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Abstract

We first consider the Steiner edge connectivity problem omrameighted undirected or Eulerian
directed graph witm vertices andn edges. This problem involves finding the edge connectiviitg o
specified subset of vertices, i.e. the cardinality of the minimum cut in theagh that separates the
vertices inS into two parts. We give a deterministic algorithm for thi®plem that runs irO(m +
nc?) time, wherec is the Steiner edge connectivity 6f Our algorithm extends an algorithm due to
Gabow[Gab95] that finds the minimum cut in a graph by consittgan edge-disjoint spanning tree
packing.

We apply this Steiner edge connectivity algorithm to soluesecond problem, that of constructing
Gomory-Hu trees for undirected unweighted graphs. A Gorttuitree is a succinct data structure for
storing pairwise edge connectivity for (or equivalentiygximum flow between) all pairs of vertices
in an undirected graph. All previous algorithms for compgta Gomory-Hu tree [GH61, Gus90] use
n — 1 maximum flow computations. The fastest Gomory-Hu tree @goron unweighted graphs with
m edges and vertices has an expected running timeﬁﬁmn + n%F), whereF is the maximum pair-
wise connectivity between any pair of vertices in the graphis algorithm uses aﬁ)(m + nf)-time
Las Vegas algorithm for computing maximum flow due to Kargat &evine [KLO2], wheref is the
maximum flow. We improve the time complexity of constructm@omory-Hu tree t@(mF'), which
is O(mn) for simple graphs. The novelty of our approach is in replaeiraximum flow computations
by Steiner edge connectivity computations and showingwiitathigh probability the entire time taken
for the Gomory-Hu tree construction by this methodign F).
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1 Introduction

This paper addresses two related probleBiginer edge connectivityfomputation andsomory-Hu tree
construction, for an unweighted gragh= (V, E') onn vertices andn edges. We consider only Eulerian
directed graphs and undirected graphs.

1.1 Steiner Edge Connectivity

Given an arbitrary subsét C V of terminalvertices, we seek to find the smallest cut in the graph su¢h tha
not all terminal vertices appear on the same side of the catcd such a cut &teiner min-cuénd its value
defines theSteiner Edge Connectivigf S. This generalizes the two more well studied notions gfabal
min-cut which requires only finding the smallest cut so that botlesidre non-empty, and aA min-cuf
which requires finding the smallest cut so tkandt¢ are on opposite sides.

The Steiner edge connectivity of arbitrary sets of termireatices was previously studied by Dinitz
and Vainshtein [DV94], motivated by the fact that these aasinotions of connectivity above could have
substantially different values, e.g., in a complete graphwith each edge replaced by a path, the global
min-cut is 2 but the Steiner edge connectivity of the origireatices is stilln — 1.

Note that by Menger’s theorem, the value of the Steiner min-equalsmin,, ,esc(u, v), wherec(u, v)
is the number of edge-disjoint paths frarmnto v, (or fromwv to u; both are equivalent by Eulerianness). In
fact, this can be simplified further tain,csc(r, v), wherer is any arbitrary vertex iry; we will refer tor
as the root. This readily suggest a max-flow approach to thidgam, i.e., find the max-flow fromto every
other vertex inS and take minimum of these flows. The fastest max-flow algorith due to Karger and
Levine [KLO2] and runs in expecte@(m + nf) time, wheref is the max-flow. This gives a Steiner edge
connectivity algorithm with expected time complexi®y (m + n.F)|S|) for undirected graphs and Eulerian
directed graphs, whet€ = mazx,csc(r, v).

Our Approach. We give a faster algorithm for this problem — our algorithndisterministic and runs
in O(n02 + m) time for Eulerian directed graphs and undirected graphf) imverse polynomial failure
probability. Here,c denotes the Steiner edge connectivity$f Note in particular that our algorithm is
independent ofS|.

We will focus on Eulerian directed graphs in the descriptietow. Indeed Eulerian directed graphs and
undirected graphs are interconvertible as described ioEne 6.

We do not use the max-flow approach. Instead we use-thé approach, defined as follows. Our task
of finding the Steiner min-cut boils down to finding a minimuat so that- is on one side and some vertex
from S is on the other side. More specifically, we insist th& on the source side, and the value of a cut is
the number of edges going from the source side to the sink Bidecall such cuts-cuts

We now appeal to some classical theorems by Edmonds listed/ Bedm69, Edm72]. To state these
theorems, we need the following definitions. Ararborescenceds a directed spanning tree rooted at a
specified root vertex with all edges directed away from A directionless-spanning treés also a spanning
tree rooted at like an arborescence but has the weaker constraint thatemgjgs incident om must be
directed away from the root; all other edges can be arbitrdniected.

Theorem 1 (Edmonds’ Theorem [Edm69])The maximum number of edge disjoiréirborescences in a
directed graph equals the minimum cardinality ofaout.

Theorem 2(Edmonds’ Relaxed Theorem [Edm72Jhe maximum number of edge disjoirdirborescences
in a directed graph equals the maximum number of edge dtgji@ctionlessr-spanning trees in the same



graph with the property that each vertex# r has total in-degree over all these--spanning trees, where
is the total number of trees constructed. (From the defimitbdirectionless:-spanning trees; has a total
in-degree of 0 in the trees.)

Gabow [Gab95] used the above theorems to obtain an algofahaetermining global connectivity in
O(nc? + m) time, wherec is the global min-cut value. This algorithm attempts to ¢k many edge-
disjoint directionless:-spanning trees as possible; when it can build no more, thetad trees built gives
the global min-cut value. Equivalently, one could buildrborescences as well; however that turns out to
be more expensive [BHKPO08], and therefore directionlemsstare preferable. Our algorithm uses the same
paradigm and starts where Gabow’s algorithm ends, i.e.,hee iow we can continue the tree building
process to continue building directionless trees (thodghstightly different variety, in particular these trees
are not spanning trees) beyond the global min-cut counte Nowvever that while Gabow’s algorithm above
works for arbitrary directed graphs as well@{mc) time, our algorithm works only on Eulerian directed
graphs.

We are aided by the following theorems in our quest for boddinore directionless trees. Letn(v) =
¢(r,v) denote the maximum number of edge disjoint paths from theuerbexr to vertexv. The following
theorem appears in [BJFJ95], although their setting idi8lignore general (namely, the graphs need not
be Eulerian, but the number of edge-disjoint paths from dloé to every vertex whose in-degree is smaller
than its out-degree is at least the number of trees one isngpek he proof is based on an edge-splitting
lemma due to Lovasz and does not immediately lead to aneffiailgorithm.

Theorem 3(The Tree Packing Theorem{siven an Eulerian directed grap¥, there exists a collection of
edge-disjoint trees rooted atsuch that each vertex # r in G appears in exactlyon(v) trees and all
edges in the trees are directed away from the root. (Thegs treed no longer contain all vertices@h)

The above theorem clearly implies its relaxed version dtatow.

Theorem 4 (The Relaxed Tree Packing Theoren@jiven an Eulerian directed grapty, there exists a
collection of directionless edge-disjoint trees rooted asuch that each vertex# r in G appears exactly
con(v) times over all trees (possibly occurring multiple times itree) and has in-degree exacityn (v)
over these trees. Edges in these trees are allowed to havtesaytdirections, except for those incident on
r, which must be directed away from

Our main contribution is a fast constructive proof of a ceargersion of the above relaxed theorem. In
this coarser version, we contractrees, where is the Steiner min-cut value. A vertexwith con(v) > ¢
appears exactly once in each of these trees and with totkgnee-on (v) over all trees; we call such vertices
white In contrast, vertices withon(v) < ¢ are partitioned into vertex sets which are then contractes i
what are calledblack vertices Each black vertex represents a set of verticésin the original graph;
such a vertex appearscon(B) times and with total in-degreeon(B) over all trees, whereon(B) =
mazyepcon(v).

Note that the partition into black vertices is discoverediun fly as tree construction progresses. We
will discover cuts of size: while trying to construct thé + 1th tree, and each such cut (i.e., the side
not containingr) will be shrunk into a new black vertex. We will now reduce thember of occurrences
of this black fromk + 1 to k. At this point, we bring in a key idea that is needed for treédng to
proceed; we will rearrange the trees so each black has dagneest 2, in the process allowing for possibly
multiple occurrences of a black in the same tree. We calldiigee balancingThe whole tree construction
procedure terminates when a black containing a terminééx@&om S is discovered. At that point, we will
show that the set of vertices represented by this black esidd Steiner min-cut.
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1.2 Gomory-Hu Tree Construction

A Gomory-Hu tregalso known as aut treg is anO(n)-space data structure which represents the pairwise
edge connectivity of all pairs of vertices in an undirecteapdp. More precisely, it is a weighted tréeon

V', with the property that the pairwise edge connectivity lestwany two vertices andt in the graph equals
the minimum weight of an edge on the unigue path in7. Further, the partition of the vertices produced
by removing this edge frori” is a minimums-t cut in the graph, i.e. a cut of cardinality equal to the
edge connectivity. An undirected graph has at least one @gio tree, but it might not be unique; on the
other hand, examples by Bencziur[Ben95] show that Gomarytreles need not exist for directed graphs.
Gomory-Hu trees have many applications in multi-termiretivork flows.

All the previous algorithms for constructing Gomory-Huesen undirected graphs use max-flow sub-
routine. Gomory and Hu [GH61] gave the first algorithm for sioacting Gomory-Hu trees using — 1
max-flow computations and graph contractions. Gusfield §Blproposed an algorithm that does not use
graph contractions; all — 1 max flow computations are performed on the input graph. Galgland Tsiout-
siouliklis [GTO01] did an experimental study of these twoalthms and described efficient implementations
for them. The fastest Gomory-Hu tree algorithm on simple eigivted graphs witlv edges anab vertices
has an expected running time 6(mn + n%F), whereF is the maximum pairwise edge connectivity of a
pair of vertices in the graph, using tii&m + nF) Las Vegas algorithm for max-flow due to Karger and
Levine [KLO2].

Our Contribution. In this paper, we design an algorithm for constructing a Ggnttu tree without using
n — 1 max-flow subroutines, but using our Steiner connectivigoathm instead. Our algorithm has a time
complexity ofO(mF); this improves upon the previous best time complexity¢fnn + n?F).

Theorem 5. LetG = (V, E) be an unweighted undirected graph withedges anc: vertices. A Gomory-
Hu tree forG can be constructed i) (mF') time, whereF' = max, ¢y ¢(u, v); the running time holds
with inverse polynomial failure probability.

To illustrate what role Steiner connectivity computatidays in constructing the Gomory-Hu tree, con-
sider the following. Suppose we find a global minimum @itV — C). In this process we also find the
pairwise minimum cut for all pairs of vertices which are sgped by this cut. For Gomory-Hu tree con-
struction, it remains to find the minimum cut between pairseastices which are either both i@ or both
in V — C. To do this, we define two subproblems. In the first, we des@ah vertices inC' as terminals,
shrink all vertices iV — C' down to a single vertex and then solve an instance of the &teaonnectivity
problem. This gives a partitio@’;, Cs, V — C of VV and minimum cuts have been found for all vertex pairs
separated by this partition. The second subproblem is goatobut has vertices i — C' as terminals.
Recursive processing yields minimum cuts for all pairs afiges. Note that each recursive subproblem is
an instance of the Steiner connectivity problem.

1.3 Other Applications

It follows from [CHO3] that our Steiner connectivity algtinm also yields a fast implementation of the
Williamson, Goemans, Mihail and Vazirani algorithm [WGMS9for the Uniform Survivable Network
Design Problem. This implementation runs in ti@é(max, {r,}>n logn + max,{r,}?nlog”n). Here,
each vertex of the given undirected graph has an associated non-negatgral labet-,, which is usually

a small constant in practice, and the aim is to choose a tiolleof edges of minimum cost so that each pair
of verticesv, w hasmin{r,, r,,} edge disjoint paths.



We also have an algorithm with expected running ti{e:+nk?) for constructing a partial Gomory-Hu
tree with parametek,* and, by [HKP07], an algorithm with expected running timén + nk?) that splits
a given subsel’ C V of even cardinality into two odd cardinality components end¥: is the cardinality of
the cut.

1.4 Roadmap

Section 2 describes preliminary results needed for ourritig. In Section 3, we very briefly review
Gabow’s global connectivity algorithm. In Section 4, weeagan outline of our Steiner connectivity algo-
rithm. This algorithm has many different steps and proceslugection 5 provides invariants and definitions
of some key objects in the algorithm, defines input-outpatratteristics of each procedure, and shows that
these procedure do indeed maintain the invariants. Ddtpilecedure descriptions appear in Sections 6, 7
and 8. The Gomory-Hu tree algorithm is presented in SectioRifally, we conclude and outline some
possible directions of future work in Section 10.

2 Preliminaries

The following theorem shows that Eulerian directed grapitsundirected graphs are equivalent from the
perspective of cut sizes.

Theorem 6. An Eulerian directed grapld’ can be converted to an undirected graghsuch that each cut
in G’ is exactly twice the corresponding cutd@ Similarly, a undirected grapld can be converted to an
Eulerian undirected grapld’ such that each cut i’ is exactly the same as the corresponding cu®in

Proof. Ignoring directions in an Eulerian directed graph yieldsiadirected graph where each cut is exactly
2 times the value of the corresponding cut in the origina@atied graph. And converting each edge in an
undirected graph into two edges, one in each directiondyiah Eulerian directed graph where each cut has
exactly the same size as the corresponding cut in the ofigiaph. O

Unless explicitly stated otherwise, we assume Euleriagctid graphs in the description below.

The following theorems help justify compression of smalisgiie., they help show that bigger cuts can be
found correctly even after compressing smaller ones.

Fact 1 (Submodularity of cuts)If A and B are two subsets of vertices @dand (X ) represents the size of
the cut(X,V \ X), thend(A) +6(B) > §(AN B) + §(AU B).

Theorem 7. If (S, V' \ S) is a minimums-¢ cut in G and for some pair of vertices, v, u,v € S, then there
exists a minimuna-v cut (S*, V' \ S*) such thatS* C S.

The following theorem helps prune the number of edges in thplg

Theorem 8. Given an undirected graply with n vertices andn edges, an ordered collection of forests
satisfying the following condition can be constructedifm + m) time:

e Every edge is present in some forest.

A partial Gomory-Hu treewith parameterk is a contractedGomory-Hu tree where all edges with weight more thaare
contracted.



¢ If a pair of vertices is not connected in a particular forelten the pair is not connected in any
subsequent forest. Consequently, at léasiges from each cut of cardinality 7 are present among
the firsti forests.

Theorem 8 can be used to improve the running time of our dtguaras follows. Our algorithm builds
directionless trees sequentially building one directigaltree at a time. To build ti¢h tree, we can restrict
the set of edges to those in the fikssNagamochi-Ibaraki forests. By Theorem 8, the fitdorests have
O(nk) edges and all cuts of siZeor smaller are preserved. Also note that while the above¢ineds stated
for undirected graphs, an analogous fact holds for Eulaligetted graphs by Theorem 6.

3 Gabow's Algorithm for Global Connectivity

Recall from Section 1 that Gabow'’s algorithm [Gab95] is lolbse Theorem 2 which involves constructing a
sequence of edge-disjoint directionlesspanning trees. These directionless spanning trees astrected
one at a time. Given the firét spanning tree§, ..., Ty, thek 4 1th treeT}; is constructed in several
rounds. T} is built from a forest initially comprising: singleton vertices. Overloading our notation, we
name this forest}. ;. Each distinct tree in this forest is called@mponent

Each round in the construction process run®im + m) time and reduces the number of connected
components in thé + 1th forestT}, by at least half, leading to an overall time@f(n + m)logn) per
tree. By Theorem 8, the time to buil}, 1, is O(nklogn + m). Gabow’s algorithm needs to buito+ 1
trees, where is the global min-cut (the algorithm aborts before buildihg last tree); the total time taken
is thusO(nc? logn + m).

Any particular round begins with several connected comptmeach of which has exactly odefi-
cient vertexi.e., a vertex whose total in-degree’fin. . . T, 1 is k (all other vertices have in-degrée+ 1
in Ty ...Tx11). Each of these connected components gets processed irodnid. Consider one such
componentC'omp with a deficient vertex.

Closure Computation. Gabow’s algorithm now computes the minimum 8étcontaining edges satisfying
at least one of the following properties:

e Seed:eisunusedi.e.,e ¢ T ... Ty 11, and is directed into.

e Swap: e is in one of7; ... Ty1 and is in the fundamental cycle formed by some efige M with
respect to that tree.

e Incidence:e ¢ Ty ... Ty and is directed into a vertex into which some other edg¥irs directed.

Clearly, computingV/ needs alosure computatiomalgorithm, and Gabow shows how to perform this effi-
ciently, i.e., in time proportional to the number of edged gartices involved inV/.

Transformation Sequence.Note that implicit in the closure rules itemized above isititent to identify

a transformation sequence, i.e., a sequence of rearrangemaethe trees where edges are moved across
trees and an edge connecting components is freed for adwifg {. A transformation sequence féfomp
maintains ondree edge with it at any point of time; it then uses this free edgettiain another via specific
operations. An unused edge directed into the deficientxerserves as the initial seed free edge. A swap
adds a free edge to a tree and frees a tree edge from thengdultidamental cycle. An incidence takes
a free edge (either the seed edge or one obtained after a andpgplaces that edge with another edge
directed into the same vertexnow becomes a free edge, available for future swaps. It withle case that



e will be derived from the pool of what are callediusededges, i.e., those which were outsile. . ., Ty 11

to begin with. Note that the above transformations preserdegrees of vertices in the trees plus free edge
combined. These operations go on until the free edge at hamoectsComp to another component in
Tes1-

Closure Outcomes.Gabow shows that the closure algorithm above has one of tasille outcomes.
e Either there exists a transformation sequence which casigenp to another component ifj. ;.

e Or the set” of vertices into which edges df/ are directed occucontiguouslyin 7 ... Ty, and
further, C, V' — C actually forms an-cut of sizek.

In the former case, the algorithm has made progress towaddging the number of connected components,
and in the latter case, the algorithm terminates and cladwats’t is the global min-cut, of sizé.

The Global Min-Cut. Of critical importance is the proof th&t forms anr-cut of sizek. This proof is
based on the following facts.

e Each vertex inC' other thanv has in-degreé: + 1 in 7} ...7T;,1 and vertexv has in-degreg: in
Ti...Thyr.

e Vertices inC' occur contiguously in each @f, ... Ty 1.

e Edges notirly ... Ty but directed into a vertex i@’ lie completely withinC'. Thus, edges directed
intoC' fromV — C mustall be inT; ... Ty .

An easy consequence of the first two properties is that tleegree ofC' in 77 ... Ty, 1 is at mostk. The
third property ensures that the in-degree(diin the whole graph is also at most And an analogous
counting argument shows that there are no cuts ofisizel, soC' is indeed a min-cut.

4 Outline of the Steiner Connectivity Algorithm

In this section, we give an outline of our Steiner connegtigigorithm. As discussed earlier, this algorithm
generalizes Gabow’s global connectivity algorithm whicmswlescribed in the previous section. Throughout
this section and the subsequent detailed description ddltwithm,G = (V, F) is an Eulerian directed
graph withn vertices andn edges. LetS denote the set of terminal vertices whose Steiner contigctie
are interested in finding. We start with Gabow’s algorithray,3he algorithm buildg trees with root vertex
r € S and is now working o} 1. By Theorem 8, we assume that= O(nk) while building T} ;.

As before, we run several rounds, at the end of whigh; is constructed. Consider a particular round.
As earlier, for each componettomyp in Ty, 1, the goal of this round is to modify the trees in such a way
that Comp gets connected to some other component. To this effect, w&abow’s closure computation
algorithm onComyp with all unused edges directed into the unique deficienexdrt Comp asseed edges
Suppose this closure computation gets stuck in a closur€'.séthis implies a cu{V — C,C) of sizek
and Gabow’s algorithm quits at this point returning this@sithe global min-cut. In contrast, our algorithm
will need to continue further it C V' — C' (because the cut found above does not slitit follows from
Theorem 7 that there exists a minimum Steiner(¢0tV — X)) such that the entire sét is present on one
side of the cut, i.e’ € X orC' C V — X. Thus for the purpose of finding a minimum Steiner cut, we can
henceforth regard the entire sétas a single vertex.



Black Vertices and White Vertices. We contract all vertices i’ into a single vertex: (we will call
such contracted verticddack verticedo distinguish them from other original uncontracted \e&s$i which
we callwhite vertice} all further computation happens on this new graph withdiewertices. The trees
T1,...,Ty+1 will need to be modified to reflect this contraction: this sigut to be straightforward because
of the contiguity property, i.e., all vertices @i occur contiguously in each tree.

Once the trees have been modified to reflect this contractierrun into our next challenge, namely,
how to continue the algorithm? More specifically, the isshat the vertex has justt edges directed into
it and therefore can never achieve in-degkee 1 in the trees. So we cannot complete building tfée;
while satisfying the invariant that each vertex has in-de@r+ 1, as required in Gabow’s algorithm. Thus
the in-degree invariant has to be relaxed doiSoc is not going to be a regular vertex like other vertices;
however our algorithm cannot ignoreand the edges incident an since these edges could contribute to
the connectivity between pairs of verticeslin— C. We need a new operation on all occurrences of
T1,...,T41 to be able to retain in a special way so that we can continue to run the tree carstrualgo-
rithm. Our crucial idea here is an operation calEgree-balancinghat we will perform on all occurrences
of c. We describe this below.

U8
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Figure 1: A degree-balanced tree.

Degree Balancing.Note thatc hask-+1 occurrences and in-degréever all trees. Also note that this leaves
no unused edge directed intpi.e., all edges directed intoare used {1, ..., 7. 1. We rearrange edges
within the treeslt, ..., Ty 1 So that all occurrences of vertexhave degree at most 2 (see Fig. 1, where
b1, bo andbs are black vertices); the procedure which achieves thislisccthedegree balancingrocedure
(this procedure uses the Eulerian nature of the graph). grbisedure could create multiple occurrences of
a black vertex within the same tree, but the total number ofimences and total in-degrees will still be
preserved. Note that this is simply a rearrangement of edigegraph itself doesn’t change.

We always maintain that only white vertices can have degree ®ore in the trees. The need for
this degree at most 2 criterion for black vertices will beecapparent in our modified closure computation
procedure below. But note that this idea is akin to splitiifige (pairing an incoming edge incident envith
an outgoing edge to create a new superedgevitually disappears from all future computations), butrwi
a notable difference that we allow incoming edges to paihwdch other and likewise for outgoing edges.
This operation can be considereddigectionlesssplitting-off of the vertexe, in the same spirit vis-a-vis
splitting-off as Edmonds’ Relaxed Theorem (Theorem 2) ielation to Edmonds’ Theorem (Theorem 1).



SuperedgesAfter degree-balancing, edges in the trees can be orgamitesuperedged.e., paths starting
and ending at white vertices and carrying only black vesticgernally. For instance, in Fig. 1h;v; is a
superedge, as are», rvsg, anduv,bobsvy. Paths that lead from a leaf black to their nearest white sioce
are calledpartial superedgese.g.,bsvg, b3vi. We use the ternsuperedgdo emphasize that these play
essentially the same role in our algorithm that edges do @& global connectivity algorithm.

Figure 2: A seed superedge.

Seed SuperedgegOur next challenge is to continue the task of connectifagnp to another component in
Ti+1. The sole deficient vertex i'omp is now part ofc andc has no unused edges directed into it to serve
as seed edges to start another closure computation. We bhaowrte of the following two cases occurs
nNow:

e Either,Comp comprises only the black vertexin which case we just discaomp. This leaves:
occurrences of in the trees with each occurrence having degree 2 or lessptaidn-degree over all
occurrences equal fg and we need to do nothing more ©©omp.

e Or, Comp comprises vertices other thanSincec occursk+ 1 times in the trees with each occurrence
having degree at least 1 and at most 2, and sinftas degre@k in the current graph, there exist 2
leaf occurrences of in the trees. Each leaf occurrence has an associated mantiafedge leading
to its nearest white ancestor; we remove these two partdredges from their respective trees and
combine them together as shown in Fig. 2 to yield a new supereWe call this superedgesaed
superedgeas we will see shortly, it plays the role of a seed edge in #w nlosure computation
process. This leavesoccurrences of in the trees and the seed superedge taken together, with each
occurrence having degree 2 or less, and total in-degreeath@rcurrences equal ta

In the former case, we are done wiffomp as it no longer exists. In the latter case, if one or both white
endpoints of the seed superedge are outSlderp thenComp can be connected to other component(s) in
Ti11 by re-pairing edges incident on the black vertex in quesfsse Section 6.3 for these details). The
problem case is when both the white endpoints of the seedelgre belong td’omp. In this case, we use
this seed superedge to start the next closure computatimegure inC'omp, as described below.

Extended Closure Computation. Summarizing, our extended closure computation procedasetdideal
with the following two cases od'omp. The first case is whefi'omp contains a deficient white vertex
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w (sow has in-degreg: in the trees). In this case, unused edges directedunserve as the seed edges
for closure computation. The second case is when there igfideant vertex inC'omp but there is a seed
superedge with both white endpointsGlemp; this path starts the next closure computation. Fig. 3 captu
this situation, illustrating that during a round each comgrt of the current tre€j,,; (except the one that
contains the root) is either in deficient vertex case or the seed superedge case

the current foresty, .,

Figure 3: During a round, every componentlQf, ;, except the one containing is in one of these 2 cases:
seed superedge case/deficient vertex case.

seed superedge case
deficient vertex case

Gabow’s closure computation procedure runs into the fatigwproblem in this new setting with black
vertices and white vertices. A black vertex Haer fewer occurrences and hence does not appear in every
tree. This causes a fundamental problem in Gabow’s rounid saveme. We solve this problem by using
superedges instead of edges for most part; since superkdgesvhite endpoints and since white vertices
are present in every tree, we no longer run into the problemtioreed above.

However, working with white endpoints of superedges alorgignoring the intervening black vertices
leads to another problem. When Gabow'’s closure computatiocedure ends by getting stuck in a closure
set B, we can no longer claim thd@® constitutes &-cut in the original graph. The reason why we cannot
make this claim is because of lack of contiguity: white ve&$ inB are contiguous in the trees but once
the intervening black vertices are brought into play as vikits contiguity breaks down. To actually claim
that the closure seB is a k cut, B will have to be closed over the black vertices as well, i/&.must
be a set of white vertices and black vertices such that in &aeh the occurrences of the white vertices
in B and the (possibly multiple or zero) occurrences of the blaakices inB must be contiguous. This
property cannot be ensured by the swap and incidence ruas.alWe will need an additional rule called
the materule which essentially performs re-pairing on edges inaide black vertices. While the swap
and incidence rules work on superedges and ignore blackegrtthe mate rule considers black vertices
with the intention of revising the pairing of edges that wef@ened during degree balancing. This revision
results in the creation of new superedges from existing aseshown in Fig. 4. With this, we will be able
to show that any resulting closure detis indeed ak-cut in the graph and therefore verticesihcan be
contracted to a new black vertex for all future computation.the other hand, if the above extended closure
computation procedure identifies a connecting superedgeyjilvshow that there exists a sequence of swap,
incidence and mate operations which will release a conmgstiperedge enabling its additionfp, ;, and
consequent reduction in the number of componeni;in .

The Whole Algorithm. Now we are ready to bring together the above elements intorglede algorithm
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Figure 4: A Mate Operation; 2 superedges with a common blaate to yield two new superedges

(see Algorithm 1). We start with treds, . . ., Tj,+1 with T}.; having connected components each of which
has a deficient vertex (except the component containingotbitery. We now run several rounds, where each
round reduces the number of connected componeris. in by a constant fraction.

The algorithm for a round performs extended closure contipumis and degree balancing steps on the
various components i, ;. A particular component may have to go through severaltitera of closure
computations and degree-balancings; each such iteraiibid@ntify a new k-cut and create a new black
verteX, degree-balance that vertex, and identify a new sepéredge for the whole component. When this
sequence of iterations terminates for all components, Wéevieft with the task of performing a sequence
of swap, incidence and mate transformations to actuallyassl appropriate superedges and add them to
T+1 So the number of componentsi,; reduces by a constant fraction. And if any of theuts found
above splits vertices i then we are done.

Note that the above procedure will be performed on all coreptsconcurrently and therefore we need
to ensure that the components do not interfere with eachr.otlés will require that the degree-balancing
steps and the steps for executing the transformation sequmnsplit into two parts. The first part will work
purely within the component and can therefore be performeependently for each component. The second
part will involve interference across components and véliperformed by a global procedure which takes
all components into account. For degree-balancing, weluadle two parttocal andglobal respectively.

Algorithm 1 Overall sequence of steps in a round.
for each componen®omyp sequentially in arbitrary ordeto
1. Initialize Seed(Comp) to the seed superedge fGlomp, if one exists, and otherwise to the set of
unused edges directed into the deficient vettar Comp.
repeat
2. Runextended closure computati@m C'omp with Seed(Comp) to obtain a new closure sét.
OutputB if B intersects witht, the set of terminal vertices whose Steiner connectiviily ggiestion.
3. Compress3 into a new black vertex and perform local degree-balancmg@ oesulting in a new
seed superedggeed(Comp).
until either closure computation aborts before a new closuressieiuind or local degree balancing
aborts because degree balancing requires going outsitdey
end for
4. Performglobal degree balancingpr all component<”omyp for which local degree balancing aborted
above, resulting in a new seed superedged(Comp) for each such componettomp.
5. For each componeigtomp, runextended closure computatiaith Seed(Comp).
6. Use the running trace of Step 5 to identify transformatiequences for each componéhimp, and
execute these transformation sequences for a constatibifraxd the components to reduce the number
of components i, by a constant factor.
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5 Algorithm Details

We now describe details, list out invariants and provideofs@f correctness and complexity. Section 5.1
lists out the invariants. Section 5.2 defines closure setsdlty and shows that the cut output by Algorithm 1
is indeed a Steiner min-cut, provided the invariants holecti®n 5.3 defines transformations that we will
perform in Step 6 of Algorithm 1 and shows that these tramséions maintain the invariants. Section 5.4
then describes input-output characteristics of our keygulares, extended closure computation, degree
balancing, and transformation sequence identificatiod stwows that each of these maintains the invariants
as well. Section 6 describes details of degree balancingfjdde7 describes details of extended closure
computation, and Section 8 describes details of obtaimargsformation sequences.

5.1 Invariants and Some Useful Properties

We first define our key invariants.

(1) Each connected componetivmp of Ty, (other than the one containing the root vertgxontains
at most one deficient white vertex whose total in-degrée 16no such vertex exists, theflomp has
an associated seed superedge with both white endpointe ifisimp.

(2) A white vertex occurs exactly once in each of the trégs .., Tj .

(3) A white vertex (other than) has total in-degree eithéror k4 1 in the trees and seed superedge taken
together.

(4) Each black supervertéxhas both total number of occurrences and in-degree eqaa(ip(the edge
connectivity ofb in G) in the trees and the seed superedges taken together, @ttgre. k. Note that
a black supervertex could have more than one occurrencegeeand does not contain the reot

(5) Each occurrence of a black vertexiip, . . ., Ti+1 has degree at most 2, and all degree 1 black occur-
rences are ifj.

Superedges and Partial Superedge®ecall from Section 4 that edges’n, ..., Ty are organized into
superedges (white to white with only blacks internally) gadtial superedges (white to leaf black).

Unused EdgesThese are edges in the graph that are outsidg of. . , 7., 1 as well as the seed superedges.
Note that all subsequent references to the temused edgecfer to edges which amiginally unusedi.e.,
outside of71, ..., T, to begin with. As we perform tree transformations, unusegesdtould enter the
new transformed trees; nevertheless we will still refehiese edges as unused edges. As we show below,
an unused end must be directed into a white vertex; in addigach unused edge with black endpéihas

an associated leaf occurrencebah 77, ...,7T;4+1. Clearly, we can move the partial superedge associated
with b across trees without violating Invariants 1-4 and the figst pf Invariant 5; hence the second part of
Invariant 5, i.e., without loss of generality, we assume tmdy tree7; has black leaves in it.

Lemma 1. Assuming Invariants 1-5, every unused edge is directedsimtbite vertex.

Proof. We need to show that every edge directed into a black veértexpresent in the trees. Invariant 4
says that every black vertéxhas in-degree in the trees equal to its edge connectivigy; &hat is, the cut
(V — B, B) was discovered while building; ; and the seB got contracted to the black vertéx So there
are exactly; edges from vertices df — B directed intob. As per Invariant 4, all theseedges intd are
present in the trees. Thus there is no unused edge diredtebl iAs this is true for any black vertex it
follows that every unused edge is directed into a white xerte O
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Lemma 2. Assuming Invariants 1-5, the number of leaf occurrencesgftdacksd in 71, ..., Ti+1 equals
the number of unused edges with endpdinso there exists a one-to-one mapping from the set of leaf
occurrences ob to the set of unused edges incidentbon

Proof. Let i be the edge connectivity of a black vertexThen Lemma 1 tells us that the in-degree afi
the graph is equal to its in-degree in the trees, which(s/ Invariant 4). Since the graph is Eulerian, the
total degree ob is 2i, since its in-degree- out-degree= i.

Also, the number of occurrencestpin the trees ig (by Invariant 4) and each occurrence is either a leaf
occurrence or a degree 2 occurrence (by Invariant 5). Let the’ leaf occurrences dfand(i — ¢) degree
2 occurrences df in the trees. Then the number of edges incident omthe trees ig + 2(i — ¢) = 2i — ¢;
thus are2; — (2i — ¢) = ¢ unused edges incident énHence the number of leaf occurrendesf b equals
the number of unused edges with endpaint O

5.2 Closure Sets and Correctness of Steiner min-cut

The goal of this section is to define closure sets precisedgufing Invariants 1-5 hold, we also show that
if Algorithm 1 terminates in Step 2 by finding a closure gktontaining a white vertex fron§, thenB is
indeed the desired Steiner min-cut.

Closure Set.Given a component'omp in Ty 1, a closure set fo€' omp is the minimal collection of black
and white verticed3 with the following properties:

e B contains both white endpoints and all black vertices in tedssuperedge, if one exists, and the
white deficient vertex it omp, otherwise.

B does not contain the root

All of B’s white vertices are i€’ omp.

For all treesT;, vertex occurrences ifi; of vertices inB are contiguous.

¢ All unused edges directed into verticesirhave both endpoints ifs.

Definitions. In the description below, the terourrent graphdenotes the graph in which some vertices have
been compressed into black vertices, as opposed tridfi@al graphwhere this is not the case. For any set
of verticesB in the current graph, we define the numbercohtiguous regiongor B as follows. Consider

the graphR formed by the tree§7, ..., 7,11 plus the seed superedges for all components, and consider
the subgraph induced by vertex occurrences correspondimgrtices inB. The number of connected
components in this subgraph is the number of contiguousmsedor B.

Lemma 3. Consider any subset of verticés not containing the root. Letx denote the number of con-
tiguous regions for3, y the number of deficient white verticesi) and z the number of seed superedges
which are completely contained within a contiguous regidasuming Invariants 1-5, the in-degree®in

R is exactlyr — z — y. Further, if B contains at least one white vertex ther- z — y > k.

Proof. Let o denote the total number of occurrencesiirof vertices inB. Each non-deficient white i3
has in-degreé + 1 and occurs: + 1 times, each deficient white iR has in-degreé and occurs: + 1 times,
and each black has in-degree equal to its number of occaserf®o the total sum of vertex in-degrees in
B is o — y. Edges completely withirB contribute total in-degree to the tune of— z less tharv (each
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contiguous region contributes a deficiency of 1 but each sepdredge within a contiguous region offsets
this by 1). Subtracting this internal in-degree from the safim-degrees of individual vertices i, we get
that the in-degree aB in Rmustbe(o —y) — (o — (z — 2)) =2 — z — y.

If B has at least one white vertex ther> k + z + y, where the first term comes from treéés ..., T}
and the last fromY, . The lemma follows. O

Lemma 4. Assuming Invariants 1-5, properties 1-4 of a closure Bamply that B has in-degree in R
and well asintree§’1,...,Tk11.

Proof. Let B be a closure set in a componeribmp. Property 1 and 4 imply that = k + 1. Property 3
implies that eitheez = 1,y = 0ory = 1,z = 0. Since property 2 holds, we can invoke Lemma 3; the first
part of the lemma follows. The second part about trees fallivam property 1. O

Lemma 5. Assuming Invariants 1-5, a closure getepresents a cut of siZein the current graph. Further,
B represents a min-cut in the current graph separatinigom any white vertex .

Proof. By Lemma 4, the in-degree @ in R is k. By property 5, the in-degree @ in the current graph is
k as well. Further, sinc# contains at least one white vertex, the second claim in tinenla follows from
by Lemma 3. O

Lemma 6. Assuming Invariants 1-5, a closure d&tepresents a cut of sizein the original graph. Further,
B represents a min-cut in the original graph separatinffom any white vertex ii3.

Proof. Clearly a cut in the current graph induces a cut of the sangeisithe original graph (simply open
up the black vertices). So the first part of the lemma followst Lemma 5.

The second part of the lemma can be seen as follows. If therdugraph comprises no black vertices
then it is identical to the original and the lemma follows. stippose there are black vertices in the current
graph, and inductively assume that each of the correspgmitisure set®’ represents a min-cut separating
r from whites insideB’ in the original graph. Then, by Theorem 7, it follows that &y white vertex,
there exists a min-cut (separatimgfrom r) in the original graph which does not split any of the black
vertices. Such a cut has a counterpart in the current graptebhof the same size. From Lemma 5, it
follows that closure seB represents a min-cut separatingrom whites insideB in the original graph as
well. The lemma follows. O

Minimal Steiner min-cuts. We define a minimal Steiner min-cgB,V — B) in the original graph as a
Steiner min-cut for which there exists a terminal vertesuch thatt € B, r € V — B, and in addition, no
proper subset oB containingu is a Steiner min-cut.

Lemma 7. Let k denote the value of the Steiner min-cut. A@BtV — B) is a minimal Steiner min-cut
in the original graph if and only ifB appears as a closure set while constructifig,; and B contains a
terminal white vertex.

Proof. First, suppose3 is a minimal Steiner min-cut and letbe the associated terminal vertex. Then
must become part of a closure d&twhen constructing some tree in Algorithm 1. By Lemma 6, thee t
must beTy., 1, otherwise the min-cut separatimdrom r in the original graph will not b&. Applying 1 and
the minimality of B, we can conclude thd = B’. That shows one side of the lemma.

Second, suppos8 appears as a closure set while construcflijg; and it contains a terminal white
vertexv. By Lemma 6,8 is a Steiner min-cut in the original graph. It remains to smoiwimality. Consider
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any subsef3’ of B containingv. By the definition of a closure sef is the minimal set which satisfies
properties 1-5. S®’ violates at least one of these 5 properties (in particulae, af properties 1, 4 and 5).
We show thatB’ must have cut size at ledstt 1.

If B’ violates only property 5, then Lemma 4 says tBatwould have in-degreé in the trees plus at
least one additional in-degree outside among the unusesbe@g supposB’ violates either property 1 or
property 4. Recall the parametersy, z from Lemma 3. Note that > k + 1 because < B. If B’ violates
property 1, theny = z = 0andx —y — z > k + 1. And if it violates property 4, them > k + 1 andy + =
can contribute at most 1, s0— y — 2z > k + 1. So B’ must have cut size at least+- 1 in R, and therefore
in the current graph, and therefore in the original graph el w O

5.3 Transformation Sequences

We are given a collection of treds, ..., Ty, satisfying Invariants 1-5 and a collection of components
Compy,...,Compy in Ty +1. Each component either has an associated seed superedgeli@caon of
seed edges; in the latter case, all these seed edges aredlirgio the same vertex. We now define a
transformation sequender this collection of components as follows. These will be sequences applied
in Step 6 of Algorithm 1.

We start witheq, ..., e, each denoting either the seed superedge, if one existgaotiye one of the
seed edges for their respective components, otherwisanaformation sequence is defined as any sequence
comprising only the operations listed below and satisfyheyfollowing additional properties.

e Each of these operations results in some tree modificatidnile wpdating one or two of the’s.
e Eache; is either a superedge or it is an edge directed into a whitp@ntdin Comp.
¢ At least one white endpoint ef is in Comp.

e Thee;'s arefreg i.e., outside of the current trees obtained from the oailgimes via already executed
transformations (contrast these from unused edges, whicfree initially but need not stay free as
these transformations happen).

The eventual goal of defining a transformation sequencerisdoce the number of connected components
in Ty, by a constant fraction while maintaining Invariants 1-5.

Transformation Operations. The transformations listed below include swap and incidesmerations (as

in Gabow's algorithm (see Section 3) along with mate or reima operations illustrated in Fig. 4. In
fact, the operations listed below could be combinationhe$¢ operations, i.e., a mate followed by a swap
etc. In addition, there are operations which combine aglastiperedge in a tree with an unused edge (see
Lemma 2) to create a new superedge.

1. Swap: Swap-in a superedgeg into some tree and remove a whole superefigea single edg¢ directed
into a white vertex from its fundamental cycle; the swappatsuperedge/edge is the new

2. Mate-Swap: Mate superedge; with a superedg¢g in some tree as shown in Fig $.must not be in the
fundamental cycle of; and must share a black vertex with Mating results in two new superedges, both
of which are added to the tree in question. From the resuftingamental cycle, swap out either a whole
superedge or one edge directed into a white vertex from aendwgeredge. This resulting edge/superedge
replaces;.
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Figure 5: Operation 2: The first figure is before the operatgrerformed, and the second shows two cases
after the operation is performed, namely, only an edge &ifar a whole superedge is freed.

3. Incidence: Replace the given edgs directed into white vertex, say, with another edge outside of
Ty ...T, andey, ..., e, directed intow.

4. Mate: Mate two superedges, ¢; as shown in Fig.4; they must have a black vertex in common.

5. Join: Consider an edge; with black endpoinb and suppose one of the trees has a leaf occurrence of
(such an occurrence is indeed mandated by Lemma 2). Pulheytartial superedge associated witiind
append it to edge; to obtain a new superedge

6. Join-SwapConsider an edge with black endpoint and suppose one of the trees has a leaf occurrence
of b (such an occurrence is indeed mandated by Lemma 2). Swajinto this tree such that its endpoint

is identified with the above leaf occurrence; from this fuméatal cycle swap out either a whole superedge
or one edge directed into a white vertex.

7. ConnectConsider a superedgg which has one white endpoint lomp;, 7 # ¢ (recall one endpoint
must always be iComp;). Then adde; to T, 1 and combine the two components to yield a new set of
componentse; becomes the associated superedge/edge for the new corhponen

Lemma 8. The set of modified tre€s ... Ty, ande;’s resulting from a transformation sequence satisfy
Invariants 1-5 (assuming Invariants 1-5 hold to begin witldassuming operation 7 does not apply for any
edgee; at the end of the sequence).

Proof. Invariant 2 and the first part of Invariant 5 are easily sedmoild. The last part of Invariant 5 is vio-
lated though, but it is easy to sweep all leaf black occueemato?; in O(nk) time after all transformations
are done.

We show Invariants 1, 3 and 4 below. We need the following teofogy first. Let denote the initial
pool of superedges/edges at the beginning of the sequence, andJetlenote the subset that comprises
superedges. Lef denote the initial pool of trees. Lét, S’ and and7’ denote their final counterparts at
the end of the sequence. Nafes exactly the set of seed superedges initially, &nds the counterpart at
the end of the sequence.

An exploration of the above operations shows that in-degined U £ are identical to in-degrees in
7' U &', and the number of black vertex occurrence i S is identical to that i’ U S'.

Now, Consider Invariant 4. Note that in-degrees of black% in £ equals that ir/” U S, and likewise
in-degrees of blacks if’ U £’ equals that ir7’ U S’ (because edges th— S are directed into whites and
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likewise for&’ — S’). Thus both in-degrees and black vertex occurrencé&sinS are identical to those in
7' U S, Invariant 4 follows.

Finally, consider Invariants 1 and 3. The in-degree of ealsitenn 7 U £ is k + 1. Therefore, the same
holds for7” U £’. Now consider7’ U §’. Each component with associated edgé€’in- S’ has exactly one
vertex with in-degreé in 7' US’; all other whites continue to have in-degiee 1in 7'US’. Superedges in
S’ have both endpoints within their respective componentsaliee operation 7 does not apply any more).
Invariants 1 and 3 follow. O

Component-Specific Transformation Sequenceg\ transformation sequence specific to comporiest:p;

is one in which onlye; changes and all other;’s stay the same. The eventual transformation sequence of
interest will comprise individual component-specific selees for each component (as in Section 8.1.2)
followed by a portion where multiple;'s could change simultaneously (as in Section 8.3.2).

5.4 Key Procedures

Next we define input-output characteristics of our 3 key pdures. Details of each procedure appear in
subsequent sections. We need the following definitions first

Definitions. Given a set of black and white vertices, let || X|| denote the number of edges with both
endpoints inX. Letw(Comp) denote the number of white verticesGromp.

Extended Closure Computation (Steps 2 and 5)Extended closure computation will process each com-
ponentC'omp independently in arbitrary order, it results in the follagioutcomes.

e Either it identifies a new closure sBtin Comp.

e Or, in the event that new closure sets are not identified incdirifie components, it guarantees the
existence of a transformation sequence (see Section &aBjetiuces the number of components in
Tk+1 by a constant fraction.

In the former case, the time taken by this procedur@(8B|| + k) for componentComp. In the latter
case, the time taken by this procedur®ig:k) over all components. Note that closure computation makes
no changes to the trees so the invariants stay unaffectadilaf extended closure computation appear in
Section 7.

Local Degree Balancing (Step 3)Given a component'omp and a new black vertec,,,, in Comp, this
procedure does one of two things.

e Either it determines that there are no more closure set®inp. The total time taken in this case is
O(w(Comp) x k).

e Or,

— First, it rearranges edges amongst the trees so every encarofbc,,,, has degree at most 2
and leaf occurrences stayfi. Note that every unused edge stays unused in the process.

— Second, it reduces the number of occurrencelsgf,, by 1 and identifies and releases a seed
superedge fo€ omp by joining together two partial superedges associatedledthoccurrences
of bcomp. This seed superedge is guaranteed to have both white ertsljpo omp.
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— All changes made td@}, are withinComyp, i.e., the connected componentsTip,; stay the
same.

If another closure seB’ is discovered subsequently Flomp (while running closure computation
initiated by the seed superedge obtained after degreediadpbr..,,,), then the time taken by the
local degree balancing step féis O(w(B’) = k), wherew(B’) is the number of white vertices in
B’; otherwise it isO(w(Comp) * k).

Details of local degree balancing appear in Section 6.2.

Global Degree Balancing (Step 4)Given a collection of components and given a new black veiigx,,
in each such componetitomp, this procedure does the following:

e First, it rearranges edges amongst the trees so every eacerofbc,,,, has degree at most 2 for
every componenComp and the number of occurrences &f,,,, reduces by 1. Note that every
unused edge stays unused, and a sirojflek) time pass at the end moves all leaf black occurrences
toT;.

¢ In the above process, it reorganizes componerifs._in but guarantees that the number of components
in Ty 11 only decreases in this step.

e Next, for each resulting componefibmyp’ in Ty, 1, it releases a seed superedgeoimp’; this seed
superedge is guaranteed to have both white endpoirii®inp’.

e Finally, for each resulting compone@omp’ in T 1, it guarantees that there is no closure set inside
Comp'.

The total time taken by this proceduregnk). Details of global degree balancing appear in Section 6.3.

Lemma 9. Local and Global degree balancing maintain Invariants 1asguming Invariants 1-5 hold to
begin with).

Proof. Local degree balancing in a componémmyp in Tj,1 arranges edges incident on a black vettex
discovered inC'omp so that there are exactlyoccurrences ob after this degree balancing step and each
occurrence has degree at most 2. No component othertharp is affected by this step. Now we will
show that Invariants 1-5 are maintained by this step for tmeponentComp.

1. Local degree balancing identifies and releases a seeteggpeforComp. Thus Invariant 1 is main-
tained.

2. The local degree balancing algorithm rearranges edges@the treeq?, ..., T;1 by taking edges
(w, b) incident on leaf occurrences bfand moving them to trees whebdas high degree. No white
vertex w is moved by this step, hence each white vertex occurs exaottg in each of the trees
T, Ty

3. As local degree balancing only rearranges edges amorigettgeand creates a seed superedge, local
degree balancing retains the total in-degree of each whitex in the trees/seed superedge. Thus if
each white vertex (other thar) has total in-degree eithéror k& + 1 prior to local degree balancing,
then this is true after local degree balancing.
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4. Invariant 4 (the total number of occurrences and the totalegree of each black vertex in the
trees/seed superedge) is retained for every black vertex thianb, as local degree balancing only
rearranges edges among the trees/seed superedge. We raw show that Invariant 4 is maintained
for b also.

e There are totallyk + 1 occurrences ob currently (one in each of the tre€s, ..., T;.1). If
Comp = b, then this component is dropped frdfj, 1, then there are exactly occurrences of
b in the trees henceforth. fomp has vertices other than then a seed superedge is created by
joining two partial superedges edges. Thus two occurreotgsre merged into 1 occurrence,
this results in exactly occurrences in the trees/seed superedge.

e The total in-degree df in the trees is equal th and after rearrangement of edges in the trees
and creation of seed superedge, it follows that the totdegree ob in the trees/seed superedge
is equal tok after local degree balancing.

5. Local degree balancing ensures that each occurrencédhe trees has degree at most 2, no other
black vertex occurrence is affected by this step, and @hlyas black leaf occurrences. Thus, the first
part of Invariant 5 is maintained.

Global degree balancing works across different comporardghis step also rearranges edges incident
upon each maximal black vertex whose degree needs to bdlamdkis step so that every occurrence of
this vertex has degree at most 2. It follows from argumemtdlai to the ones given above for local degree
balancing that Invariants 1-5 are maintained by this step. O

Identifying and Executing Transformation Sequences (Step5 and 6).Given a collection of components
in T4, with the guarantee that each such compor@aitnp contains no closure sets, this step does the
following:

e First, a constant fraction of the components are identified.

e Transformation sequences are determined for each of thesemr components in such a way that the
sequences for the various components can be executed imayily in an arbitrary order (so per-
forming transformations for one component does not rermaeisformations for another component
invalid).

e Transformation sequences for the chosen components arexeeuted resulting in the number of
components i1 going down by a constant fraction.

Details of executing transformation sequences appeardtidde8. The time taken by this procedure will be
O(nk).
5.5 Correctness and Complexity

Lemma 10. Invariants 1-5 hold at the beginning of Algorithm 1 and at @mel of each step in Algorithm 1.

Proof. Recall treed1, ..., T} are constructed one by one, and for each tree there are lseverations of
Algorithm 1. At the beginning of the algorithm, when all wevhas 7} with each component ifi; being
singleton, the invariants clearly hold with= 0. So after constructindi, . .., T, and while constructing
Tk11, let us assume the invariants hold at the beginning of aqudaiti invocation of Algorithm 1, and show
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that they continue to hold after each step. Lemmas 10 and A& #tat the steps local degree balancing,
global degree balancing, and executing transformatiomiesgmps maintain Invariants 1-5. The extended
closure computation step does not modify any trees. Thuwmiaws 1-5 hold at the end of each step in the
algorithm. O

Lemma 11. The total time taken for one invocation of Algorithm Liénk) = O(nk).

Proof. First consider Step 2. The time taken in an iteration of Stép(||B|| + k) if a closure sefB is
discovered; and the time taken over the last iterationsep tover all components @(nk). It remains to
account for all but the last iterations for each componemtteNhat|| B|| added up over the various closure
sets isO(m) because no edge counts in two of the closure sets (becaussuaecket is compressed to a
black vertex for future use). And the pliésadds up ta)(nk) because each closure set contains at least one
white vertex.

Let us now estimate the time taken for local degree balanci@gnsider component§€omp and
let By, ..., B, denote the various closure sets obtained in successiaidates. The time complexity is
O(Zg w(B;) x k) + O(w(Comp)*)k. This sums to t@ (w(Comp) * k) for Comp andO(nk) overall.

Global degree balancing summed over all components t@e#) time. ldentifying and executing
transformation sequences takeén + m) time over all components. Thus the time taken for a round to
constructl 1 is O(n + m). Note thatn can be bounded b§(nk) by using NI preprocessing step. Thus
the time taken for a round 9 (nk). O

Theorem 9. All minimal Steiner min-cuts for the specified terminal egrsetS with respect to the root can
be determined in tim&(mklogn) = O(nk?logn + m), wherek is the size of the Steiner min-cut.

Proof. Each round reduces the number of componenis.in by a constant fraction. Thu3(logn) rounds
are required to build tre€} . ; and as each round f@r, | takesO(nk) time (by Lemma 11), the total time
to build Ty, 1 is O(nklogn). Hence the time taken to build tre@s, . . ., 7.1 (during the construction of
T, 1 we realise that the Steiner min-cutiilis O(nk? logn). Correctness follows from Lemma 7. [

Theorem 10. Given any subseX of vertices, the minimal min-cut separatindrom the chosen roat can
be found for all vertices) € X in time O(mklogn) = O(nk*logn + m), wherek is the value of the
largest of these minimal min-cuts.

Proof. By Lemma 7, constructing + 1 trees suffices to find these min-cuts. The time taken to brelest
Ti, ..., Tei1is O(nk?logn). O

6 Degree-Balancing Subroutines

Let B denote a closure set discovered f&wmp. We contractB into a single vertex and then we degree-
balanceb, i.e. we re-distribute superedges incidenthauch that each occurrencetoi 71, . ..,74+, has
degree at most 2. Recall that once we degree-balgnee also get a seed superedge contaihitgresume
the closure computation procedure @nomp.

6.1 Decision Procedure for Selecting Degree-Balancing Stdutine

First, we need the following decision procedure to deteemvhether to run local or global degree balancing.
We consider each tre€; in which the occurrence df has degree greater than 2 and run the following
procedure.
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Consider an occurrence bin tree7; with degreed + 2,d > 0, and letuy, . .., uq12 be the other white
endpoints of the superedges incidentboin 7;. Sinceb currently hask 4+ 1 occurrences overall and total
degree2k in the treesIy, ..., T, there existd leaf occurrences of which can be uniquely assigned
to this occurrence of degrek+ 2 (see Lemma 2). We remove tliesuperedges incident on thegdeaf
occurrences from their respective trees and add theff} (oote thatb is a new black, so we call these
superedges and not partial superedges when degree bglanainprogress). Let the resulting superedges
beey,...,eqs and their white endpoints (i.e. the endpoints other thiape w;, ..., w,. Eache; causes a
fundamental cycle betweénandw; in T;. Our goal is to check whether there is any external whiteexert
on thesel fundamental cycles. We do this as follows.

We traverse upwards from each of thg's and fromb, progressing each traversal in a round-robin
manner and marking any white vertices traversed. We traventy white vertices and skip over black
vertices internal to superedges. For each traversal, wig issguccessfuif it hits a previously marked white
vertex or hitsh, and we say ifails if it hits an external white vertex. A particular traversallis when it
encounters either success or failure. The whole procedops # either all but one traversal have succeeded
or when two of the traversals have failed. In the former cdge,easily seen that all white vertices in the
above fundamental cycles are witliformp. And in the latter case, there is at least one external whittex
in these fundamental cycles.

The above procedure is run on all relevant trees. If therladise holds for any of these trees, then we
run the global degree balancing procedurebf@nd otherwise we run the local degree balancing procedure.

Lemma 12. If one of the above fundamental cycles has an external whitex; then if the next iteration of
Step 2 forComyp in Algorithm 1 were to be run, it would not find a closure set.

Proof. We will show that the seed superedge yielded by degree batahavill contain an occurrence af
And clearly, it will have a white endpoint. It follows from @perty 4 in the definition of closure sets that
any closure set fof omp will then need to contain all the;’s as well. Property 3 will then be violated.]

Lemma 13. In the event that all white vertices in the above fundamecyales are inside’omp, all of
these white vertices are inside any future closure setsAlgairithm 1 discovers it omp.

Proof. Follows as in the proof of Lemma 12. O

If all white vertices in the above fundamental cycles ar€'immp then the time taken by the above procedure
is proportional to the number of these white vertex occureen By Lemma 13, this is proportional to
w(B’) = k, if there is a subsequent closure &tfound for Comp, andw(Comp) * k otherwise. And if
there is an external white vertex in one of the fundamentelesy then the time taken is proportional to the
number of occurrences in the fundamental cycles of whitéoes fromComp, which isw(Comp) * k, as
required.

6.2 The Local Degree Balancing Algorithm

Consider the occurrence bin T; with degreed + 2 where we also addedlsuperedgess, . . ., e incident
uponb from other trees. We will match each of the edges .., e; with one of the edges incident on the
above occurrence éfusing the algorithm described below. As there@re2 + d = 2d + 2 edges incident
uponb, our algorithm maked pairs from these@d + 2 edges so that by creatinjnew occurrences df
and making each new occurrenceba degree 2 occurrence using the pairifigremains connected. Note
that the original occurrence éfalso has degree 2 (sin@€ + 2 — 2d = 2) now. ThusT; will have d + 1
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Figure 6: Local balancing black vertéxin a tree

occurrences ob now, each with degree 2. Note that the total number of ocnoe® ofb remainsk + 1 in
this processd leaf occurrences are replaced dyew occurrences ift;) (see Figure 6 for an example).
DefineCycEdg(e;) to be that neighbor (a white vertex) of b in 7; such that the superedgg, u,) is
in the fundamental cycle af;. Our traversals described are also used to compuiedg() for each of
e1,-..,€eq. FOr any traversal which terminatedtinthe correspondin@'ycEdg() is the last white vertex en-
countered beforé. For any traversal that terminated in a vertex marked, ltie correspondin@'ycEdg()
is the first white vertex encountered aften the traversal frond. Finally, for any traversal that terminated
in a vertex markedv # b, the corresponding'ycEdg() is the same a€'ycEdg(e,, ), wheree,, is the su-
peredge betweelandw. We now takee; and match it to any superedge other tfiarCycEdg(e1)); for
instance suppose we match it to the superedgey,). (Note that such a superedge always exists since at
any stage, the occurrence tpivith degree more than two has at least 2 neighbors more tleamuttmber of
e;s left.) For all those:; with CycEdg(e;) = up, we now redefin€'ycFEdg(e;) to beCycEdg(e;), and
then repeat the above procedure until all the edges ., e; are matched.

Lemma 14. The above transformations ke#&pconnected.

Proof. We use induction on the sequence of transformations. Siheeinitially connected, the base case
follows. Suppose after a set of transformatidfisis connected. Since we ensure that we do not pair the next
superedge (say;) with (b, CycEdg(e;)) whereCycEdyg() is defined according to treurrentconfiguration

of T;, T; stays connected. O

After the above procedure is completed for all occurrendéés @ach occurrence éfhas degree at most
2. We now take a pair of degree 1 occurrences, call them) and (v, b), to create the new superedge
(u,v), which is the seed superedge to resume the closure congoufatiComp. (Note that the number
of occurrences ob in the trees and seed superedge taken together isknowAll remaining degree 1
occurrences are moved 7. We know that: andv are white vertices ilomp since prior to local degree
balancing we traversed the edges incidenb and found no external white vertices.

Running time. Initializing the value ofCycFEdge() for each of thel leaf superedges is done during the
traversals and take the same time (i@(nk) overall) as the traversals. In order to update the function
CycEdge(), we use the union-find data structure. Thus, the time takenib® («d) wherea is the inverse
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Ackermann function. Adding over all the trees, this$ak). Summing over the entire algorithm, this
becomes)(am). This follows from the fact that the sum of in-degrees of ladl blacks over all the trees at
any stage of our algorithm is at mast,. Lemma 15 proves this claim.

Lemma 15. ), C(b) < 2m, where the sum is over all the black vertidethat are discovered during the
algorithm.

Proof. Consider any black vertei This is a subseB of vertices that gets contracted to a single vertex.
There is at least one white vertex € B that was the deficient vertex in the componéhimp of B that
triggered the closure computation @vmyp which eventually led to the formation of the cit — B, B).
Note that(V — B, B) is a minr-w cut, thus the value of this cut is bounded from above by theegegfw.
Thus), C(b) is bounded from above by the sum of degrees of all verticé€s, which is2m. O

6.3 The Global Degree Balancing Algorithm

We now describe a single global procedure for degree balgradi those black vertices (these are necessarily
maximal in their respective components) where we encoedtan external white vertex during the tree
traversals described earlier. This procedure is globahénsense that it handles all such maximal black
vertices in various components 6f  ; together; the associated tree traversals will no longeobéred to
the respective components. Consider anyTieend letB = {by, ..., b, } be the set of black vertices i} in
need of global degree balancing. Also,det> 2 denote the degree 6f in T}, and letd = Z;Zl(dj —2).

Recall that for eaclh;, our goal is to pair the superedges corresponding talthe 2 leaf occurrences
of b; that we have added 6 (we call thesdeaf superedggswith the superedges incident énthat were
already present iff; (we call thesdree superedggs This will result resulting ind; — 1 occurrences of
b;, each with degree 2. The condition for pairing above is Hathould stay connected (orif= £ + 1,
then the number of connected components should not redlieis)condition, which is the same as that for
local degree balancing, requires that each leaf superedugdent onb; be paired with a tree superedge
f incident onb; such thatf is not in the fundamental cycle efin 7;. We show below how this can be
achieved simultaneously for all the vertidas. .., b, in O(n) time, givingO(nk) time per round over all
thek + 1 trees. We need the following definition.

Descendant Subtrees. A descendant subtreaf b; € B is a subtree rooted at any childof b; (wherev

is a white vertex). Thusy; hasd; — 1 descendant subtrees. Suppbsbas a descendant subtree rooted at
a white vertexv which neither contains any other vertexinnor the endpoint of any leaf superedge added
to 7;. (Such a descendant subtree is callddemdly descendant subtree.) Then, we can pair the superedge
(bj,v) with any of the leaf superedges incident offsay (w, v)) while keeping tre€; connected. As an
additional advantage, the entire friendly descendantsealaiong with thes — b — v superedge can now be
contracted into the vertexfor the remaining part of the procedure since this subtrdeevhain unchanged
irrespective of the pairing of superedges (refer to Figed)7 This property will prove critical in showing

the efficiency of our procedure.

Our procedure, therefore, is the following. Initially adlaf superedges are unmatched; also, initially,
all black vertices inB have degree greater than 2, and this degree reduces ag gappens, eventually
resulting in all occurrences having degree 2. We find a flieddscendant subtree, pair the corresponding
tree superedge with any leaf superedge and contract the snbtree along with the superedge formed by
joining the tree and leaf superedge. We then repeat the guoedor a new friendly descendant subtree. We
terminate when all the black verticeshhave degree 2 in each occurrence.
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Figure 7: (a) The transformation in one iteration wheres a friendly descendant subtree. The first step
performs the degree balancing and the second step coriteastibtreeS' along with the superedgdev, v);

(b) The mapping is as followsS( is the descendant subtree rooted;it S; is mapped to eithdr, or b5, S3

is mapped to eitheli; or b4, all other descendant subtrees have an empty map.
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Lemma 16. There always exists a friendly descendant subtree infyetiring the above procedure.

Proof. We prove the property at the start of the procedure; sinceribhaf is based on a counting argument
and both the degree and the number of unmatched leaf edgesmses by 1 after each iteration, the proof
continues to hold subsequently during the course of therithgo. Let us define a mapping from each
descendant subtree (callStand let it be rooted at a white vertey to a black vertex; in B with the
following property:b; is in the descendant subtres i.e. b; is a descendant af in 7; and no other black
vertex in3 is present on the path fromto b; (refer to Figure 7(b)). For descendant subtrees havingphailt
black vertices satisfying the above property, we selectsaigh black vertex arbitrarily. On the other hand,
for descendant subtrees not containing any black vertgx fhe above mapping is empty. We are interested
in counting the number of descendant subtrees whose mapiy éon the above mapping.

The critical property of the mapping defined above is thammote than one descendant subtree can map
to the same black vertex in 3, since otherwise, one of the black vertices correspondirige descendant
subtrees is betweén and the root of the other descendant subtree. Further, ithatéeast one black vertex
b; in B which is not the descendant of any otlerin B; therefore,b; is not in any descendant subtree and
no descendant subtree map9tdy the above mapping. Thus, at mest 1 descendant subtrees have a
non-empty map by the above mapping. Now, the total numbeestehdant subtrees over all the black
vertices inBis 3 % _, d; —r. Thus, at IeasE§:1 d; — 2r + 1 descendant subtrees do not contain any black
vertex inB. Since there arggzl(dj — 2) unmatched leaf superedges, each with one white endpoint, at
least 1 of the above descendant subtrees neither contajiridaak vertex in3, nor has any white endpoint
of an unmatched leaf superedge. O

Let this friendly descendant subtréebe rooted at a child of a black vertexb; € B; then the edge
connectingb; to v is paired with any of the leaf edges foy, causing this leaf edge to become matched,
causing the degree of to reduce by 1, and causin to become compressed to a single vertex and no
longer be considered a descendant subtree. The algorithplysiepeats this process until degrees for all
vertices inB3 are down to 2.

We will now show that we can implement the above algorithneigffitly, namely we can find a friendly
descendant subtree in each iteration usit{g) time over all iterations. We perform a post-order traversal
of treeT;, where each walk up from the leaves stops when we have one &ltbwing conditions:

¢ We reach the white endpointof an unmatched leaf superedge.
e We reach a child (white vertex, say) of a black vertex (say;) in 5.

In the first case, the traversal waitsuaintil the leaf superedge incident ons matched. In the second case,
we are guaranteed that the subtreevds a friendly descendant subtree. Thus, we matchthé;) tree
superedge with any leaf superedge incident pnAfter the matching, one of the following two situations
happens: eithel; still has a degree greater than 2, in which case the walk a#its or b; now has a degree
of 2 in which case the walk continues upward to the pareit.of hus, at any stage, we have a set of walks
waiting at white endpoints of leaf superedges or at blackogs in53 with degree greater than 2. The above
lemma however ensures that at any stage we always have abheawalk that does not get stuck, namely
the walk in the friendly descendant subtree.

Running Time. Since each friendly descendant subtree is contracted thftesuperedge pairing, no su-
peredge in the tree is traversed more than once. This erswmesing time ofD(n) for one tree and (nk)
overTy,...,Tky1.
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We have already noted that any tfBestays connected after the above procedure. However, theall
T+ is actually a forest; we now show that the number of companerify, . ; remains unchanged during
global degree balancing.

Lemma 17. Letx be the number of componentsii,; before global degree balancing. At any point of
time during global degree balancing di.1, the number of componentsin; is x.

Proof. We prove this by induction. Assume that the claim holds kefamy particular change. Clearly,
if a component splits into two fragments, then one of the tragients is attached to an already existing
component at the white endpoint of the leaf superedge. Ainreectmponent does not get incorporated in
another component because the maximal black vertex in dinigponent retains an occurrence with degree
of 2 in the component. Thus the total number of componentaireomchanged. O

After global degree balancing. Let b be a black vertex that has just undergone global degreediadan
Thus every occurrence bfhas degree at most 2. Recall that there are curréntlft occurrences df in the
treesTy, ..., Ty, and the total degree of all occurrences @ 2k. We have the following two cases now.

¢ All the occurrences ob in T1, ..., T are degree 2 occurrences. THeis an entire component in
the forestT}.;. In this case, we delete the componéritom 7, ;. Sob now hask occurrences in
Ty ... Tpyq.

e b has leaf occurrences in somemyf, . . ., Ty.1. Sinceb hask + 1 occurrences in these trees and total
degree2k, there are at least 2 leaf occurrences of 77, ..., Tgy1.

We detach two leaf superedges incidenthand pair them with each other; this superedge becomes
the seed superedge for the compor@atnp containingb. Let (x, y) be this seed superedge. We have
the following possible situations.

1. Bothx andy belong toComp: then Step 5 (closure computation) of Algorithm 1 needs to be
run onComyp initiated with (z, y) as the seed superedge.

2. Bothx andy belong to some other componéTtiomyp’: then we perform a mate between the seed
superedgéx, y) and the superedge:, v) that containg in Comp. The resulting superedges
from the mate (x, «) and (y,v)) connectComp and Comp’ and no further processing is re-
quired for eithetC'omyp or Comyp’ in this round.

3. One ofz, y belongs taC'omp and the other belongs to another comporént:p’: then the seed
superedge is added ¢ ; to connecComp andComp'; no further processing of eithéfomp
or Comyp' is required in this round.

4. Neitherz nory belongs ta”omp but they belong to different components: then we mate the: see
superedge with the edge containihng Comyp and add the resulting edgesZp, ;. This splits
Comp into two parts and the two parts get attached'tonp’ andComp” (the components that
x andy respectively belong to) respectively; no further proaegsif eitherComp’ or Comp”
is required in this round.

Since the components ifi,,; might be re-organized by global degree balancing as showwvealve
now need to show that we only need to run the closure compuatgtiocedure only once for each new
component il ;.
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Lemma 18. The closure computation procedure performed after glolegrele balancing does not lead to
a cut of sizek in any component.

Proof. First, consider a componedtomp where a closure computation earlier found an external xerte
(and not a nevk-cut). If a newk-cut C is found by the closure computation now, thértlearly contains at
least one white vertex which has been brought @itenp from some other component by the global degree
balancing procedure (otherwise, the earlier closure coatipn should also have found thiscut). SinceC”'

is contiguous irf41, C must also contain a black vertéxvhich was brought inté’omp by global degree
balancing. Further, there must be another componeffj, of which contains at least one occurrenceof
namely, the component whebevas identified as a black vertex in the first place. Thus, sotoareence of

b (specifically, an occurrence ifiomp) is in C' while some other occurrence (specifically, an occurrence in
the original component df) is not inC'. This violates the definition af’.

Next, we consider a compone@itornp which underwent global degree balancing for a black vetex
For this component, if the closure computation finds anothast C, thenC must contairb since the closure
computation is initialized with a seed superedge contgihirBy Lemma 12} is a maximal black vertex in
Comp (considering the composition 6fomp before global balancing). Thus, féf to be ak-cut, it must
contain white vertices which have enter€dmp from other components due to global degree balancing.
SinceC is contiguous i} 1, C must also contain a black vert&xwhich was brought int@'omyp by global
degree balancing. There must be another componefit af which contains at least one occurrence)/of
namely, the component whebewas identified as a black vertex in the first place. Thus, sooeareence
of b/ (specifically, an occurrence iflomp) is in C while some other occurrence (specifically, an occurrence
in the original component df) is not inC'. This again violates the definition 6f. O

7 Extended Closure Computation Details

We are given a collection of treds, ..., 7.1 and component§€omp;, ..., Compy, in T}, with associ-
ated seed superedges/seed edges satisfying Invariants 1-5

Behaviour. Extended closure computation will process each compomgepiendently in arbitrary order,
and is described in Algorithm 2 for one such compor@antnp. It results in the following outcomes.

e Either it identifies a new closure s€tin Comp.

e Or, in the event that new closure sets are not identified incdirifie components, it guarantees the
existence of a transformation sequence (see Section &aBjetiuces the number of components in
Tk+1 by a constant fraction.

In the former case, the time taken by this procedur@(i$C'|| + k) for componenComp. In the latter case,
the time taken by this procedure @¥nk) over all components. Note that extended closure compautatio
itself does not make any transformations, it merely guaesithe existence of a transformation sequence
as above. Also recall that when called from Step 5 in Algaonith, the second case above will hold for
all components (see Lemma 18). In that case, Step 6 in Algorit actually identifies and executes the
associated transformation sequences; that procedursdsioied in subsequent sections.

Vertices and Vertex Occurrences. We use the ternvertex occurrencdor a white vertexv to denote a
particular occurrence afin the tree</1, ..., Tj11, and for a black vertex to denote a particular occurrence
of v in the treesl, ..., Ty or the seed superedges.
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Outline. Step 7 is the heart of Algorithm 2. The whole algorithm perfsrseveral invocations of Step 7,
where each invocation involves traversing the path betweere vertex occurrenaé (black or white) toC;

in some tred’;, whereC; is a set of contiguous vertex occurrenceg;inAll vertex occurrences encountered
on this path are then added 4. They are also added 1@ so they can used for initiating invocations of
Step 7 in other trees. Note th@tis a set of vertices whil€’;’s comprise not vertices but vertex occurrences.
Another source of additions 10 is Step 9 which looks at unused edges outside the trees. A& witexw

is said to bancidence-readyf there exists an edge directed intoin some treel;, 1 < i < k + 1, with
both endpoints of the edge insidg. The order of additions t¢’;, C' in Step 7 and the order of processing
vertices in Step 4 and in the for loop after step 4 are impoead will be used in Lemma 23 for generating
transformation sequences. Note that for all other compsr@mmnp’, we use explicit superscripts for their
corresponding’;, C, i.e.,CCom' cComp’,

Algorithm 2 Extended Closure Computation for Compon€latmnp
0. Letu be any endpoint of the seed superedge, if its exists, andthenon white endpoint of the seed
edges, otherwise.
1. Initialize C to all black and white vertices (and not vertex occurrenaelsich occur in the seed
superedge or all the seed edges, as the case may be.
2. Initialize C; to vertex occurrence for each treel;, 1 < i < k + 1.
repeat
for each tredl;,1 < i < k + 1 in orderdo
3. Let X denote the set of vertices @ which have vertex occurrencesTioutsideC;.
4. Order vertices inX so whites come first, blacks later, and each set is furthéedan increasing
time order of entry inta”'.
for each vertex» € X in order and every occurreneé of v in 7T; (in arbitrary order, except iff
where leaf occurrences, if any, are considered fitst)
5. If the path betweery; andv’ in T; contains a white vertex outsidéomp, then terminate the
algorithm.
6. If v is black and either has an occurrence in the seed superedgenfi® other component
Comyp', or the occurrence’ is present irCZ.C o’ for a previously processed componéhimp’,
then terminate the algorithm.
7. Add all white and black vertex occurrences betwégrand+’ to C; in order of increasing
distance fromC; and add the corresponding vertices’tan the same order.
end for
end for
8. Identify all white verticesv which are newly incidence-ready, i.e., incidence-ready bat not at
the end of the previous iteration of the repeat loop.
9. Identify all verticesw’ such that there exists an unused edge figndirected intow, wherew is
newly incidence-ready; add’ to C' if either w’ is black or it is white and belongs tGomp, otherwise
terminate the algorithm.
until C converges, i.e., does not change in an iteration of the tépaa

Lemma 19. For each tre€T;, the vertex occurrences ifi; are contiguous ifil;. Further C; contains at
least one white vertex.

Proof. C; starts with the single vertex occurrenge For each subsequent addition@p in Steps 7, all
intervening vertex occurrences are also added;to O
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Lemma 20. The time taken by the above procedure is proportiona{C|| + k) if C converges. And if
termination happens in Steps 5, 6 or 9, the time taken sumrexcal components i€ (nk).

Proof. The checks in Step 6 are easily implementedii1) time by marking vertex occurrences appropri-
ately (note each vertex occurrence can be inthtor at most one component by virtue of Step 6). The time
for Step 8 is dominated by Steps 5, 7 because one can tradeng-readiness when two endpoints of an
edge are added 1G;. So consider two cases for the remaining steps.

First, suppos€&' converges. Step 2 takes tirogk). For Steps 1, 5, 7, 9, each unit of time spent in these
steps can be charged to an edge completely withiso this time iO(||C||). Second, suppos€ doesn't
converge. Then, the times are as follows, aside fron@xfig time spent on the terminating vertex. The time
taken in steps 2, 5, 7 5.5 O(|C;]) + O(w(C)) (each unit of time spent can be charged to an addition to
C; or to a white vertex irlComyp). For Steps 1 and 9, the time taken is proportional to the murobedges
directed into white vertices i@'omp plus the length of the seed superedge. By Lemm@?f1 |C;| adds
up toO(nk) over all components. The other terms clearly add up tok).

This leaves Steps 3 and 4. It suffices to show that this stepeaerformed in timé&(].X|) (because at
leastO(1) time will be spent in processing each itemXnin Steps 5, 6, unless termination happens in these
steps when processiny, in which case this cost can be charged to the entry @htaf the corresponding
vertices in Steps 7 or 9). To achiegg|X|) time, we keep two queues with each tree. Each time a vertex
v not already inC' is added taC' it is put into the second queue for the next tree (in cycliceoydhat has
an occurrence of. And each time a vertex in X is processed in the inner for loop it is put into the first
gueue for the next tree (in cyclic order) that has an occogeriv, providedv has not gone through a full
cyclic round. X for a tree is then obtained simply by combining the contehth®two associated queues
for that tree. By keeping the queues segregated by blacke/hibels, the ordering required in Step 4 can be
achieved. The lemma follows.

]

Lemma 21. If the extended closure computation procedure damp terminates becaus€ converges,
thenC'is a closure set.

Proof. Recall properties 1-5 of closure sets from Section 5.2. &fse shown as follows. Property 1
follows from the initialization ofC. Properties 2 and 3 follows from the fact that Algorithm 2 sdahly
white vertices withinC'omyp to C. Property 4 comes from Lemma 19. Property 5 is shown below.

We need to show that all unused edges directed Ghtmave both endpoints i6¥. Suppose this is not
true for an unused edge directed into veriex C. Thenw never becomes incidence-ready and therefore,
in each tre€l;, all tree edges directed into have their other endpoints outsidg. By Lemma 4, the first 4
properties above imply that there are oklgdges directed int¢’' in the trees. So the in-degreewfin the
trees plus seed superedge (if any) musk pee., w is deficient. Then, by initialization in Step 1, all unused
edges directed int@ have both endpoints i€y, a contradiction.

Finally, we need to show thd&t is minimal, i.e., no subset af satisfies all the properties of a closure
set forComp. This is easily seen because Algorithm 2 starts with vestieeded to satisfy Invariants 1 and
5, and adds vertices only if Invariant 4 is violated. O

It remains to show that if the extended closure computatiocgaiure terminates in Steps 5, 6 or 9 for each
of the components, then there exists a transformation segugsee Section 5.3) that reduces the number of
components if}; by a constant fraction. We show how to algorithmically obtsiich a transformation
sequence next in tim@(nk).
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8 Obtaining a Transformation Sequence

There are two phases to this procedure. Phase 1 considérs@aponentomp independently and obtains

a component-specific transformation sequence (the gaabjisttwithin a few transformations of having one
endpoint outside”omp). The time taken by Phase 1 will dominated by the closure cdatipn time
above. Phase 2 considers all components together and atitey fiuansformations to decrease the number
of components i} by a constant fraction. The time taken by Phase 2 wilDijek).

Phase 1 for componeiitomyp itself depends upon which step in Algorithm 2 causes tertitina If
termination is caused in Step 6 by some vertex occurrehd®longing toCicomp' for some previously
processed componetitomp’ then we say that omp is premature And if termination is caused either in
Step 6 by some vertex occurrencebelonging to the seed superedge for another compafentp’, or
in Steps 5 or 9 due to a white vertex outsidemp, we sayComp is mature Phase 1 will be described
separately for these two types of components, in Sectidhar@l 8.2, respectively (the mature case is the
simpler one, the premature case will need more processBegtion 8.3 describes Phase 2. We need the
following useful lemma.

Lemma 22. For all treesT;, 1 < i < k + 1, and all pairs of componentSomp’, Comp”, the set@icomp'

/! - . .
andC<™" are disjoint.

Proof. This follows from the termination conditions in Steps 5 anaof &lgorithm 2. O

8.1 Phase 1: Component-specific Transformation Sequencer fdlature Component Comp

Note that mature components have one of the following teaition criteria: either a white vertex outside
Comp is encountered in Steps 5 or 9, or an occurrence of a blackxerhich is present on the seed
superedge of some previously processed compafientp’ is processed in Step 6. The former components
are labeledwvhite-terminal-5and white-terminal-9respectively, and the latter are labeleldck-terminal
First, we introduce the notion ofteace sequencevhich is essentially a trace of Algorithm 2. Subsequently,
we show how to convert a trace sequence to a component-spiaifisformation sequence for a mature
componentClomp.

8.1.1 Trace Sequences and Properties

The core of the extended closure computation in AlgorithrarZfomp is Step 7 which repeatedly performs
traversals from a vertex occurrencetowards the current’; in treeT; (recall from Lemma 19 that; is
contiguous and therefore can be visualized as a single Istmantex for convenience). Theace sequence
T for Comp is a sequence of pairs

(UO7jO)7 (Ul7j1)7 sy (vrfhj?“fl)a (Urujr)

where eachy, is a vertex occurrence in trég, which is processed by Algorithm 2 (i.e., it plays the role of
v" in the inner for loop in Algorithm 2).

Intuition. We start with the vertex occurreneg during whose processing Algorithm 2 encountered one
of the termination cases. We then consider vertex occuerenc, which when processed caused vertex
v, 10 be encountered for the first time in the algorithm. Then wester vertex occurrenag._, which
when processed caused vertgx; to be encountered for the first time in the algorithm. Thusheastex
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occurrenceyy, is the cause for Algorithm 2 encountering vertgx ;. And v, is one of the vertices whose
cause is the initialization in Step 1.

Notation. Let Cih denote the sef; just before vertex occurreneg in the trace sequence is processed. Let
C" denotes the set at the same instant.

Trace Sequence DefinitionWe now define trace sequence formally.
e \ertexvg must have entere@' by the initialization in Step 1.

e For0 < h < r, vertex occurrence; must be thecauseof vertexvy 1, i.e., vertex occurrence;, is
the first vertex occurrence to be processed for which vertex is encountered in either Step 7 or
Step 9, as made more precise below.

— Either an occurrence of vertey,, ; appears on the patt), from vertex occurrencey, to CJ’Ph in
T3, (cause via Step){see Fig. 8 part a),

— Or, this path contains an edge directed into a vettesuch that no edge directed intoin any
treeT; has both endpoints insidé”, and there exists an unused edge between andw that
is directed intow (cause via Step)qsee Fig. 8 part b).

e If Comp is white-terminal-5 then vertex occurreneg in the item(v,, j.) is the cause of a white
vertex outside” omp via Step 5.

e If Compis white-terminal-9 then,. is outsideC'omp and vertex occurrenaeg._; in the item(v,_1, j,—1)
is the cause of, via Step 9. In this case the itefa,, j,-) is really a dummy item we add for con-
venience, i.e., it does not reflect an actual vertex occuergmocessed in Algorithm 2 because ter-
mination happens as soon@sis encountered in Step 9; however, we imagine a dummy stegdadd
to Algorithm 2 which processes this and stops as soon as this processing starts; accordingly we
setj, to undefined and note for later reference that the itemunde fined) has been introduced for
notational convenience in this case.

e If Comp is black-terminal then, is black and there is an occurrencewpfin the seed superedge
of a previously processed componértmyp’. Further, when the vertex occurrencein (v, j.) IS
processed by Algorithm 2, the algorithm stops in Step 6.

Note that in all three cases, the processing of itéms;, j,—1) does not conclude in termination while the
processing ofv,., j..) does. Clearly, the trace sequence@armmp can be determined in time bounded by the
closure computation time by just recording a history of eatis the extended closure algorithm itself.

We capture the following simple properties for future refere.

Lemma 23. The following hold for any itenwy,, j5,) in the above trace sequence (note that in cases where
h + 1 = r andj, is undefined, the relevant claims involviiig will not apply).

1. For0 < h < r, vertexuvy_; is outsideC™.

2. For0 < h < r, all vertex occurrences on the path from vertex occurrencéo C/: in Tj, are in
C;.Lh“ (see Fig. 8, both parts a and b) and the corresponding vestaze inC"+1.

3. For0 < h < r, suppose vertex occurreneg in Tj, is the cause of vertew, ; via Step 7, and
supposey, ;1 is white. Letw # vy, denote the first white vertex on the path from the occurrefice o
vertexvy 1 in m, to C” . Then the occurrence af in T}, ., is in C]’.’htll.
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Vh+1

Figure 8: a) The first two figures show cause via Step 7. b) T¢tehaee show cause via Step 9. In these,
oncewy, 41 entersC' via Step 9, the processing of ., in 77 will result in the second of these three drawings

beforevy 1 is processed iff;, ., as in the third drawing.

4. For0 < h < r, suppose vertex occurreneg in 7}, is the cause of vertex,; via Step 7, and
suppose, 1 is black. Letw denote any white vertex on the pathor any white vertex inﬁ;.lh. Then

the occurrence ofv in 7}, , | isin C;Lhtll (see Fig. 8 part a).

5. If Comp has a seed superedge, both white endpoints of this supefexicepty if it is white) are in
CJQO. And if Comp has a seed edge containing then the other white endpoint of this edge iﬂﬁ\).
In any case, all endpoints of seed superedges/seed edgiesGite

6. For0 < h < r, suppose vertex occurreneg in T}, is the cause of vertex, ., via Step 9. Letw
denote the white endpoint of the relevant unused edge. Tieescturrence ofv in 7}, ., , is in chtl

h+1 Jh+1
and both endpoints of the above unused edge af&'in' (see Fig. 8 part b).

7. For0 < h < r, suppose vertex occurreneg in 7;, is the cause of vertex,,; via Step 9, and
supposev,, .1 is black. Unless the vertex occurrencg,, represented in the paifvy i1, jri1) is a
leaf, all leaf occurrences of vertey,,; in 77 (and there exists at least one such leaf by Lemma 2)
and all vertex occurrences on their respective partial sagges (the white endpoints inclusive) are

in CJ"*1; further these white endpoints are themselveé?j’}til1 intreeTj, ., (see Fig. 8 part b).

8. Suppose vertey, is a black vertex on a seed edge. Unless the vertex occurmgnapresented in
the pair (vo, jo) is a leaf inT (i.e., jo = 1), all leaf occurrences of vertex, in 77 (and there exists
at least one such leaf by Lemma 2) and all vertex occurrenodbeir respective partial superedges
(the white endpoints inclusive) are @i; further these white endpoints are themselve@j}gin tree

T},

Proof. Part 1 follows from the fact that;, causes,, ;. Part 2 follows from Step 7 of Algorithm 2. Part

3 follows from the ordering of entry int6¢' in Step 7 and the corresponding order of vertex processing in
Step 4. Part 4 follows from the order of vertex processingtap4, i.e., whites are processed before blacks.
Consider Part 5: Ity is a white endpoint of a seed superedge/edge, then parbb/&ttom the initialization

in Steps 1 and 2 (note thag cannot be the vertex from Step 2); and iy, is black, then part 5 follows
from the initialization in Step 1 and the order of vertex msging in Step 4, i.e., whites are processed before
blacks. Part 6 stems from the fact thaentersC beforev;,;; does, the order of vertex processing in Step 4
(i.e., whites are processed in order of entry iGtand before the blacks), and the fact that, can be used

in Step 4 only after entering’. The first claims in Parts 7 and 8 follow from the ordering ie for loop
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Figure 9: Swap, Mate-Swap, Join-Swap, Swap+Incidencee!8atap+incidence, Join-Swap + Incidence

after Step 4 (i.e, leaves first) along with Step 7 where aliexeoccurrences on these partial superedges will
be added ta’; before the vertex occurrenag is processed iff};, .. The last claims in Parts 7 and 8
follow from the order of vertex processing in Step 4, i.e.jtedhare processed before blacks. O

8.1.2 Converting the Trace Sequence to a Component-specificansformation Sequence

Consider the trace sequengdor Comp as above. The goal of this section is to conZEtb a component-
specific transformation sequence. We do this by procesbmgeéms in7 in order, but skipping the very
last item(v,, j»). That item will be handled in Phase 2. For each item j,), 0 < h < r, we will do the
following: given a free superedge/edgg containinguvy,, we will show how one transformation operation
can be performed using, to free another superedge/edgg ; containingvy,.1. The algorithm for this

is shown in Algorithm 3, and unfortunately, there are seveaaes, with each case performing one of the
transformation operations listed in Section 5.3. The mases are shown in Fig. 9.

Correctness Overview. Note that proving correctness of Algorithm 3 requires ab@late case analysis.
We take one case for illustration. Suppasgeis white, e;, is a superedge (with endpoint) and vy, IS
caused via Step 7 (see the first drawing in Fig. 9). Then Steye4 dot apply. Step 2 applies and prescribes
a swap. For a valid swap, we need to show that;a)as one endpoint id‘]’-lh, and b) there is a superedge
containingvy 1 on the path from vertex occurreneg to thh in ij;. We will assume that the first part
holds inductively, using what we call Invariant P1 belowr Bee second part, note that by the definition of
a trace sequence, such a superedge indeed existed befdraraigrmations were made. Why is it still in
existence? We will assume inductively that these previcarssformations leave the portion ©f, outside
C]’Fh untouched, using what we call Invariant P2 below. We willntlsow that Invariants P1 and P2 hold
through iterations of the for loop.

Working with Edges. Another complication to note is thaf, could be an edge or a superedge. Suppose it
is an edge and not a superedge. If vertex occurrepae’;, is a leaf (sgj;, = 1) then leaving), asis is fine
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Algorithm 3 Converting a trace sequence to a component-specific tramsfion sequence.
0. ey < Seed superedge/edge containigg
for each item(vy,, j,), 0 < h < r in orderdo
if e, is an edgeyy, is black, and vertex occurreneg in 7T}, is not a leaf occurrenciaen
1. e, — JOIN ¢;, with the partial superedge ify incident on some leaf occurrencewf.
end if
if v, causesy, 1 via Step 7then
t «— Superedge containing,; on the path from vertex occurreneg to CJ’Ph inTj
else ifvy, causesy,; via Step 9 involving white vertew then
t — Edge directed intaw on the path from vertex occurreneg to C]hh inTj,.
end if
if vy, is whitethen
2. SWAPe,, fortin T, .
else ifvy, is black ande;, is an edgehen
3. JOIN-SWAR, for tin T}, =T.
else ifvy, is black andey, is a superedgthen
4. MATE-SWAR, for tin Tj, .
end if
if v, causesy,; via Step 7then
epy1 — 1
else ifv,, causesy, ;1 via Step 9 involving white vertew then
5. ep+1 < INCIDENCEC for the unused edge directed intofrom vy, ;.
end if
end for
if e, is an edgey, is black, and vertex occurreneg is not a leaf occurrencthen
6. e, «— JOIN e, with the partial superedge ifi incident on some leaf occurrencegf
end if

Bt

because it can perform a join-swap operation with the pdagtiperedge associated with above occurrence
of v,. However, if vertex occurrence, in 7}, is not a leaf (sgj, = 1) then we would like to convew;, to
a superedge so it can perform swaps or mate-swaps; hencelsaep 6 in Algorithm 3.

Invariant P1. e;, satisfies the following properties for &l 0 < h < r.

1. If vertexwy, is white theney, is a superedge for which one endpoint has an occurrétﬁgandvh is
the other endpoint. The one special case is whenr andComp is white-terminal-9 (see the trace
sequence definition for this special case), in which gaseundefined; in that case, is a superedge
for which one endpoint is i€'" andwv, is the other endpoint.

2. If vertexwy, is black then there are two cases:

2.1. Eitherey, is a superedge containing an occurrence;oénd with both white endpoints having
occurrences iIC]}-’h (and therefore both endpoints are(itt as well).

2.2. Or,eyp, is an unused edge directed from vertgxto some white vertexo with an occurrence in
CJ’Ph (vertexw is therefore inC" as well); this case holds only wher_, causes, via Step 9,
orif h = 0 andey, is a seed edge.
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Invariant P2. Consider transformations made to frggin Algorithm 3, for allh, 0 < h < r.

e All changes made to tre€;, 1 < i < k + 1, are localized withinC?*, which stays contiguous even
after these changes.

e If ¢ is an edge with black endpoinf,, then leaf occurrences of, (in 73) are intact.
e The only unused edges affected by this process are thoséetlirendpoints irC”.
e Seed superedges for components other thamp are untouched.

Lemma 24. Invariants P1 and P2 hold at the beginning of Algorithm 3,te& £nd of each iteration of the
for loop, and at the very end.

Proof. We show this by induction.

The Base Case.Consider Step Oeq is defined by Step 0 andy has to be iney by the definition of a
trace sequence. Invariant P1 follows from Lemma 23, pamarlant P2 clearly holds because no changes
are made to the trees, and the only unused edge affected, isamseed edge with both endpointsGfi
(Lemma 23, part 5).

The Inductive Step. Assuming Invariants P1 and P2 hold at the beginning of i@mat, 0 < i < r.
Consider iteratiorh. We show that the invariants hold at the end of Step 1, at tde&whichever of Steps
2, 3, 4 or 2+5, 3+5, 4+5 is performed, and at the end of Steh&-fr — 1.

Consider Step 1 which converts an edgdo a superedge under the mentioned conditions. By Invariant
P1, e, is unused. The new, is a superedge in this case. The join operation is valig:had a leaf
occurrence i} to begin with (Lemma 2), and this occurrencewgfis still in 7} (obvious forh = 0
because no transformations have been made; and by Inv&2afur » > 1). Invariant P1 is maintained:
the newe;, clearly containsy;,, and both endpoints af;, are inCth (Lemma 23, parts 7 and 8). Invariant
P2 is maintained: the relevant portionsTaf modified are inC* (Lemma 23, parts 7 and 8), which is still
contiguous.

Consider Step %;,,1 is a superedge in this case. The swap operation is wglidas endpoints;, and in
thh (Invariant 1), the path from vertex occurrenggto CJ’.Lh in T3, is untouched by previous transformations
(Invariant 2), and vertexy, 1 is on the above path (by the definition of cause via Step 7)ariamt P1 is
maintained: ey 1 clearly containsv, 1, and all endpoints oé;,, ;1 (other than possiblyy; 1) are inside
C;Lhtll (Lemma 23, parts 3 and 4). Invariant P2 is maintained: clangede tdl’;, are restricted to the path

betweenv;, andCth, which lies withinC]’?hJrl (Lemma 23, part 2); these changes clearly maintain comigui

of CI"*! as well.

Consider Step 3¢ is a superedge in this case. By the condition for Step 1, theweccurrence,
is a leaf occurrence, and thereforelin Thereforej;, = 1. The join-swap operation is valid: the path from
leaf occurrencey, to C]’-Lh in T, is untouched by previous transformations (Invariant 2), eertexvy, ., is
on the above path (by the definition of cause via Step 7). imwaP1 is maintainede;; clearly contains
vp+1, and all endpoints oé;; (other than possiblyy,) are insideCthJfl (Lemma 23, parts 3 and 4).

Invariant P2 is maintained: changes madéd’fo are restricted to the path betwegnand C’Ph, which lies

within C?** (Lemma 23, part 2); these changes clearly maintain comyigdiC! ' as well.

Consider Step 4e;,, 1 is a superedge in this case. The mate-swap operation is ¥alicbntains black
vy, and has both endpoints {E‘glh (Invariant 1), the path from vertex occurrenggto CJ’Ph in T}, is untouched
by previous transformations (Invariant 2), and verigx; is on the above path (by the definition of cause
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via Step 7). Invariant P1 is maintaineel; ,; clearly contains,. 1, and all endpoints of;,,, (other than
possiblyv,) are insideO;PhT1 (Lemma 23, parts 3 and 4). Invariant P2 is maintained: crangele tdl;,
are restricted to the path betweenand C’-Zh, which lies withinC;.Zh+1 (Lemma 23, part 2); these changes
clearly maintain contiguity o’/ as well,

Consider Steps 2+5¢;,,1 could be a superedge or an edge depending upon whether oy, nots
white. The swap operation is valid as in Step 2. The incidepegation is valid: the unused edgg, ; is
not affected by previous transformations (Invariant P2 lagiehma 23, part 1). Invariant P1 is maintained:
en+1 Is directed into a white vertew whose occurrence if}, , is in C]’.’htll (Lemma 23, part 6). The
one technical special case for Invariant P1 in subcase 1 enwht 1 = r andj, is undefined in the
white-terminal-9 case; in this case, the endpaintf e, is in C"*! (Lemma 23, part 2). Invariant P2
is maintained: changes madeTy are restricted to the path betwe@nandCJ’-’h, which lies withinC]}Fh+1
(Lemma 23, part 2), these changes clearly maintain comjzigxﬁicfh“ as well, ife, ;1 is an edge then leaf

occurrences ofy, 1 (in T1) are intact (Lemma 23, part 1), arg,; has both endpoints i@+ (Lemma
23, part 6).

The validity proofs for Steps 3+5 and 4+5 are easily seen toobpebinations of the proofs for Steps 3
and 4, respectively, along with the proof for Steps 2+5. Ttwopfor Step 9 is identical to that for Step 1.
The lemma follows. O

Corollary 1 will be the starting point for Phase 2 in Sectio8.8
Corollary 1. For any mature componeiitomp, e, satisfies the following properties.

1. If vertexv, is white there, is a superedge for which one endpoint has an occurrendgjin= Cj,
andv, is the other endpoint. For the white-terminal-9 case, ongpamt is inC' and the other is,
which is outside”omp.

2. If vertexu, is black then there are two cases.

2.1. Eithere, is a superedge containing an occurrencevpfaind with both endpoints having occur-
rences inC; = Cj,.

2.2. Or, only in the event thagt = 1 and the vertex occurrenag referred to in the itengv,, j,) is a
leaf occurrence i1, e, is an unused edge directed from vertgxo some white vertex with
an occurrence irC; = Cj

e

3. Allchanges made totrég, 1 <: < k+ 1, to freee, are localized withinC7, which stays contiguous
even after these changes.

4. The only unused edges affected are those with both endpoifi”.
5. Seed superedges for components other &amp are unaffected.

Proof. Note thatC7 = C;, andC” = C because no changes happen to these sets when the lagt;itg)
is processed. The claims follow from Lemma 24, InvarianteRd. P2, and Step 6 of Algorithm 3 (the latter
for item 2.2 above). O

Corollary 2. Phase 1 can be performed independently for all mature coemisn The total time taken for
Comp is bounded by the time for extended closure computationhadddls up taO(nk) over all compo-
nents.
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Proof. By Lemma 22, for a given, 1 < ¢ < k+ 1, C’s for the various components are disjoint. Also note
that theC™’s are disjoint as well when restricted to white vertices.eTidependence claim follows from
parts 3, 4 and 5 of Corollary 1. The time spent essentially icsrthe trace sequence which is a subset of
the time spent in extended closure computation. O

8.2 Phase 1. Component-specific Transformation Sequence eremature ComponentComp

The challenge with premature components is that the abaeegure for obtaining a component-specific
transformation sequence may not yield a superedge whidhcarihectComp to another component or
even a superedge which can be made to connect to another cenmpaith O(1) more transformations.
One option is to not stop but continue with Algorithm 2 untileoof the termination conditions for maturity
applies (saComp terminates as mature). However, Lemma 22 gets violated therstopping prematurely
or continuing to maturity both pose problems.

Our solution in this case is to observe that we can effegtivembine the trace sequencegafmp with
that of Comp’ (WhereCZ.C om?" contained the vertex occurrence causing premature tetionnaf Algorithm
2 for Comp) to obtain a trace sequence that terminates with the sanuitioms that the trace sequence for
a mature component would terminate with. We will need to theve Lemma 23 for this trace sequence
in order to claim that the construction of transformatiogusnces in Section 8.1.2 continues to work. To
this effect, we devise an extension of Algorithm 2 describedlgorithm 4 below. The latter algorithm
kicks in when Algorithm 2 terminates prematurely and it tstaxff exactly where Algorithm 2 left off. The
goal of Algorithm 4 is the same as that of Algorithm 2 with tledldwing notable difference: Algorithm
4 will consider only those black vertex occurrences in Stephich are ianC"mp/ for the treeT} being
processed. For trég;, we will process all black leaf occurrences as well in additiAnd Steps 8 and 9 are
not needed any longer We will show that this resulting coragon will indeed terminate in maturity. The
resulting trace sequence will comprise a prefix from Aldorit2 and a suffix from Algorithm 4; and any
item (vy, jr) in the latter will have the property thaj, is either white, a black leaf, or it is a black vertex
occurrence irﬂﬁomp'. We will then show that these trace sequences indeed shésfyna 23. Lemma 22 is
still violated though; but that is easily fixed by keeping @€ omp, Comp’ away from further processing,
so no transformation sequences are obtained for that caenpome will still be left with a constant fraction
of the components after we discard such components.

Algorithm. We start by taking pair§’omp, Comp’ as above and dropping a constant fraction of compo-
nents from all future processing so at most one item from paatsurvives. For all remaining iten@Somp

we run Algorithm 4 starting with the states 6fandC;’s as they were when Algorithm 2 fa'omp ter-
minated, and starting by processing precisely the samexvedcurrence that caused the above termination
(though this initialization has not been explicitly spdlleut in Algorithm 4). Algorithm 4 then evolves
these sets further. Note the key changes in Algorithm 4:s5S8egnd 9 are gone as well as the condition for
premature termination; but most importantly, the handbfdplacks in the inner for loop is different: only
blacks inC' with either a leaf occurrence of an occurrence?ﬁomp/ are processed. Lemma 25 shows that
the algorithm does indeed terminate resulting in a matungpoment.

Lemma 25. Algorithm 4 for a premature compone@tomp terminates; the time taken @(nk) over all
components.

Proof. Since Comp is premature, Algorithm 2 provides a black vertiexsome occurrence of which is
present inC, and an occurrendeg.; of which is also present ijSriTp for some tredl’; ., (the seemingly
unnecessary subscriptst 1, j,41 are for future convenience).
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Algorithm 4 Sequel to Extended Closure Computation for Premature Coerg6é'omp
repeat
for each tredl;,1 < i < k + 1 in orderdo
3. Let X comprise white vertices i@’ outsideC;, and black vertices i which have vertex
occurrences outsidg; that are either leaf occurrences or that are inéfﬁémp'.
4. Order vertices inX so whites come first, blacks later, and each set is furthéedan increasing
time order of entry inta”'.
for each vertex» € X in order and every occurreneé of v in T; (if v is black then provided’
is a leaf orv’ is in CZ.C ‘””p/; occurrences are considered inn arbitrary order except iwhere leaf
occurrences, if any, are considered fib)
5. If the path betweeny; andv’ contains a white vertex outsidéomp terminate the algorithm.
6. If v is black and has an occurrence in the seed superedge for sanpoentComp’ then
terminate the algorithm.
7. Add all white and black vertex occurrences betwégrandv’ to C; in order of increasing
distance fronC; and add the corresponding verticeg’tan the same order.
end for
end for
until eternity

Now consider Algorithm 2 for componetitomnp’ and the trace sequence (for compon@ninp’) which
leads to verted, | enteringCc“™’, Let this sequence by, jo), (b1, 1), -- -, (br, jr), Whereb, enters
CComp' by initialization, and vertex occurrendg in tree7};, causes vertek,; for 0 < h < r, (see the
definition of causein the description of a trace sequence in Section 8.1.1)hitngequence, consider the
largest value of, 0 < I < r, for which vertex occurrencg, in tree7);, causes vertek;; via Step 9 of
Algorithm 2; and if no sucli exists sef = —1. And let z denote the white vertex with which Algorithm 2
initialized Cicomp"s. Then, for vertex occurrenceés, [ + 1 < h < r, there exists an occurrencelgf,; on
the path to vertex in 7}, , and this entire path is iﬁ‘]‘i"mp'.

Now switching to Algorithm 4 orComp. Sinceb,,; € C at the beginning of Algorithm 4, it follows
that verticed, 1, b, . . ., bj11 will eventually enterC' in Algorithm 4 (unless Algorithm 4 terminates before
that, in which case the lemma holds anyway). If any of thesgces is white then Algorithm 4 terminates in
Step 7, because these whites belon@'tanp’. So assume all these vertices are black. There are two cases
now. If [ = —1 andComp’ had a seed superedge, then that superedge confains- by and Algorithm
4 terminates in Step 6. So consider the caselthat 0, or/ = —1 andComp’ has no seed superedge
(in which caseh;; 1 = by comes from a seed edge f6lomp). In either case, we show below that a leaf
occurrence ob; 1 in 77 and its nearest white ancestor both belong‘fd’mp', which will cause termination
in Step 5 wherb; | is processed iff}.

To see this, switch back to Algorithm 2 @romyp’ and recall the leaf first order fdr; in the inner for
loop. Onceb,,; entersC™’ (which it does because an occurrencé;qf is in Cﬁf?””p', even ifl = r), it
will first be processed in treg, . If the first leaf occurrence @i, processed i} succeeds in its traversal
to the therClc Omp/, then we are done. Otherwise, if this traversal fails, then@urrence ob;, ; cannot be
in Cicomp' for any treeT;, which is a contradiction.

It remains to determine the time complexity. The main chaingen Algorithm 2 is in Step 3 and it
suffices to show how this step can be performed in #ieX |). This is done in a manner analogous to the
queues in Lemma 20; we need to access queues in the neff tndech has an occurrence of the relevant
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black within Cicomp,. This can be accomplished with appropriate book-keepig [€mma follows. O
Trace sequences can be defined as before. We show below thatd 23 holds for these trace sequences.

Lemma 26. Lemma 23 holds for trace sequences of premature compogéntsg obtained by running
Algorithm 4 after Algorithm 2.

Proof. Let the trace sequence félomp be

(’U(],j()), (Ulvjl)v R (UT—lva—1)7 (,UT?jT)v R (Ut—lvjt—l)v (Utvjt)

where (v,_1, jr—1) is the last item that comes from Algorithm 2 and all subsetitems starting with
(vr, Jr) come from Algorithm 4. By Lemma 23, parts 1, 2, 3, 4, 6 and 7 imbea 23 hold forh, 0 < h <

r — 1 (we user — 1 and notr here because the caselof r» — 1 can be impacted by the processing of both
vr—1 andv,, which are done by different algorithms), and parts 5 andI8 fw » = 0 providedr > 0. So

it remains to show parts 1, 2, 3,4, 6 and 7hor — 1 < h < t, and parts 5 and 8 far = 0 in the event that
r=0.

The same proofs as before are easily seen to hold in Part8ToRall h, r — 1 < h < t. The same is
true for Part 5 in the case= r = 0. Parts 6 and 7 do not apply to—- 1 < h < t because Step 9 is missing
in Algorithm 4; so these parts need to be shown onlyifer » — 1. The proof of part 6 foh = r — 1 is the
same as before as well. So that leaves only parts 7 and 8 tmbadbr cases = r — 1 andh = r = 0,
respectively. The same proof below handles both of thegs.par

Note that these parts apply whenis black, caused via Step 9 or via seed edge initializatiod, the
vertex occurrence, in T}, is not a leaf occurrence. After Algorithm 2 adds vertgxo C, it will process
all leaf occurrences of, in T} before processing vertex occurrengein 7 . If Algorithm 2 terminates
before this happens then since Algorithm 4 continues whégerAhm 2 left off and since Algorithm 4 is
also allowed to process leaf black occurrences and praxéssse first over other occurrencesvpfin 77,
all leaf occurrences af, in 77 will indeed be processed before processing vertex ocatgrgnin 77, . If
Algorithm 4 also terminates before this happens then vartexrrence, in 7}, will never be processed, a
contradiction. The first claim in parts 7 and 8 follow. Theaat claim in parts 7 and 8 follow since whites
are still processed before blacks by the ordering in Step 4.

The lemma follows. O

Lemma 27. Lemma 22 continues to hold after Algorithm 4 has run on alv/siing premature components.

Proof. Suppose set@icomp/ and Cicomp" are not disjoint, i.e., they share a black vertex occurrénice
common. Then only two cases are possible. Eithisra leaf or Algorithm 2 for one of these components,
sayComyp', terminated prematurely because it processed a black«@rteirrence insidé‘jcomp" for some
treeT). Inthe latter case, only one of these two components sigvise consider the former case. By virtue
of Step 5 in both algorithms, Algorithm 2 and Algorithm 4, {eaf occurrencé will enter bothClcomp/ and
Clc"mp” only if the the white endpoint of the partial superedge iroidonb is in both these components, a
contradiction. The lemma follows. O

To complete the description, note that Lemma 19 is easilp s@dold. Since Lemmas 22, 19 and 23 all
hold, the machinery in Section 8.1.2 applies as well. Welaue keft with a constant fraction of the original
set of components, all of which are mature, and CorollariasdL2 apply to these.
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Figure 10: Two cases for the definition of a last stretch; tdmmner isc-biased and the latterbiased.

8.3 Phase 2: Completing the Transformation Sequence

This section considers all surviving components which cosepa constant fraction of the original set of
components. To control interactions between these conmp@nere will need to further prune away this
surviving set of components @ (nk) time to retain a further constant fraction, as describecertisn 8.3.1.
Phase 1 will be performed onbfter this pruning step and only on the surviving components,ltiaguin

a component-specific transformation sequence for eactesétbomponents with the properties laid out in
Corollary 1. Note that by Corollary 2, all of these Phase 1 potations can proceed independently. The
goal next is to perform further transformations so the nundfeconnected components #),; reduces
by a constant fraction, as shown in Section 8.3.2. In faath eaurviving component will be connected to
some other component as a result of the transformationsrpegtl in Section 8.3.2. This will take time
proportional to the number of components in play.

8.3.1 Pruning Components

We need the following definitions. Recdl,, j,.) is the last item in the trace sequence omp. As

. . . . / .
usual, we use explicit superscripts to denote componehts thanComyp (for instancevS "™ is vertex
occurrencey, for Comp').

Last Stretches.For a white-terminal-5 component, define the last strétéhas follows. Traverse up from
v and from(;, towards their least common ancestor, stopping each t@vetsen the first white vertex
outsideComp is encountered (which will happen by the definition of a whé@eninal-5 component; also
recall no transformations have been performed yet). If i@hersals encounter such white vertices then
pick the traversal that starts with a vertex with lower pod¢o number, otherwise pick the only traversal
that encounters a white vertex outsidemp; the stretch of vertex occurrences traversed by this tsaler
both endpoints inclusive, is denoted byR. See Fig. 10. Note thdi R terminates on a white vertex outside
Comp. We say that. R (and componenfomyp as well) isv-biased if the corresponding traversal began
atv,, andc-biased otherwise. Note that computing these last stretawires knowing the least common
ancestor, which can be determined’i(l) time after linear time precomputation on tré8s. .., Ty 1.

The goals of pruning are listed in Lemmas 28, 29, 30, 31 and\#2use the following pruning rules which
still retain a constant fraction of the components; the tiaken is linear in the number of components.

Pruning Rule 1. We say that two componentSomp, Comp’ clashif either the last stretch ofomp
terminates on a white vertex iiomyp’, or the vertex occurrence. for componentComyp (from the last
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Terminal White

Figure 11: Overlapping last stretches are within a superedg

item in its trace sequence) is part of a superedge with ancémidim C'omyp’, or vertex occurrence, is
part ofcﬁom”/ in treeT},, or Comp is black-terminal and’omyp’ is the component whose seed superedge
has an occurrence af. causing the termination of extended closure computatiot®omp. Since the
number of clashing pairs is linear in the number of compaeme can find a constant fraction of clash-free
components in time linear in the number of components.

Pruning Rule 2. We patrtition surviving white-terminal-5 components intaotgroups, those which have
v-biased last stretches and those which hab&sed last stretches; we retain only components in tigedar

group.

Pruning Rule 3. If the last stretches for multiple components terminatb@stame white vertex occurrence,
we discard the one with the longest stretch.

Lemma 28. For all white-terminal-5 componentSomp with last stretchL R in tree, sayT;, edges inLR
are outsideCZ.C"mp , as is the terminal white vertex éfR, for any component'omp’ (inclusive ofComp).
Further, the terminal

Proof. The lemma follows from pruning rule 1 and the definition of st Istretch. O
Lemma 29. For any pair of white-terminal-5 components, if their resfpee last stretches have an edge in

common then both stretches must be strictly contained mithe superedge and both must have the same
terminal white vertex (see Fig. 11).

Proof. Follows from pruning rule 1, pruning rule 3, and the fact ttvab stretches sharing an edge can have
at most one white vertex in common. O

Lemma 30. Either all white-terminal-5 components avebiased or all arec-biased.
Proof. Follows from pruning rule 2. O

Lemma 31. Vertex occurrence,. for a white-terminal-5 componeiitomyp is not part of the last stretch for
any other white-terminal-5 component unless all survidngiponents are-biased.
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Proof. By Lemma 30, it suffices to consider the case when all whitettgal-5 components arebiased.
Suppose for a contradiction that is part of the last stretch of white-terminal-5 compon€fwtnp’. Then
the superedge containing must have an endpoint i@'omp’. The lemma then follows by pruning rule
1. O

Lemma 32. Consider a white-terminal-5 componefiomp that isv-biased. If the post-order number of
C;, is less than that of, in T}, then the last stretch for any other white-terminal-5 comgaa Comp’
cannot terminate on a white vertex on the patfrom C;, to the least common ancestor@f, , v, in 7, .

Proof. By the definition of a last stretch, all white vertices on tlehpr are inComp. The lemma now
follows from pruning step 1. O

8.3.2 Completing the Transformation Sequence

We do this in two steps. The first step considers a subset afhite-terminal-5 components and performs
transformations on these. The second step considers afiaunts to complete the procedure. At the end,
each component will be connected to some other componentessit of the transformations performed
here. The time taken is proportional to the number of comptme

Step 1.By Lemma 29, we form equivalence classes of white-terminedmponents, where a non-singleton
equivalence class is contained within the same superedgidl/ a representative from each class, namely
the one with the longest last stretch; we then process &l ckpresentatives together in this step. Note that
the last stretches of these representatives are comptatghrdisjoint by this construction and by Lemma
29.

Consider a class representative compor@ainp and lete denote the superedge/edge released for
Comp in Phase 1 as per Corollary 1. The additional transformationbe performed fo€omp are il-
lustrated in Fig. 12, depending upon which of the cases 1,22lfrom Corollary 1 holds foe. By the
definition of a last stretch, the resulting superedge freexhch case conneai®mp to another component.
The following lemma shows that these additional transfdiona are indeed valid, in spite of transforma-
tions performed in Phase 1 and in spite of other class reqtase components processed befGt@nyp in
Step 1. The time taken will be linear in the number of compésien

Lemma 33. After Phase 1 and after all previous representative comptseave been processed in Step 1,
LR for Comp is still intact and is present on the path from vertex occocev, to Cj, in Tj, .

Proof. By Lemma 19, Corollary 1 and Lemma 2BR is intact after Phase 1 and still appears on the path
fromw, to C;, in T}, . LR s still intact after all previous representative compdsédrave been processed in
Step 1 above because the last stretches of all representatinponents chosen here are edge-disjoint and
because of Lemma 31 and Lemma 28. It remains to show/tRas still on the path fromy, to C;,_ in Tj,
after all previous representative components have beaegsed in Step 1 above.

To see this, consider processing representative compometite order defined below (clearly, compo-
nents with last stretches on trees other tiignare uninteresting). For any particular compon€fatnyp’,
let  denote the terminal white vertex @&fRC°™" and lety denote its child such that R°™" has the
edge(z,y). Order components in increasing post-order number of toeespondings’s. The description
below assumes thatomyp' is the first component in this order (see Fig. 13).

We show in the next paragraph that the subtree rootedcantains neitheCjCT"mpN nor v<°™" | for
any componen€omp” # Comyp'. It follows that we can remove the edge, y) and the whole subtree of
Tj;, rooted aty to get a smaller tree without affecting the processing for @ithe components other than
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Comp’. We process these components recursively to get a new freélow we put back edggr, y) and
the subtree rooted gt clearly LRC*™' s still on the path from& ™ to Cjcr‘””p' in this resulting tree, as
required.

It remains to show that the subtree rooteg abntains neitheCjCT"mp” norv¢ ‘””p”, for some component
Comp” # Comp’. Without loss of generality, assume all representative pomments arev-biased (see
Lemma 30; a similar argument holds when all these comporaaisbiased). Then;fomp” cannot be in
the subtree rooted @t otherwiseL R““"?" is present completely in this subtree as well and themp”
would precede&”omyp’ in the order established above. So suppose for a contmniitttatcﬁomp” is in this

subtree. There are two cases based on the post-order nufnjgé’i”@”. If this number is less than that of
then eithetComyp” must preced€omyp’ in the above specified order &R°“™" must extend beyond the
least common ancestor of "™ Ccomp both of which present contradictions. So consider the thzse

the post-order number of’ is greater than that of, and therefore that c(fc"mp as well. vCom"
cannot be an ancestor gf otherwiseComp” is notv-biased. By the definition of a last stretch, it follows
that all white vertices on the path fromjcomp to the least common ancestoruﬁomp Ccomp must be

in Comp”. In particular,z is in Comp”, which contradicts Lemma 32. This completes the proof of the
lemma. O

omp"”’

Step 2. Now consider any equivalence class of white-terminal-5 ponents, and all non-representative
components in this class. Lef, ..., e, denote their respective edges/superedges as defined iltaBpofq
and letaq, . . . , a;, denote the vertex occurrences involved in the last itemsdin tespective trace sequences.
Note that eacla; has a white endpoint in its respective component. By Lemma29. ., a;, are all black.
And by Corollary 1,e; has an instance af;, for all i, 1 < i < h. Also defineey to be the free superedge
obtained for the representative component of this classap $ above, which connects that component to
another. Note that by the definition of a representatiyehas an instance of each &f, . . . , a;,. Also note
that some of the;’s (: > 1) could be edges and not superedges; for each suchegddeere must be an
associated leaf occurrence of the correspondijrig some tree (by Lemma 2); we can do a join of the partial
superedge incident on this leaf occurrence wijtto converte; to a superedge containirng. Now we have
only superedges left. First, some of these superedges bautdendpoints in distinct components, so those
are done. Second, pair up and mate as many remaining: > 1) as possible so the;'s are identical
within a pair; each of the resulting superedges has endpiirdistinct components; these are done as well.
This leaves us witleg and a subset of othef’s with distincta;'s. We now perform mates among these as
in Fig. 14. The resulting superedges connect together #lesie components in question.

Second, consider any equivalence class of black-termiraponents so that the associated free su-
peredges/edges specified by Corollary 1 all have blackcesrin common with the seed superedge of the
same componenfomp. Let ey denote that superedgey is still intact at the end of Phase 1 by prun-
ing step 1 in Section 8.3.1 and by Corollary 1. The same psoassn the previous paragraph suggests
transformations which will connect all of these componeoatether withC'omp.

Finally, for white-terminal-9 components, nothing funtheeed be done because their associated su-
peredges as specified by Corollary 1 connect across comisoridns completes the algorithm.

9 A fast Gomory-Hu tree algorithm

In this section we present our fast algorithm for computirggoemory-Hu tree. The algorithm uses submod-
ularity of cuts (Fact 1) and Theorem 7 which follows from Fact
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Figure 15: The current (partial) Gomory-Hu tréeon the left and~(.S) for a nodeS in 7 on the right; note
only vertices inG(.S) are shown, edges are not shown.

The Gomory-Hu tree construction algorithm [GH61] initias the cut tre€ to a single node that
contains the entire vertex set. As we proceed, nodés will partition the vertices ofZ. Each nodeS in
7 represents a collection of vertice$S) from G. Consider nodes and the subtree$; ... 7;, subtended
at theh neighbors of nodes' in 7. We definev(7;) = Ugre;v(S’). Obtain a new grapldz(S) (called
the relevant graphfor S) from G by compressing all vertices in(7;) for eachi (see Fig. 15); this graph
hash compressed vertices af S)| singleton vertices; the latter comprise the set of termiedices; for
simplicity, we will uses itself to denote the set(5).

The algorithm now proceeds as follows. Repeatedly pick & oof 7 containing more than one vertex
from G and considel=(.S). Pick any two terminal vertices, ¢ in G(S) and find thes-t min-cut (possibly
via a max flow computation) in the gragh(S). Theorem 7 ensures that tke€ min-cut thus obtained (we
call it (") is also as-t min-cut in the original graph. Now, iff, the nodeS is split into 57 and.Ss according
to C' and the two nodes thus formed are joined by an edge of weiglal ég|the size of”. Further, all the
neighboring subtrees ¢f become neighboring subtrees$f or S, depending upon which side ¢f they
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lie on. The algorithm terminates when all the node§ dfecome singleton sets. Thiisis a weighted tree
whose nodes are the verticeslof It can be shown thaf captures all-pairs min-cuts.

Our Approach. We use the same framework as above but modify the proces$ing.S) as follows.
Instead of repeatedly choosing pairs as above, we use Theorem 10 to obtain the following enshot:
for each terminab in G(S), the minimal min-cut inG(S) separating from a root vertex-, wherer is
chosen uniformly at random from the terminalsGit.S). We now refineS in 7 by inserting each of the
minimal min-cuts from the above family, as described bel@mce all these minimal min-cuts have been
inserted, the procedure continues by picking another néde with more than one vertex, until all nodes
are singleton.

Minimal Min-Cut Witnesses. For every minimal min-cutB, V (G(S)) — B) found above with respect to
root r, there exists a terminal vertexin G(S) such that € B, r € V(G(S)) — B) and no subset aoB
containingwv is a min-cut separating from . All such terminal vertices are said to bavitnessegor B
and are denoted by (B).

Laminar Families. Note that any two minimal min-cuts are either disjoint or tzdmed one within the
other by Fact 1. So a collection of minimal min-cuts forms mitzar family 7, where the outermost cut
is the trivial cut which has all vertices inside it and allther nested cuts are the actual minimal min-cuts
with respect to the chosen roat For instance, in Fig. 16, the outermost cut has all vertices. . wy and

b1 ... by, and there are 3 nested cuts, each a minimal min-cut witleot$p rootw,. In general, the level
of nesting could be arbitrary.

Refining Node S in 7. In the current Gomory-Hu tre&, we replace the nodg with the following tree
structure obtained from the laminar famify as follows. Create a new tree nodéB) for each cutB in F.
Associate with this node, vertices in the 8€tB). For the outermost cuB, w(B) is defined to contain only
the rootr. For each non-terminal vertéximmediately inside a cuB, add an edge from nod& B) to the
root of the7; (whereb was obtained by compressing vertices associated with nodgy this edge has the
same weight as the edge fra#tto 7; in 7. If B has a parent cuB’ which containsB in the laminar family
then3(B) has an edge t6(B’) of weight equal to the size of the cUB, V(G(S) — B) in G(S). Fig. 16
illustrates the resulting tree. The figure on the left shovesitaB consisting of one terminab, and one
non-terminalb, and 3 child cuts, each consisting of one termimaland a non-terminal;, fori = 1,2, 3.
On the right we have the corresponding laminar tree. It iy éasee that this new Gomory-Hu tree is the
old tree7 augmented with exactly the minimal min-cuts found aboveegsired.

Analysis. Let us partition the various subproblems (these are elegradrihe queud)) that we spawn in
our algorithm intdayers Layer(0) consists of the problerfV/, G). Layer(1) consists of the subproblems
(B,G(B)) that correspond to all the minimal min-cuts generated byptoblem(V, G) in Layer(0). Re-
cursively, Layer(i) consists of the subproblems corresponding to all the mihiniacuts generated by all
the problems inLayer(i — 1). Note that corresponding to each layeryer(i — 1), there exists a corre-
sponding (partial) Gomory-Hu tree; refining each node ia tlée yields the Gomory-Hu tree corresponding
to Layer(i).

Our first claim is that the total time complexity of the prabiginvolved in the same layer@¥(mclogn),
wherec = maz, ycve(u,v). Such a claim would be immediate if it were the case that &llgfoblems
involved in the same layer were edge-disjoint. But that isthe case and the same edge might be present
in various subproblems in the same layer. However we willstiat the total number of occurrences of all
edges summed over all the subproblems in the same lag&mis.
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Figure 16: The laminar family of a cut and the correspondargihar tree.

Algorithm 5 Our algorithm for constructing a Gomory-Hu tree for the drap= (V. F)
— Initialize the treel to a single node containing the entire vertexset
— Initialize the queu&) to the set(V,G). {Any element in the queue is a pair (set of terminals, the
relevant graph)}
while the queud) is not emptydo
— delete the first elemenif, G(5)) from Q.
if |S| > 1then
— pick a vertex inS uniformly at random as the root
— identify the laminar family of all minimal min-cuts with spect tor in G(.5).
—refineS in 7 by inserting each of these cuts as described earlier.
— for each of the above cuf3, add the elementB, G(B)) to the®, whereG(B) is obtained from
G(S) by contracting the vertices @¥(S) — B to a single vertex.
end if
end while

Lemma 34. The total number of all edges involved in all subproblem&dame layer i®(m).

Proof. The edges that are present in more than one problefuifer(i) correspond to edges that cross
the cuts present in the (partial) Gomory-Hu tfEeafter all Layer(i — 1) problems have been processed.
We need to sum over all edgesthe number of cuts of’ that any edge crosses. This is equivalent to
summing the total sizes of the cuts7r. This sum is bounded from above by+ ¢3 + - - - + ¢,,_1, where
c,...,ch_1 are the weights of the — 1 edges of the final Gomory-Hu trée. Now we will show that the
sum of weights of all edges @ is at mosm.

Root the Gomory-Hu tre@ = (V, £) at an arbitrary vertex and define the function€— V" such that
l(e) is thedeeperof the two endpoints of in 7. It is easy to see thdtis an one-to-one mapping. Now,
for any edgee = (u,v) € &, the weight,w(e), of e in the Gomory-Hu tre€ is ¢(u, v). Without loss of
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generality, assume thate) = u. Now, since(u, V' \ u) represents a-v cut of sizedeg(u), it follows that
w(e) = c(u,v) < deg(u) = deg(l(e)). Summing over all the edges éhand noting that the functiohis
one-to-one, we havg, . w(e) < >, oy deg(v) = 2m. O

Since the cost of computing all minimal min-cuts with regpge¢he root in any subproblem (m’clogn)
wherem’ is the number of edges in that subproblem (by Theorem 10) nh&®¥ immediately implies that
the total complexity of the problems involved in the sameetaig O(mclogn). Now we show that with
probability 1 — 1/n, the number of layers i©(log n). We first prove the following lemma.

Lemma 35. Let (C, G(C)) be any particular subproblem. L¢P, G(P)) be its parent problem. LdP|
(similarly, |C1) denote the number of terminal vertices in theRBétesp.,C). ThenPr(|C| > |P|/2) < 1/2.

Proof. In the subproblen{C, G(C)), C is a minimal min-cut that separates the roan the setP (of the
parent problem(P, G(P))) from some terminal vertex € C. Since this is a minimal min-cut, the side
containingv in C' has connectivity at least one higher than the size ofrthicut. If all the terminals ofP
are arranged in non-decreasing order of their connecfirdiy v, then the probability that the roetis one
of the first| P|/2 vertices in this order (only then can the number of terminal§’ be at leastP|/2) is at
most1/2, sincer was chosen uniformly at random from tj#8| terminals. This proves the lemma. O

Theorem 11. With probabilityl — 1/n, the number of layers i©(log n).

Proof. Consider the path from a leaf subproblendCy, G(Cy)) in Layer(¢) to the root problem({/, G) in
Layer(0)). Each edge in this path is from a subproblenmiC;, G(C})) in Layer(j) to its parent problem
(Cj-1,G(Cj-1)) in Layer(j — 1). Define a random variabl&; as follows: X is 1 if |C;| > |C;-1|/2, 0
otherwise.

First, observe thak ;'s are independent random variables since the root is chindependently in each
layer. Thus using Chernoff bound, the probability that eegisubproblem is in layet > 4logn is at
most1/n2. Since there are at mostleaves, using the union bound, the number of layet3(isg n) with
probability 1 — 1/n. O

This leads to the following theorem, which gives the time ptexity of the algorithm.

Theorem 12. With probabilityl —1/n, the time complexity of our Gomory-Hu tree algorithndignclog® n).

10 Conclusion and Future work

We gave a deterministic algorithm for the Steiner edge catnrity problem in undirected/Eulerian directed
graphs that runs i(f)(m+ nc?) time, wherer is the edge connectivity of the Steiner $eC V andn, m are
the number of vertices and edges in the input graph. We apiblie algorithm to design a faster algorithm
for the Gomory-Hu tree problem in undirected graphs. Thy@@thm has a running time cﬁ)(mF) with
high probability, wherd” is the maximumu-v edge connectivity, over all pairs of verticesv.

One obvious challenge is to derandomize our Gomory-Hu tlgerithm and achieve similar time
bounds. Another question is whether the Steiner edge ctwitye@roblem can be solved in Monte Carlo
near-linear time (independent of the Steiner connectivdiue). Another important question is that of
extending our approach to design faster algorithms fordmgl Gomory-Hu trees irweightedgraphs.
Our Gomory-Hu tree algorithm indeed works for integer wégghgraphs too, however a running time
of O(mF), whereF is the maximumu-v edge connectivity, over all pairs of verticesv, is not interesting
(and is not even polynomial time) for weighted graphs.
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