,
by 1 for the deterministic case and by w’ for the randomized case, and repeats the above step with
the new value of w’. This process adds only an O(1) multiplicative factor to the competitive ratio for
both the deterministic and the randomized cases.

Instead of aiming to reach a target vertex ¢, our algorithms solve the harder problem of determining
ASqrpy+1(r). Of course, this has to be done without prior knowledge of the value of d(r,1). The
searcher is sure to spot the target in the process of determining A‘qd(,ﬂﬁt)ﬁ(r). In order to actually
reach the target, the searcher incurs a cost of at most 2d(r, ) after determining ASy(;y41(7). Thus
determining ASy. »+1(r) and then moving to the target vertex adds at most an O(1) factor to the
competitive ratio which is subsumed within the O notation.

A and B refer, respectively, to our deterministic and randomized algorithm for traversing tree T
of known width w. Both A and B start at r and determine AS;(r), for some 7. D, and R,, denote
quantities which upper bound the competitive ratios of A and B, respectively,i.e, D,, x 7 and R, x 1
are upper bounds on the costs incurred by A and B while traversing T to determine AS;(r). Both
algorithms recursively search subtrees of 7" which are known to have width w’, w’ < w. For all w’,
1 <w <w,let D, and R, denote quantities which upper bound the competitive ratios of A and
B, respectively, for traversing subtrees of T" of known width w’, i.e., the cost incurred for determining
AS;(x) when the subtree rooted at x is known to have width «’ is at most D, x 7 for the deterministic
case and at most R, x 1 for the randomized case. We will define 1, and R, shortly.
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3 Outline of the Algorithms

Since traversing trees of width w = 1 is trivial, we assume that w > 2.

Fix a w', 1 < w <w. We describe A and B as they search a subtree T" of T rooted at a vertex
' to determine AS;(r’), for some i. We assume that the width of the portion of 77 searched is known
to be w'. The knowledge of width prior to searching 7" may seem peculiar. What actually happens
is that the algorithms assume that width of the portion of T’ searched is w’ and abort if the width is
discovered to exceed w’. If abortion does occur then the cost incurred is accounted for at the next
higher level of recursion; at the highest level, the width is known to be w, by assumption. Therefore,
we can assume that the portion of T’ searched indeed has width w’.

Definitions. Let iy = w? for the deterministic case and i1 = w” for the randomized case. We define
the quantities D, R, XD, XFE VD VT as follows. As will will show later, the cost incurred by the
A in determining AS;(r') is bounded by D,i and the cost incurred by B in determining AS;(r') is

bounded by R,si. Clearly, this is true when w' = 1. Note that we could have defined Ry = 1; the
definition of R, is below is for technical reasons which shall become clear in Lemma 5.10. Consider
some w’ > 1. We will assume that the above holds for all widths less than w’ and show later that this
holds even for w’. Note that XD VD XE V& are defined only when w' > 1 and i > iy. Also note

71} b 71} b 71} b aur

that D, = 0(11)32“’ Jand R, = O(w'*w’).

Dy =1, 1w =1.
D, = wu', lf w > 1 and 1 < 71,.
D., = (1 —I— - - )XD, = (1 + ( Yymax{2D, 1,3Du 9+ Dy 5+ -+ Di} + O(w?)w', if w' > 1

wu
and 7 > 1.

Y=+ 1 —+ - )ma,X{QD“,/,hBD“,/,Q + Dyat--+ Db+ 4w w+2), if w > 1 and 7 > .

XD — (1+ “})YD if w >1and 1> 1.

R = ()(11)6)7 ifw=1.

R, = w™w', ifw>1andi < 70

Ry =14+ - +7: YXE = (1 —I— -+ - )(] + w)max{(] 1+ 2 ))R“,I,1 +O(w'), 0(w'*)w'}, if w' > 1 and
7> 1.

Vi = max{(1 + ))Rw/ 1+ O, O(w')w'}, if w > 1 and 7 > 4.

71} U

XE — (1+ “})YR ifw >1and 1> 1.

71} wr

Both A and B share the following basic framework. The following sequence of active sets is
determined.

AST(r"), ASo(r'), ooy ASs (), ASi ('), AS2ie (1), ASq2, (1), ooy ASqss (1), -\

Note that AS;(') need not be in this sequence. The search to determine this sequence terminates
when one of two situations is reached.

1. AS;(r") has been determined.

2. A vertex v which belongs to last determined active set in the above sequence is discovered to
have the following property: all vertices in some layer in T” are descendants of v, i.e., v and its
descendants are the only live vertices in T".



In situation (1), the algorithm terminates, having incurred a cost of at most D, x7 in the deterministic
case and at most R, x ¢ in the randomized case. Situation (2) leads to a redefinition of the root
from 7’ to v, i.e., the searcher moves to v and determines ASi,d(,ﬂ/ﬂ,)(v) recursively. D, and R,
will be defined so that the cost incurred by the algorithm till the redefinition of the root is at most
Dy x d(r’,v) in the deterministic case and at most R, x d(r’,v) in the randomized case, and further,
the cost incurred by the algorithm following the redefinition of the root is at most D, (i — d(r’,v))
in the deterministic case and at most R, (7 — d(r',v)) in the randomized case. We refer to situations
(1) and (2) as termination conditions.

The motivation behind redefining the root is the following. In the search to determine each active
set in the sequence, the subtrees rooted at vertices in the previous active set are recursively searched.
Clearly, if a redefinition of the root does not occur, then each such recursive search will involve a
subtree of width at most w’ — 1. This condition is necessary in order to set up the recurrences which
describe D, and R,,.

The determination of the active set sequence involves two different schemes; one scheme determines
AS1(r"), ..., AS;, (r') and another determines the rest of the sequence. The first of these is quite naive.

A Naive Algorithm. AS;(r’) is determined by traversing all 0 weight edges which lead down from
r’. Clearly, this incurs no cost. Next, we show how to determine ASi(r’), given ASy (1), 2 < k < iy.
The algorithm proceeds in at most |AS,_1(r")| < w' iterations. The searcher is located at ' at the
beginning and end of each iteration. In each iteration, a live vertex v in ASy_¢(r') is chosen. The
searcher moves from ' to v. He then searches T, by traversing all possible 0 weight edges that lead
down from v in order to determine ASy(v). Finally, he returns to . The total cost incurred in each
iteration is at most 2(k — 1). The total cost over all iterations is thus at most 2(k — 1)w’.

Lemma 3.1 The cost incurred by the naive algorithm to determine AS;(r"), 1 < g, is al most i(i —

Dw'. Therefore, D,y and R, bound the competitive ratio of A and B, respectively, for determining
AS%(TI), 7 S 70

It remains to show that D, and R, bound the competitive ratios of A and B, respectively, when
w’ > 1 and 7 > i75. This involves determining the rest of the active set sequence, which in turn involves
extension steps.

The 2/-Extension Step. This step determines ASyiti; (r') after GG = ASy;, (r') has been determined
and is accomplished by recursively searching the subtrees rooted at each of the vertices in G. If a
redefinition of the root does not occur during this step then the width of each of these subtrees is at
most w’ — 1, as mentioned earlier.

Our improved results stem from performing this crucial step efficiently. We review the performance
of this step in Fiat et al. [FFKRRV] before describing our algorithms for performing this step. We
define the competitive ratio of the 27-extension step to be the total cost incurred in this step divided
by 27iy. As we will show later, this ratio will be bounded by X7 for the deterministic case and by

w’

X, for the randomized case.

The 2/-Extension Step of Fiat et al. [FFKRRV]. Fiat et al. show that at most two subtrees
of width w’ — 1 and at most one subtree each of width w’ — 2,w’ — 3,...,1 need to be traversed
recursively in the worst case. The worst case scenario for their algorithm is illustrated in Fig. 2.
The widths of the subtrees appear within the subtrees in parentheses. Let F,, denote the competitive
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Figure 2: Typical Scenario for the Algorithm of Fiat et al.

ratio of their algorithm. The competitive ratio of an extension step for this algorithm is at most
2601+ Fu o+ -+ 4+ Fr + O(w'); the last term reflects the cost incurred in switching between
vertices in (7. In order to derive F,, for this algorithm, suppose that a redefinition of the root from
' to v takes place during the 27-extension step. Then, in the worst case, d(r’,v) could be as small as
2175. The total cost incurred by the algorithm prior to this extension step is at most (i9)*w’ + (F} +
Fodo b B g4 2F, 1 +000")) (210 —10) ~ (Fy 4+ Fod - -+ Fop g +2F,0 1+ O(w')) (27 — 1)ig. The
cost incurred in this extension step could be as much as (Fy + Fy+---+2F,, 1 +O(w'))2715. The total
cost incurred till the redefinition is the sum of these two costs. Setting F“,/(jSg) equal to this total
cost yields that, roughly, Fo, ~2(Fy+...+ F.y_ 2o+ 2F,, 1+ 0O(w')) and therefore, F,, = O((4.5)“’1).

Thus, the competitive ratio of an extension step in Fiat et al.§ algorithm is at most 2F,, ¢ +
Foo+ -4+ Fi + O(w') and F,, is roughly twice this competitive ratio.

Our 2-Extension Step. We wish to show that D, and R, bound the competitive ratios of A and
B, respectively, This is done by achieving the following goals.

1. Performing each extension step in a manner such that X, X® hound the competitive ratios of

wy !

an extension step in the deterministic and the randomized case, respectively.

2. To show that the competitive ratio of A is at most (1 + 717 + %)XB and the competitive ratio of
B is at most (1 4+ L~ + %)XR

u w'
We describe how to achieve each of these two goals.

Goal 2. The solution to the second goal is common to both the deterministic and the randomized
cases. The solution is simply to perform the 27-extension step in phases instead of doing it in one
shot. There are up to w phases. The phases proceed as follows. At the beginning and end of each
phase, the searcher is at /. In phase i/, 1 < < w, ASy; yug(r’') is determined, where d' = [2:%]

A phase is terminated prematurely if one of the termination conditions occurs, following which either
the root is redefined or the algorithm terminates. A redefinition of the root occurs when at most one



of the vertices in the previous active set (i.e., the active set determined at the end of the previous
phase) is detected to be live.
We show that the above algorithm satisfies Goal 2. We need the following definitions.

Definitions. et the competitive ratio of a phase be defined analogous to the competitive ratio of
an extension step, i.e., it is the ratio between the cost incurred in a phase and d’. As we will show

in subsequent sections, a phase can be performed so that Y upper bounds the competitive ratio

of a phase for the deterministic case and Y. upper bounds the competitive ratio of a phase for the

randomized case.

For the purpose of Lemmas 3.2 and 3.3, assume that Y7 upper bounds the competitive ratio of

aur

a phase for the deterministic case and Y% upper bounds the competitive ratio of a phase for the

randomized case. Lemma 3.2 then shows that the competitive ratio of any extension step is bounded
by XP, and X% for the deterministic and the randomized cases, respectively. Lemma 3.3 shows that

aur

Goal 2 is satisfied.

Lemma 3.2 The total cost incurred in the 27 -extension step is bounded by X274 in the determin-

istic case and XEQ 1o in the randomized case.

Proof. Since the cost incurred in a phase is at most Y./7d’ in the deterministic case and Y,id’ in the
randomized case, and since there are up to w phases in the 27-extension step, the total cost incurred in
the 27-extension step is bounded by YD(] w for the de‘rermmmhc case and Y5 d"w for the randomized

71}

case. Since Lw — L[Q:%] < T+ 5= < 1 —I— YD(]'U) < X 2174 and YR(]IU) < XRQ 79. The lemma

2149 2149 2w

follows. O

Lemma 3.3 The total cost incurred by algorithm A to determine AS;(r'), © > ig, is al most (1 +
” —I— )Xwﬂ = D,yi. The total cost incurred by algorithm B to determine AS;(v"), i > 1q, is al most

(] + w + )Xw R“}Ii'

Proof. We show the lemma only for the deterministic case. The randomized case is identical. Suppose
that the root is redefined from 7’ to v (the second termination condition) in phase i’ of the 2/-extension
step. A similar analysis holds if the first termination condition occurs instead of the second. Clearly, it
suffices to show that the cost incurred by the algorithm till the redefinition plus the cost of moving to v
in order to recursively determine AS;_ 4, ,)(v) is bounded by (1+ J—}—I— 7? VXD xd(r',v) = Dy xd(r',v).

aur

Note that d(r’,v) > 275 4 (' — 1)d’. The cost incurred in the previous extension steps is at
most (10)%w’ + XD(21iq — 1) < X275, (this is because the final values of X X% derived are

u w' w’
greater than 7gw’). The cost incurred in the first ¢/ — 1 phases of this extension step is at most

YR — 1)d < XDP(#' —1)d'. The cost incurred in the i'th phase is at most Y,/d’ < XD,d'. The cost

aur aur 71} 71}

incurred in moving to v is d(r’,v). The total cost incurred till the redefinition is ‘rhuq Xw (247'0 +
(7 —1d") + XPd + d(r',v) < XD((]( ! 7)) + (]') + (]( " v). Since d' = [2”0] d L4 1 and

w w w (r ,7}) — w i’

XE(] + 0 “))d(r L)+ d(rv) < XE(] —I— —I— -+ % )(]( ,0) < XD(] —I— =~ + 2 )(]( ' v), as claimed.

aur
w

Goal 1. By Lemma 3.2, for showing Goal 1, it suffices to show how to perform a phase so that Y/} and

aur

Y% hound the competitive ratios of a phaqe in the deterministic and randomized cases, respectively.
While describing a phase, we assume that the phase runs to completion without any of the termination
conditions occurring. The algorithm for performing a phase is different in the deterministic and the

randomized cases. The two cases are described in Sections 4 and 5, respectively.



4 The Deterministic Case

Recall that the competitive ratio of an extension step for the algorithm of Fiat et al. is at most
260 14+ Foa4 -+ Fi + O(w'). 1f a phase is performed using this algorithm, this leads to the
competitive ratio of a phase possibly being 2D, 1 + D,y_o +--- + Di + O(w x w’), which is too
expensive for solving Goal 1. Instead, we divide a phase further into subphases. There are up to w
subphases in a phase; each subphase determines a new active set. Recall d' = [2:%] Let d’ = [%]
Subphase j; of phase 7, of the 27-extension step determines the active set ASiot(o—tydipjran ('), if
Jid" < d', and the active set AS5; 4 (j,—1)drar— (i —1)ar (r'), otherwise. A subphase continues as long as
at least 3 vertices in the previous active set (i.e., the active set determined in the previous subphase)
are live. This has the effect of ensuring that the portions of subtrees rooted at vertices in the previous
active set which are searched in this subphase have width at most w’ — 2. If in some subphase, at
most 2 vertices in the previous active set are discovered to be live then this subphase and the sequence
of subphases terminates. The phase is then completed by recursively searching the subtrees rooted
at these two vertices, each of which has width at most w’ — 1 as long as none of the termination
conditions occurs. A subphase itself is performed similar to the algorithm of Fiat et al.

For the sake of completeness, we give the algorithm for performing a subphase. lLet W =
AS2iiot+(is—1)dr+d, (') be the Tast active set determined (W was determined either at the end of the
previous subphase, or at the end of the previous phase if there was no previous subphase, or at the
end of the previous extension step if there was no previous phase either). In a subphase, there are up
to |W| =n < ' iterations. At the beginning and the end of each iteration, the searcher is located
at the root 7’. In the kth iteration, a vertex v in W is chosen. The searcher moves down from 7’ to
v and attempts to search T, recursively to determine AS,(dz), where dy = d"” if dy + d”" < d', and
dy = d' — d; otherwise. The searcher then returns to r’. The searcher performs the recursive search
in T, only as long as the width of the portion of T, traversed is at most & = min{k,w’ — 2}; he
abandons this search and returns to r’ the moment this width is found to exceed k’. If this width
does not exceed k' then v is removed from W at the end of this iteration, i.e., it is not considered
in subsequent iterations; otherwise, v remains in W. In either case, all those vertices in W which
are no longer live are removed from W at the end of this iteration. In addition, before beginning the
recursive search of T,,. the searcher strips of all those vertices from T, which do not have a descendant,
in the deepest layer of T spotted till then. The following lemma holds.

Lemma 4.1 The above algorithm determines ASy, (v") for all those vertices v’ which are initially in
W in at most n < w’ iterations.

Proof. We show that after the kth iteration, if the subphase does not terminate then there are at
most n — k vertices in W. Further, we show that whenever a vertex v is removed from W, AS,, (v)
has already been determined.

The proof is by induction on k. Before the first iteration, there are at most n vertices in W.
Suppose after iteration & — 1 and before iteration k., there are at most n — k 4+ 1 vertices in W.
Consider iteration number k and suppose vertex v € W is chosen in this iteration. If A5, (v) is
determined in this iteration and v is removed from W then the lemma is clearly true. So suppose
that T, is found to have width more than &’ = min(k,w — 2) in this iteration.

Let I, be the deepest layer in T, seen till immediately before T, was searched in this iteration.
Since the searcher strips off all vertices in T, which do not have a descendant in I, before searching
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Figure 3: Worst Case Scenario in a Subphase

T,, the width of layer I, in T, is at least as large as the width of any previous layer in T, (after
stripping). Therefore, either I, or some layer deeper than I, in T, achieves width greater than &’
Further, all vertices initially in W are at most as deep as [,. Tt follows that at most n — &’ of the
vertices (including v) initially in W can be live after the kth iteration. If ¥ = w — 2 then at most two
vertices in W remain live and the subphase terminates. If &/ < w —2, k' = k. Since vertices which are
not live are removed from W and since when a vertex in detected not to be live all its descendants
are known to the searcher, the lemma follows. O

Corollary 4.2 The cost incurred in a subphase is at most (3D, 2+ Dyy—a3+ -+ Dy)dy + 4w'wd’
(See Fig. 3. and contrast with Fig. 2.).

Proof. In iteration k£, 1 < k& < w — 3, the width of the subtree traversed recursively is at most k;
the cost incurred in this recursive traversal is thus at most Dypdy. The cost incurred in recursively
traversing subtrees in the last three iterations is at most 31, _2dy. The cost incurred in moving from
r’ to a vertex in W at the beginning of each iteration and back to r’ at the end of each iteration is at
most 2w’ x 2wd'. O

Next, we derive the total cost incurred in a phase. Goal 1 follows from Lemma 4.3.

Lemma 4.3 The total cost incurred in a phase is at most (1+ J—}—I— %) max{2D., 1,3D o+ Dy 3+
<o Dy M A Aw(w'w + 2)d = Y]d
Proof. First, suppose each of the subphases in a phase is performed to completion (i.e., in none of
the subphases are at most two of the vertices in the previous active set found to be live). The total
cost incurred is at most (3D, 2 + Doy 3+ -+ Dy)d + 4w'w?d’. The lemma follows for this case.
Next, suppose in the kth subphase, at most two of the vertices in the previous active set are
found to be live. Then the cost incurred in the k subphases is (3D, o2 + D5+ -+ Dy)d"k +
Akw'wd . The cost incurred after the subphases terminate is 2D, ¢(d'" — d"(k — 1)) 4+ 8wd’. The
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total cost incurred is max{2D,, 1,3Dy o + Dy 3+ -+ + Di}d + d") + 4wd (kw' 4+ 2). Since
d+d" < d(1+ i]—l,l) < d'(1 + 717 + %) < d'(1+ 717 + %) and k < w, the total cost incurred is

(1+ 717 + %) max{20,, 1,3D. o4+ D54+ ---+ Di}d + 4w(w'w+2)d'. O
Theorem 4.4 D, = 0(11)32“’1). There exists a deterministic algorithm for traversing a layered graph
of unknown width having competitive ratio O(w?>2"), where w is the width of the layered graph.

Proof. The fact that D,, = 0(11)32“’1) follows from the definition of D,,. The second part of the
lemma follows from Lemmas 3.1 and LLemma 3.3. O

5 The Randomized Case

Consider phase 1/ of the 2/-extension step. In this phase, ASy; yws(r') is determined, where d' =
[2:%] Let e =274+ (i — 1)d" and W = AS_(+).

This case offers more difficulties that the deterministic case. To see that a naive strategy does
not work, consider Fig. 4. Suppose the searcher initially chooses one of v; and vy at random and
completely searches the subtree rooted at that vertex. If he chooses vy, he must traverse both T,
and Ty. If he chooses vy, he need only traverse T5. Both 77 and T, have width w' — 1, therefore
Y“’f," can be as much as %2]%’,71,/,1 + %Rw/,1 = %Rw/,h which gives an exponential bound. To improve
upon this, the natural thing to do is to not traverse the subtrees Ty or Ty completely but to decrease
the probability of being in a subtree as more of it is traversed. To accomplish this, each subtree is

divided into “chunks”, at boundaries of which the change in probability take place.

Definition. The notion of a “chunk” is made more precise as follows.

Define Qp(u), u € W, to be the set {u} if h = 0 and the set of vertices AS

Intuitively, a chunk corresponds to the collection of subtrees of T” that lie between vertices in Q51 (u)

h[ig](“’)v if1 < h<w.

and @ (u), i.e., subtrees rooted at vertices in @;_1(u) and having the vertices in @, (u) as leaves.
For purely technical reasons, the definition of @, (u) is refined further slightly as follows. Note that
Qn(u) is not always defined. This is the case if each leaf «' of T, is such that d(u,u’) < h[%] Tf
Qn-1(u) exists but @, (u) does not and u has a descendant which is deeper than the deepest vertex
in Qp_1(u), we redefine Qp,(u) to be the set of deepest leaves of T,,. We refer to Q. (u), for any h, as

a ()-set of vertex u or a Q)-set belonging to wu.

Recall our assumption that at all times at least two vertices in W are live; otherwise the current
phase and extension step terminate with a redefinition of the root. It follows that the combined width
of the subtrees in T, u € W, forming a chunk is at most w’ — 1.

A phase is accomplished by determining all ()-sets belonging to each vertex in W. This search
need not proceed independently for each v € W. To see this, consider some @y, (u1) and Qp,(u2)
such that the deepest vertex in @, (u1) is at least as deep as the deepest vertex in @Q,(ua). Then,
in the process of searching T' to determine @y, (1), all vertices in @y, (u2) would also be spotted by
the searcher. Therefore, the searcher can implicitly determine Q,(u2) while explicitly determining
@1, (ur). More precisely, we say that the searcher explicitly determines a Q-set Qn(u), u € W if the
searcher is in the subtree rooted at u when the deepest vertex in Qp(u) is spotted. Similarly, we say
that the searcher implicitly determines a Q-set Qp,(u), u € W, if the searcher is in the subtree rooted
at some vertex in W — {u} when the deepest vertex in @, (u) is spotted.

11
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This motivates a total ordering of all ()-sets belonging to vertices in W in increasing order of the
depth of their respective deepest vertices, with ties broken arbitrarily. Note that any on-line algorithm
determines the @)-sets in this order (modulo the ties). We say that @, (u1) is larger than Qp,(ua) or
Qn, (1) > Qpn,(usz) if the former appears after the latter in the above ordering. For any vertex u € W,
the largest ()-set belonging to u is called the maximal ()-set of u.

Note that there may be up to w'w’® Q-sets. The expected number of these determined explicitly is
critical. In particular, note that this expected number must be least w” and less than (1 + €)w®, for
any constant ¢ independent of w, otherwise the competitive ratio becomes exponential in w. We first
show, in Section 5.1, how the search for determining the ()-sets can be organized in a manner such
that at most w”(1 + w) ()-sets are determined explicitly. We then show, in Section 5.2, how each

wu
explicit search is performed, i.e., given @), _1(u), how T, is searched explicitly in order to determine

Qnu).

5.1 Minimizing Explicit Searches.

This is the heart of the randomized algorithm. We need the following definitions before proceeding
with this description.

Definitions. We use the term “determination” to include both implicit and explicit determination,
unless explicitly specified. Note that the various ()-sets will be determined in the order defined above,
which is independent of the random choices which the algorithm will make. Further, each @)-set is
determined in the above order, either implicitly or explicitly. Since all ()-sets are not determined
explicitly, we associate with each @, (u) a probability ps(u) (over all random choices made by the
algorithm) that Qp(u), when determined, is determined explicitly and not implicitly. @ (u) is called
heavy if p,(u) > # and called light, otherwise. In what follows, all probabilities are unconditional,

unless specified explicitly.

5.1.1 The Algorithm

The algorithm has the following framework. It proceeds in at most w’ stages; each stage ends when
the maximal ()-set of some vertex in W is determined. At the beginning and end of each stage, the
searcher is located at r’. Fach stage proceeds in a number of substages; at the beginning and end
of each substage the searcher is at some vertex in W. In each substage, some ()-set is determined
explicitly.

12



Consider a particular stage. Let W’ C W be the set consisting of those vertices whose maximal
()-set has not been determined yet. This stage begins with the searcher selecting a vertex uniformly
at random from the vertices in W’ and moving to that vertex from /. This is followed by a sequence
of substages which continues until the maximal Q-set of some vertex in W’ is determined. Following
the last substage in the current stage, the searcher moves back to r’ from his current location. In
any particular substage, the searcher starts at some vertex v € W’ and returns to v after determining
Qn(v) explicitly, where h > 1 is the least number such that @, (v) has not yet been determined. Tt
remains to describe how the vertex v is picked from substage to substage.

In the first substage, the vertex v is picked uniformly at random from the vertices in W’. Next,
consider a particular substage and suppose the searcher determines @;,(u) explicitly in this substage.
If either Qp(u) is the maximal @-set of u or if the maximal Q-set of some other vertex is determined
implicitly in the process of determining @, (u) explicitly, then the current stage comes to an end and
the searcher moves back to r’. Otherwise, the decision of which vertex in W to move to for the next
substage remains the only crucial issue. This decision requires knowledge of pj(u), which can be
computed on the fly using a very simple formula, as we show later in Lemma 5.2. Since this substage
is not the last substage in the current stage, every vertex in W’ has a Q-set greater than Qp(u).
Let [W/| = n. If pp(u) < # (i.e., pr(u) is light) then vertex u is chosen for the next substage too.
Otherwise, if py(u) > 127 then each of the n — 1 vertices in W/ — {u} is Choqen to be the vertex for

and with probability 1 — ———_ the vertex for the next

the next substage WI‘rh probability w ph( )

w3pp, ( )
stage remains u.

5.1.2 Analysis

We show that the expected number of Q-sets determined explicitly is at most w?(1 + ( )) We then
use this fact to determine the total cost incurred by the searcher in performing this a]gorlthm. The
searcher incurs two kinds of costs in this algorithm; the fraversal cost, which is the total cost incurred
in the various explicit searches performed, and the switching cost, which includes the cost incurred
in switching among the vertices of W between substages along with the cost of moving from ' to
a vertex in W at the beginning of a stage and the cost of moving back to r’ at the end of a stage.
We show that the total traversal cost is at most w’ (] —I— )(Y where (' is maximum over all ()-sets
Qn(u) of the cost of determining @1, (u) explicitly given Qh,1(7/), and that the total switching cost is
at most O(1)w? 1—%11)59 = O(1)w'e (recall that e = 254 + (" —1)d).

By the linearity of expectation, the expected number of ()-sets determined explicitly is given by
the sum th (u) over all Q-sets @Qy,(u). Further, note that the sum th (u) over all light @-sets is at
most = times the number of light (J-sets; this is at most —211) w' < w*. Bounding the sum 3 pj(u)
over a” heavy (-sets is a more involved process. We derlve an upper bound on this sum next.

We analyze each stage separately. Consider a particular stage. Suppose this stage begins after
the maximal Q)-set of vertex v; has been determined and ends when the maximal Q)-set of vertex vy
is determined. Consider the set .J consisting of ()-sets which lie between the maximal ()-sets of vy
and vy. Recall that the various ()-sets are determined in the order described earlier, independent of
the random choices made by the algorithm. Tt follows that for each Q-set @, (u) determined in this
stage, p(u) is independent of the probabilities with which random choices are made by the algorithm
in all the previous stages and depends only upon the probabilities with which the algorithm makes
its various random choices in the current stage.
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Let W’ be the set of those vertices in W whose maximal ()-sets are larger than the maximal ()-set
of vy. Let |W/| = n. Let o > 0 be the least number such that each vertex in W’ contains o heavy
(Q)-sets in J. We show that the expected number of heavy (J-sets determined explicitly in this stage is
at most n + o + O(])% Over all w' stages, the expected number of ()-sets determined explicitly
can be shown to be at most w®(1 + %) as follows.

Note that nw’ < w? < w*. The o term sums to at most w” over all stages. To see this, suppose
that Q4 (u) is the largest of all Q-sets. Let ayg,Ji denote the value of «,.J, respectively, in the kth
stage, 1 < k < w'. Then there are at least a; heavy Q-sets of v in Jp, 1 < k < w'. Note that the

L. . ’ . 7
Ji’s are all disjoint. Since u has at most w® Q-sets, ¥¥_ o), < w”, as claimed. The % term sums to

at most % < w?* over all stages. Tt follows that over all w’ stages, the expected number of heavy
@Q-sets determined explicitly is at most w?(1 + %)

Note that .J does not contain any maximal (J-sets. Also note that in the current stage, at most 1
()-set apart from those in .J can be determined explicitly. This ()-set is one of the following: for each
vertex v in W, the least ()-set of v which is greater than or equal to the maximal ()-set of v,. Thus
the expected number of heavy ()-sets determined explicitly in the current stage is at most 1 more
than the expected number of heavy ()-sets in .J which are determined explicitly. We now bound the

latter by bounding the sum Y- pj,(u) over all heavy Q-sets @, (u) in J.

Definitions. For vertices u, v’ € W’ and Q-set Qp(u) in J, g,(u,u) is defined to be the conditional
probability of the searcher switching to vertex u’ for the next substage, given that Q-set @Qp(u) is
determined explicitly in the current substage. The product pp(u)gu(u,u’) is denoted by rp,(u,u’)
and is called the exit-to-u’ probability of Qs(u). The total exit probability of Qn(u) is defined to be
Sowewr—fuy T, u'). Let Pary(u) denote the largest (Q-set belonging to w in .J, if any, which is less
than @, (u). Note that if Pary,(u) is defined then it equals Q)1 (). Let Cy(u) denote the set of Q-sets
in .J defined as follows. If Par,(u) is defined then C),(u) is the set of those Q-sets in .J which belong
to a vertex other than u, precede Qp(u), and follow Pary(w). If Par,(u) is undefined then C)(u) is
the set of those (Q-sets in J which belong to a vertex other than u and precede @y, (u).
The following fact is easily seen from the algorithm description in Section 5.1.1.

Fact 2 The exit probability of light Q)-sets is 0. For vertices u,u’ € W' w # o', and each heavy QQ-set
Qh(“’) eJ, 7“};,(7/,77/,') = 1_%

ur

Lemma 5.1 Let Qp(u) € J and let Qp,(u) equal Pary(u), if the latter is defined. [f Pary(u) is
defined then py(u) = pu, (u)(1 — Zewr—fuy @ (s 0')) + S0, (wyecn ) T’ u). If Pary(u) is not
defined then py(u) = L + 320, (wyec ) T (' u).

Proof. First, consider the case when Pary,(u) is defined. Qy(u) is explicitly determined if and only if
one of the following events occurs: either @y, (1) is determined explicitly following which the searcher
remains at u for the next substage or some Q/ (') € Cp(u) is determined explicitly following which
the searcher switches to u for the next substage. Note that these events (one event corresponding
to each Qu (u') € Ch(u) and one corresponding to @y, (1)) are mutually exclusive. Summing up the
probabilities for each of these events gives the required expression for pp(u).

The lemma for the case when Pary,(u) is not defined follows from similar considerations with the
event that @y, (u) is determined explicitly replaced with the event that vertex wu is selected by the
searcher for the first substage. O.
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Definitions. For each Q-set Qy(u) in J, we define sets Dancy,(u) (direct ancestors of @p,(u)) and
Taney(u) (indirect ancestors of Q4 (u)) as follows. Dancy,(u) is the set of all heavy Q-sets of u in J
which precede Qp(u). Tanc,(u) is the set of all heavy @Q-sets in .J which precede @), (u) but do not
belong to u. In addition, we define Tanc,(u,u') to be the set consisting of those @QQ-sets in Tane,(u)
which belong to vertex u'.

The following important lemma gives a way of computing, on the fly, the explicit determination
probabilities of Q)-sets in .J.

Lemma 5.2 For Q(u) € J, pp(u) = = + (Cwew— gy ([Taney(u,u')| — | Dancy(u)])) -

Proof. Using Fact 2 and solving the recurrence relation described by Lemma 5.1, we obtain the
following: ps(u) equals ;— minus the sum of exit probabilities of the Q-sets in Daney(u) plus the sum
of the exit-to-u probabilities of the @-sets in Tanc,(u). The lemma now follows immediately from
Fact 2. O

Corollary 5.3 For any vertex u € W', the number of heavy Q-sets in J is at most o +w® 4 1.

Proof. let u be the vertex with the maximum number of heavy ()-sets in .J, with ties for the maximum
broken in favour of the vertex whose largest (-set in J is the smallest. Let Qu/(u) be the largest
Q-set of w in J. Let u' be a vertex in W’ such that v’ has exactly o heavy @Q-sets in .J. In LLemma
5.2, each of the subterms of the second term in the expression for py/(u) is non-positive. Therefore,
for pu(u) to be non-negative, ;— + ([Tancy (u,u')| — |D(1,nch/(u)|)% must be non-negative. Note that

| Tancy (u,u')| < a. Tt follows that |Dancp (u)] < o+ % <a+wd O

Next, we use Lemma 5.2 to obtain an upper bound on the sum - ps(u), over all heavy @)-sets in

J.

Lemma 5.4 > p;,(u) over all heavy Q-sets in J is at most o + w” + 1 + 11)'%|J| < a4+ O(])Ltm

aur

Proof. We use a charging scheme to prove the above. Recall that in Lemma 5.2, p,(u) was expressed
as the sum of two terms, A and B, say. B, in turn, is a sum of a number of subterms. Clearly, it is
sufficient to account for A and the positive subterms in B.

First, we account for the positive subtermsin B over all heavy (J-sets in JJ. Some negative subterms
in B will be used to offset these positive terms. Suppose the subterm corresponding to vertex v’ € W,
u' # u, is positive, i.e., |[Tancy(u,u")| — |Dancy,(u)] > 0.

Consider the Q-set Qu(u') < @Qn(u) obtained by the following constructive procedure: consider
each of the heavy Q-sets in .J which belong to either u or v’ in increasing order; for each such ()-set,
push it on a stack if either the stack is empty or contains ()-sets belonging to the same vertex as itself,
and pop the stack otherwise; the Q-set popped by @ (u) is the required Q-set. That @Qp(u) does
indeed pop the stack is shown as follows. Note that at each step in the above constructive procedure,
the size of the stack at the beginning of the step is the difference between the number of heavy @)-sets
of u in .J and and the number of heavy ()-sets of u” in ./ which are smaller than the ()-set considered in
that step; further the stack contains only ()-sets of u if the former number is more than the latter, only
()-sets of v/ if the latter number is more than the former, and no Q)-sets if both numbers are equal.
Then, since [Tancy,(u, uw')|— | Dancy(u)] > 0, the stack contains exactly [Tancy(w, vw')|— | Danecy(u)] > 0
Q)-sets of v’ when Q,(u) is considered. Therefore, @1, (1) pops the stack.
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Note that |Dancy (u')| — |Tancy (v, u)| is non-negative and equals the number of Q-sets on the
stack immediately before @ (u’) was pushed on it. Further, |Tanc,(u,u')| — | Danecy(u)] is also non-
negative and equals the number of @-sets on the stack immediately before @ (v') is popped from
the stack. Clearly, |Dancy (u')] — [Tancy (u',w)| = [Tane,(u,w')| — | Daney(uw)| — 1. Consequently, the
positive subterm (|Tancy(u,u’)| — [Dancy(u)])-5 in the expression for p,(u) is largely offset by the
subterm (|Tancy (u',u)| — |D(1,nch/(u')|)% in the expression for py/(u’). The difference of % hetween
the two is charged to @Q/(u'). Tt can easily be seen that, by this charging qcheme every heavy ()-set
in .J is charged at most n times overall, giving a total Charge of n—|J| <w'-s |]|

It remains to account for the A terms. There are n vertices in W/, each of which has at most
a + w? + 1 heavy Q-sets in J. Clearly, the sum of the A terms over all these ()-sets is at most
o+ wd+1.

The lemma follows. O

Corollary 5.5 The expected number of heavy QQ-sets determined explicitly in the current stage is at
5
most o+ O(1 )M +1 <a+0(1)23=4 +|7|. The expected total number of QQ-sets determined explicitly

71}

over all w' stages is at most w*(1 + 7(“)),

Proof. As described earlier, at most 1 ()-set outside J can be determined explicitly in the current
stage. Since 1 < w?, o + O(1 )7“ "] +1<a —I— O(1 )7“ “HIL A explained earlier, ‘rhe o term sums to

71}

at most w® over all n < w' < w stages, the 25 z

term sums to at most —7 and ‘rhe J ‘rerm sums to aft

most . “’ < “  The corollary follows. O

Theorem 5.6 The total expected traversal cost over all stages is at most w”(1 + ( ))C, where ' is
mazimum over all Q-sets Qp(u) of the cost of determining Q. (u) explicitly, given th (u). The total
expected switching cost is at most O( Jw?Lw’e = O(1)we (recall that e = 27ig + (i' — 1)d’). The

total expected cost is thus w' (] 4+ @ )(Y—I— O(w Je.

Proof. The traversal cost follows from Corollary 5.5.

The switching cost can be shown as follows. Each switch between stages and each move from r’ to
a vertex in W and back to 1’ costs O(1)e. The expected number of switches between q‘rageq is Clear]y
bounded by the sum of the exit probabilities over all heavy ()-sets, which is at most w’ —ﬂn w’. The
number of moves from 7’ to a vertex in W and then back to r’ is at most w’, one per stage. The
theorem follows. O

5.2 Algorithm for Explicit ()-set Determination

For each vertex u € W, Q1(u) is determined explicitly by using B recursively to search T, (recall
from Section 2 that B is our randomized algorithm for traversing layered trees of known width w).
The expected cost incurred in this process is R, [%]

Next, we show how to explicitly determine Q-set Qy(u) given Q-set Q;_1(u), h > 1. Note that
the portion of T' between Q(u) and Q5—1(u) is not a single tree of width w’ — 1 and therefore, cannot
be assumed to be traversable with R, [%] expected cost. Rather, it is a collection of subtrees of

combined width w’ — 1, with the additional property that the least common ancestor of vertices in

16



Qr-1(u) is at most distance d’ from each vertex in @)1 (). This situation is akin to the situation
handled by an extension step and is dealt with in a similar manner as described below.

We define a procedure Si(v, a1, 22, wy) which determines the set AS,, 1., (v) given AS,. (v), 21 >
x4, starting and terminating at v, and knowing that the portion of T, searched in the process has width
at most wy. Clearly, explicit determination of Q(u) given @;_1(u) can be performed by Sy (u, (h —
])[%]7 [%]710' —1). If wy = 1 then Si(v, 21, 29,w) is performed using the obvious algorithm.
If 2, < w?, we use a naive algorithm similar to the one used used for determining the active set
AS;, (") in Section 3. This algorithm determines the active sets AS, 11(v), AS, 12(v), ..., AS, 10 (V)
in sequence. Otherwise, if w; > 1 and o > w?, the algorithm for S (v, z1,z2,w) is similar to that
for an extension step. This procedure is performed in a sequence of up to w phases. FEach phase

begins and ends with the searcher at v; in the kth phase, AST1+H%1(7)) is determined. The sequence
of phases continues till either the procedure completes or at most one vertex, v” say, in the last active
set determined is detected to be live. In the latter case, the search is completed by using B recursively
to search T,.. Tt remains to describe each phase.

We define another search procedure Sy(v’,y1,ya,w}) which is used to perform a phase. In this
procedure, the searcher determines AS, 4., (v'), given AS, (v'), y1 > ya, starting and terminating at
v’, and knowing that the portion of T,/ searched has width at most w}. Note that the kth phase of
Si(v, 1, 29,un) is performed by Sy(v, 20 + (B — 1)[22], [22],wy).

If w) =1 then Sy(v', y1,y2, w}) is performed using the obvious algorithm. Tf y, < w®, we use a
naive algorithm similar to the one used used for determining the active set. AS; (r’) in Section 3. This
algorithm determines the active sets AS,, 11(v), AS,,42(v), ..., AS,, 1, (v) in sequence. Otherwise, if
w) > 1 and yo > w®, in order to perform Sy(v', y1, y2,w}), we divide the portion of T,, between the sets
AS,, (v")and AS,, 1., (v") into chunks (with )-sets defined in a similar fashion) and use the algorithm in
Section 5.1 to determine all Q-sets (replace w’, W, ', d" and e in Section 5.1 by w}, AS,, (v'), v', y2 and
y1, respectively). In this process, the procedure Sy is used recursively whenever explicit determination
of a Q-set is required, i.e., to determine Q,(u) explicitly given Qp_q (), Si(u, (h—1)[ &1, [ & ], w; —1)
is used.

Note that Sy(r’, e, d’, w') is equivalent to the procedure which performs phase 4’ of the 2/-extension
step (recall d' = [2:%] and e = 2755 + (+' — 1)d'). Further, note that the two search procedures S,
and S5 recurse mutually; however, when S5 recursively uses Sy the width parameter decreases. This
causes the depth of recursion to be bounded by the width parameter at the outermost recursion level.

5.3 Analysis of the Overall Algorithm

We analyze the search procedures Sy and Sy and show that Y! upper bounds the competitive ratio
of a phase in an extension step. In order to show this, it suffices to bound the competitive ratio of
procedure Sy(r’ e, d' w').

Let s1(21, 22, 01) X9 be the expected cost incurred by the searcher while performing Sy (v, 211, 22, wy).
Let sa(y1, y2, W) X ya be the expected cost incurred by the searcher while performing Sy (v', y1, ya, w7).

The following lemmas define the recurrences which describe s; and s;.

0(1))ma,x{52(r1:1 + 29, [22],w01), Ry, b+ O(1) 222 for 29 > w?,

aur aur T

Lemma 5.7 sy(2q,29,w;) < (1 +
wy > 2.
<91(7717772771)1) <

s1(xr, 2, w1)

O

(1) (21 + w*)wy, for z9 < w?, wy > 2.
2

T1+mo
2

, forw, =1.
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Proof. When w; = 1, the cost incurred by the algorithm is at most 2(2:y + 22). Assume that wy > 1.
For 23 < w?, the naive algorithm which determines the active sets AS,, 11(v), AS,, 12(v), ..., ASs 40y (V)
in sequence incurs a cost of at most 2(x1 4+ a:5)w; for each active set. The total cost is thus at most
O(1wy (21 + 22)x2. The lemma follows for this case.

Next, consider the case when w; > 2 and 2, > w?. Recall S; is performed in a sequence of up to
w phases, if at most one vertex in some mtermedla,te active set determined is determined to be live
then this sequence is terminated and the procedure is completed by recursively searching the subtree
rooted at that vertex using procedure B. To determine to the cost of the entire procedure, we consider
two cases.

First, suppose that in each phase, at least two vertices in the active set determined in the previous
phase remain live. Then the ‘ro‘ra] cost is clearly at most wsy(21 + 22, [22],wq)[22]. The lemma
follows for this case since x4 > w?.

Next, suppose during the Ath phase, 1 < h < w, at most one vertex v” in the active set determined
after the A — 1th phase is determined to be live. Then the total cost incurred is at most sa(xy +
T, [72], wﬁh[ 20+ Ry (w — (h—1))[Z2] 4+ 2(21 + 22). The last term here is the cost of moving down

from v to v” and moving back to v. The lemma follows immediately from the fact that z, > w?. O

Lemma 5.8 sy(y1,y2,w)) < (1 + ( ))max{ﬁ(y% [&],wy — 1), Ry} + O(1 )w‘“” for yy > wh,
wh > 2.

sa(y1, ya, wh) < Oy + wO)wh, for yo < wh, w) > 2.

So(Y1, Yy, wy) = 2”1;:’2, for wi =1.

Proof. The latter two cases follow as in Lemma 5.7.

Consider the first case next. Recall that S, works by determining a sequence of ()-sets, some of
which are determined explicitly. Further, the @Q-set Q(u) for any vertex u € AS,, (v) is determined
explicitly using the algorithm B recursively; this incurs a cost of at most R,,, 1 [2%]. In addition, any
Q-set Q;(u) for any vertex u and 7 > 1 is determined explicitly using S; ‘rhlq exphmt search incurs
cost at most s1(y2, [ ],w] — 1)[2&]. The lemma now follows from Theorem 5.6 and the fact that
Y > wb. O

Lemma 5.9 In all invocations of Sy and Sy, vy < w’xy, where 1 and x4 are the second and third
arguments to procedure Sy, and y, < 2wSyy, where y; and yy are the second and third arguments to
procedure Sy.

Proof. Recall that procedure Sy(r', e, d’, w') actually performs phase 1’ of the 2/-extension step (recall
d = [2”0] and e = 2755+ (' — 1)d"). Clearly, e < 2115 < 2wd’. The lemma now follows immediately

aur

from an examination of the recurrences defined in Lemma 5.7 and 5.8. O

The above lemma now enables us to define s} (wy) and sh(w}) as below. Clearly, s} (w;) upper
bounds sq(w’xy, 79,w;) which in turn upper bounds sq(xy, 79, w;). Similarly, s,(w}) upper bounds
39(2%yq, Yo, w}) which in turn upper bounds sa(y1, y2, w}).

) = max{(1 + 2 " 0Ny max{sh(w1), Ru, } + O(w?), O(w )un }, for wy > 2.
wy) = 01w, for wy = 1.
sh(w!) = max{(1 + 2 ))max{%(wq — 1), Ry} 4 O(w'®), O(w'?)un }, for wf > 2.
5

/
1
wh) = O(1)w®, for wh = 1.

S5 (rn

S

S

Goal 1 follows for the randomized case from Temma 5.10.
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Lemma 5.10 The competitive ratio of a phase is bounded by Y5, w' > 1.

Proof. Recall that Sy(r', e, d’, w’) actually performs phase i’ of the 2/-extension step (recall d’ = [2:%]
and e = 27ig + (i — 1)d’). Therefore, the competitive ratio of a phase in an extension step is
bounded by s, (w’). Tt follows from the above that s)(w’) = max{(1 + %) max{sy(w’ — 1), Ry} +
O(w'?), O(w'*)w'}, for w’ > 3, and that s4(2) = O(w'?) and s4,(1) = O(w®). Tt now suffices to show
that R,y > sh(w’'—1). Thisis shown by induction. Let h be the induction parameter, 1 < h < w’—1.
When h = 1, by an appropriate choice of the constant in the definition of Ry, Ry > s4(1). Next,
assume that R, o > sh(w’ — 2) and w’ — 1 > 1. Then s)(w’ — 1) = Y5, for an appropriate choice

of constants in the definition of Y“’ﬁf]. Since R4 > YR,LH the claim follows. O

aur

Theorem 5.11 R, = O(w'?w’). There exists a randomized algorithm for traversing a layered graph
of unknown width having competitive ratio O(w'), where w is the width of the layered graph.

Proof. The fact that R, = O(w'*w’) follows from the definition of R,.. The second part of the
lemma follows from Lemmas 3.1 and LLemma 3.3. O

6 A Randomized Lower Bound

We show a lower bound of Q(]Ogﬂ‘iw) on the competitive ratio of any randomized algorithm for
traversing layered trees of width w, even when the w is known in advance. Here ¢ is any positive
number.

The lower bound we show is for randomized algorithms which are required only to spot the target
vertex (i.e., reach the layer immediately preceding the layer containing the target vertex) and not to
reach it. Since spotting the target is a weaker requirement than reaching it, this lower bound also

holds for randomized algorithms which are required to actually reach the target.

Fix some value of ¢, 0 < € < 1. Let wy be a constant such that for all 7 > wq, 1 > ]°g17,+€'7 >
% Fix a width w > wy and an algorithm ' for spotting the target vertex in any layered

graph of known width at most w.

To show the lower bound, the adversary constructs a infinite family F,, of trees of width w. The
distance of the source from the target is different in each tree in F,; the minimum such distance over
all trees in F,, is denoted by d,,. Consider any tree T' € F,,. All leaves in T" are at the same level and
at least distance d,, from the root. The target is always the leaf which is least distant from the root.

The construction of F,, is inductive. As the base case, we let F,, consist of a family of trees of

)
width wqg in which all leaves are at the same level and the distance of the source from the target is 2
in the ith tree in the family, + > 1. As the induction hypothesis, suppose the adversary has already
constructed an infinite family F,,_; of trees of width w — 1 with the requisite properties. Let T,,_1(h)
denote the tree in the family F,,_; in which the target is distance A, h > d,,_¢, from the root. We
show how to construct a tree T' € F),, using a number of copies of trees in F,, ;.

Let R; be the lower bound on the competitive ratio of (' for spotting the target in trees in Fj,
wo <1 < w, i.e., R is the infimum, over all h such that T;(h) € F;, of the expected cost incurred by

C to spot the target in T;(h) divided by h.
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6.1 Construction of T

T is constructed as follows. The root r of T has two children, a and b, each of which is distance
% from the root. We refer to the subtrees T, and T}, as the left and right limbs of T', respectively.

The construction of the rest of T' consists of a number of augmentation steps. All leaves of the
portion of T constructed so far will be at the same level before and after each augmentation step. In
each augmentation step, the tree constructed till before that step is augmented as follows. Consider
a particular step. Let ¢ and e be the leaves in the left and right limbs, respectively, which are least
distant from the root. In the augmentation step, one of ¢, e is made the root of a new instance of a
tree T" € I,y while the other is made the root of a chain of 0-weight edges having the same number
of layers as T". We say that the augmentation step augments to the left if ¢ is the root of the new
instance of 7", and to the right otherwise. This augmentation step is said to use tree T".

The series of augmentation steps is divided into two stages; these stages are designed with the
following motivation. In searching T, the searcher incurs two kinds of costs: the cost of traversing
subtrees in each limb and the cost of switching between limbs. The purpose of Stage 1 is to make the
switching cost substantial. Stage 2 is designed with the following observation in mind. Suppose the
searcher occupies a particular limb with probability greater than half. Then, if that limb is repeatedly
augmented, the probability of the searcher being in that limb had better decrease. If this probability
decreases too slowly, then the expected cost incurred by the searcher in searching subtrees in this
limb is high and all this work is wasted if the target is chosen to be in the other limb. Otherwise, if
this probability does not decrease too slowly, then the expected cost of switching between the limbs

is high.

Definitions. let y be a number such that y > 8R,, 1d,, 1 and T, 1(y) € F.,—1. Define dy =
max{ymax{R,, 1, w}, max{(R, )%, wtd, 1}

Stage 1. Stage 1 is as follows. At the beginning of this stage, T' consists of just r, @ and b. Fix some
d such that d > dy, where dy will be defined in Stage 2, and d is a multiple of d,, ;. Different values
of d yield different trees in F,,. T is alternately augmented to the right and left using tree T, _1(d,,—1)

till each limb has - ”]’71 instances of T, _1(dw_1).

We require the following definitions in order to describe Stage 2. Define p., for any vertex e in T', to
be the probability that (' is in the limb containing e when e is spotted for the first time, i.e., the layer
preceding the layer containing e is reached. Clearly, this probability is independent of the portion of
T contained in the layers deeper than the layer containing e. Therefore, the adversary can vary the
portion of T" deeper than e and still keep p. unchanged. Let z = [%] Note that z > max{R,,_,w}.

U

Let v = G o

1
. Clearly, 0 <z < ;.

Stage 2. In Stage 2, a stack is used to aid the construction. This stack will contain some of the
trees of width w — 1 used in the augmentation steps in this stage. At any instant, all trees in the
stack will be in the same limb of T'. The number of trees in the stack will exactly equal the difference
between the current number of trees in the left and right limbs. Initially, the stack is empty. Fach
augmentation step either pops the stack or pushes into the stack. The following step is repeatedly
used to augment T until either the stack is popped z times or the size of the stack reaches 217 let
¢ and f be the leaves nearest to the root at the beginning of this step in the left and right limbs,
respectively. Since ¢ and f are in the same layer, p. = 1 — p;. Let n be the number of elements

currently in the stack. One of the following cases occurs.
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1. n=10. T is augmented to the left using the tree T,,_1(y) if p. > py and to the right using the
same tree, otherwise. The instance of T,,_1(y) used in this augmentation is pushed on the stack.

2.0 < n < 217 and the topmost tree on the stack is in the same limb as the limb which was
augmented last. Without loss of generality, let this limb be the left limb. In this case, the
previous augmentation step pushed a tree on the stack. Let e be the root of the bottommost
tree in the stack. If p. — p. < na then T is augmented to the left using the tree T,,_1(y) and
this tree is pushed on the stack. Otherwise, if p. — p. > nx then T is augmented to the right

using the tree T,,_1(y) and the stack is popped.

3.0<n< 217 and the topmost tree on the stack does not belong to the limb which was augmented
last. In this case, the previous augmentation step popped the stack. Without loss of generality,
let the limb augmented last be the right limb. Let e be the root of the topmost tree in the stack.
This tree is in the left limb. If p. > p. then T is augmented to the left using the tree T, (y)
and this tree is pushed on the stack. Otherwise, if p. < p. then T is augmented to the right
using the tree T,,_1(y) and the stack is popped.

The target is chosen to be the leaf in T" which has the least distance from the root.
This completes the construction of T'.

6.2 Analysis

We now analyze the above construction. Consider Stage 1 first.
Lemma 6.1 The cost incurred by the searcher in Stage 1 is al least R,, qd.

Proof. Fach switch from one limb to another costs at least R, d,,_1 as does the explicit traversal

of each tree used for augmentation in Stage 1. Clearly, the number of switches plus the number of
d
dm71

trees (i.e., those used in angmentation) traversed explicitly is at least in this stage. O

Consider Stage 2 next. The cost of each switch from a vertex in one limb to a vertex in the other
limb in Stage 2 is at least 2d + R,,_1d,,—1. The cost of traversing an instance of the tree T,,_1(y) used
in the augmentation in Stage 2 is at least R,,_,y. Consider one instance T” of this tree and let e be
the root and [ be any leaf of T”. Tet g be the conditional probability that the algorithm ' does not
reach a vertex at least as deep as e in the limb which does not contain T” until it first spots f, given
that it is in the limb containing e when it first spots e. The expected cost incurred by the searcher in
between the layers containing e and f is thus at least p.gR., 1y + p.(1 — ¢)(2d + Ry, —1d,,—1). Since
y < qu’ this cost is at least p. Ry, 1y + p.(1 — ¢)(d + Ry—1d,—1). Since p.g < py and therefore,
pe(1 — q) > p. — py, this cost is at least p. R, 1y + (p. — ps)(d + Ry—1dy,—1). We refer to the two
components of this sum as the expected fraversal cost and the expected switching cost, respectively,

of T".

Lemma 6.2 Af the end of each augmentation step in Stage 2, p, — p; < nyx, where b is the root of
the bottommost tree Ty, in the stack, 1 is the rootl of any other tree Ty in the stack and n; is the number
of trees in the stack below Ty.
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Proof. By induction on the order of the augmentation steps. This is clearly true for the first
augmentation step as b = ¢t and n, = (. Next, assume that the statement is true after the 7 — 1th
augmentation step. We show that it is true after the ith augmentation step too. If the ith augmentation
step pops the stack then the lemma is clearly true. So assume that the ith augmentation step does
not pop the stack; it pushes tree Ty on the stack. There are two cases depending upon whether or
not the 7 — 1th augmentation step popped the stack.

First, suppose the 7 — 1th augmentation step did not pop the stack. Then it pushed a tree, T
say, on the stack. The target of T" is the root of T. The lemma is obvious from the construction of
T'. Second, suppose the 7 — 1th augmentation step pops the stack. If the stack is empty following the
7 — 1th augmentation step then the lemma follows in the same manner as the base case. Otherwise,
let f be the root of Ty and let e be the root of the tree T, which is on top of the stack when T was
pushed. Then p; > p. by construction and p, — p. < n.z by the induction hypothesis. Therefore
Ph—Pp <Py Pe < et <mypr. O

Lemma 6.3 Consider any sequence of m augmentation steps in which the stack is popped with the
property that the augmentation step immediately preceding the first step of this sequence did not pop
the stack. Let Ty and Ty be the trees popped in the first and last steps, respectively, in this sequence.
Let g be a leaf of Ty and [ be the root of Ty. Then pr — p, > max. Further, the sum of the expected
switching cost of the trees popped in this sequence of augmentation steps is at least ma(d+ R, —1d,,—1).

Proof. let e be the root of Ty. Let b be the root of the bottommost tree on the stack during the
sequence of augmentation steps in consideration. Then, by construction, p, — p, > n”x, where n” is
the number of elements in the stack at the beginning of the first augmentation step in the sequence of
augmentation steps in consideration. But, by Lemma 6.2, p, — p; < n’z, where n’ is the number of
elements in the stack after the last augmentation step in the sequence. Since py—p, = pr—pr+ps —pg,

"—n')a. Clearly, n” — n’ = m and the first part of the lemma follows.

it follows that p; — p, > (n

Next, we show that the sum of the switching costs of the trees popped in the current sequence of
aungmentation steps is at least ma(d + R,,_1d,,_1). The proof is by induction on the prefixes of this
sequence. We show that for any prefix of this sequence, if v is the root of the last tree popped in this
prefix subsequence then the expected switching cost of the trees popped in this prefix subsequence is
at least (p, — py)(d + Ry_1d,—1). As the base case, consider the prefix of length 1, i.e., the popping
of tree Ti. Recall that e is the root of Ti. p. — p, > = by the first part of this lemma, and the
lemma then follows for the base case from the definition of switching cost. Next, suppose T3 is the
tree popped in the penultimate augmentation step in the sequence. Let A be the root of T5. As the
induction hypothesis, assume that the expected switching cost of the first m — 1 trees popped in this
sequence is at least (p, — p,)(d+ R, —1d,,—1). Consider two cases next. First, suppose p, > pr. Then
P — Py > P — pg > ma and the lemma follows from the induction hypothesis. Second, suppose
pr < ps. We show in the next paragraph that A must be a leaf of T;. Then the expected switching
cost for Ty is at least (py — pp)(d+ R,—1d,,—1). The lemma follows from the induction hypothesis and
the facts that py —p, = py — pr 4 pn — py and py —p, > ma.

It remains to show that h is a leaf of Ty if p, < p;. Suppose h is not a leaf of T;. Then the
augmentation step prior to the one which uses T3 would have popped the stack. Also T is on top of
the stack when the augmentation using T3 is performed. From Case 3 in the construction description,
it follows that p; > py, a contradiction. O
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Corollary 6.4 The total expected switching cost over all trees used in the augmentation steps in
Stage 2 is at least x(d 4+ R, _1d,,_1) times the number of times the stack is popped.

Lemma 6.5 Consider an augmentation step which pops the stack. Let this augmentation step use
tree Ty and let Ty be the tree popped. The expected traversal costs of Ty and Ty sum to at least R, _1y.

Proof. Let e and f be the roots of T} and Ty, respectively. We show that p. + p; > 1. The lemma
then follows from the definition of traversal costs.

Let tree T3 with root b be the bottom of the stack when Ty is popped. let n’ be the number
of trees in the stack below T,. Consider two cases. First, suppose the previous augmentation step
(the one prior to the step in which Ty is popped) also popped the stack. Then from Case 3 of the
construction description, 1 — p. < p;. Second, suppose the previous augmentation step did not pop
the stack. Then it must have pushed T on the stack. Let € be a leaf of T;. Since e and ¢ are at the
same level but in different limbs, p. = 1 — p... From Lemma 6.2, p, — py < n’2. From Case 2 of the

construction description, p, — por > (n’ + 1)a. Therefore, py — por > 2 and hence, pr+p. > 142 > 1.
O

Lemma 6.6 Consider the state of the stack at any instant in the above construction. The sum of
the expected traversal costs of the trees in the stack is at least 717(7"2'71)“”’

of the stack.

mB,, 1y, where m is the size

Proof. If T; is the ith bottommost tree in the stack and e; is its root then, by Lemma 6.2, p., >

Pe, — (1 — 1)x. Therefore, the sum of the expected traversal costs of all trees in the stack is at least
2pe, 7(7)7,71).77

5 mR,_1y. By Case 1 of the construction, p., > 15 and the lemma follows. O

Let Case 1 refer to the case in which Stage 2 terminates as a result of there being z popping steps.
Let Case 2 refer to the case in which Stage 2 terminates as a result of the stack growing to size 217
In Case 1, let d = zy and in Case 2, let d = ny, where n is the number of popping steps in the Stage

2 construction.

Lemma 6.7 In Case 1, the cost incurred by C in Stage 2 is at least R, 1d + xz(d + R, _1d,1).
The first term is the cost incurred in traversing the subtrees in each limb and the second term is the
cost incurred in switching between limbs. In Case 2, the cost incurred by C in Stage 2 is at least

4 Y
Rw71 (] + Rw71 ] "

Proof. First, consider Case 1. The total expected switching cost is clearly xz(d + R, _1d, 1)
from Corollary 6.4. The total expected traversal cost is at least 2R, 1y from Lemma 6.5. Since
zy > d, the lemma follows for this case. Next, suppose Stage 2 terminates as a result of the stack
growing to size 217 The total expected traversal cost is at least nR,, _;y, from Lemma 6.5, plus
(1 — (217 — ])m)ﬁquy > #Rw,]y, from Lemma 6.6. The lemma follows for this case too. O

Corollary 6.8 The total expected cost over both stages is at least Ry, _1(2d) + xz(d + R, —1d,,—1) in
Case 1 and at least R, (d' +d + ;—T) in Case 2.
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Proof. Follows from l.emmmas 6.1 and 6.7. O

We can now obtain the recurrence for R,,. Recall that the distance from the root to the target is
R

Ly — 1 dm71 M Rw71 dm71 M
== d + zy in Case 1 and == d + ny in Case 2.
Case 1.
Rw((] + Y + M) Z Rw71 (2(]) + TZ((] + Rw71 dw71 )
Since d 4 zy < 2d + y,

2d
R“}Qd Z R“}71 Y Fay—1dayy—1 + re Fay—1dayy—1
‘+'—4+T 1+2d+7
Since y < and d > (R, )%
U Row_1 g (i a—1 a—1 9

R71}2d> Rw 11+ +TZ 14+ d

R. R.

w—1 w—1

Since R,,_; > 1 and since T >1—a,forall a >0,
R,2d > Ry 12d — 2d + xz4
Ry, > Ry + 5 —
Case 2.

Rw((]_l'(]l‘l’w) >Rw 1((]l+(]+ )

e T e

Recall that y > 8R,, 1d,, 1 and x < -7 and therefore, z < W Therefore, '— - > R, ady,q and
= M > 1&=. Then, using ‘rhe fac‘rq d > M and d' < d+y < 2d, we ge‘r

Ro> Bu(1 + )

Since z = [%],

Rw Z Rw 1(] ‘I’

647”2)

Finally, from the above, we derive that
Rw Z m]n{Rw 1(] + 647”2) Rw71 + E - ]}
Recall that » = 71 Therefore,

64zlog
T+eq

Rw Z min{Rw71(‘l + log ) Rw 1 ‘I’

256|0g o ]}

.. e, . . )
Recall that from the definition of wyg, % is at most 1 and non-increasing for w > wq. Therefore,

2
Rug  log® w w? —wg
Rw Z mm{ 20 w8 Rwo + W - “)}

For sufficiently large w, the first term is larger than the second. Therefore, R,, = Q(]Ogﬂ‘%)

Theorem 6.9 Any randomized algorithm for traversing a layered tree of width w has a competitive
ratio of at least Q(+€w) for any e > 0.
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7 Conclusion

Tighter bounds have been obtained on the layered graph traversal problem for both the deterministic
and the randomized cases. The following problem, which we call the Local Layered Tree Traversal
Problem, is an interesting and somewhat more natural variant of the layered tree traversal problem.
Suppose not all the vertices in a layer are revealed when a vertex v in the previous layer is visited;
rather, only those vertices which are adjacent to the vertex v are revealed. Note that this problem is
a generalization of the Cow-Path problem studied by Kao, Reif and Tate [KRT] in which the layered
tree to be traversed consists of a set of disjoint paths leading away from the root. It can easily
be seen that the deterministic and the randomized lower bounds for general layered tree traversal
also translate to the local layered tree traversal problem. An interesting open problem is to obtain
deterministic and randomized upper bounds for this problem. It is not clear that randomization can
lead to a polynomially competitive algorithm for this problem.
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