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A b stract

Thi s pap er cons id ers h o w m an y c h aract er compar i sons are n ee d e d t o �n d all o ccurrence s

of a pa t t er n of len gt h m in a t ext of len gt h n . Th e m ain con tr ibu t ion i s t o sh o w an up p er

b ou n d of t h e form n + O ( n=m ) c h aract er compar i sons, follo win g prepro ce ss in g. Sp eci�cally ,

w e sh o w an up p er b ou n d of n +

8

3( m +1)

( n � m ) c h aract er compar i sons. Thi s b ou n d i s

ac hiev e d b y an onlin e algor it hm whic h p erforms O ( n ) w or k in t ot al, require s O ( m ) space

an d O ( m

2

) t im e for prepro ce ss in g. Th e curren t b e st lo w er b ou n d for onlin e algor it hms i s

n +

16

7 m +27

( n � m ) c h aract er compar i sons for m = 16 k + 19, for an y in t eger k � 1, an d

for gen eral algor it hms i s n +

2

m +3

( n � m ) c h aract er compar i sons, for m = 2 k + 1, for an y

in t eger k � 1.

1 In tro d u ct ion

Str in g m a t c hin g i s t h e problem of �n din g all o ccurrence s of a pa t t er n p [1 : : : m ] in a t ext t [1 : : : n ].

W e assu m e t h a t t h e c h aract ers in t h e t ext are drawn f rom a gen eral (p oss ibly in�nit e) alph a b et

u nkno wn t o t h e algor it hm. W e in v e st iga t e t h e t im e complexit y of str in g m a t c hin g m easur in g

b ot h t h e exact n u m b er of compar i sons an d t h e t im e complexit y cou n t in g all o p era t ions. As

i s st an d ard, t h e t im e complexit y refers t o o p era t ions p erform e d follo win g prepro ce ss in g of t h e

pa t t er n; prep oss e ss in g of t h e t ext i s not allo w e d. Our goal i s t o minimize t h e n u m b er of

compar i sons, while st ill m ain t ainin g a t ot al lin ear t im e complexit y an d a p olynomial in m

prepro ce ss in g cost.

Not e t h a t if t h e algor it hm i s p ermit t e d t o kno w t h e alph a b et, t h en t h ere i s a �nit e a u t om a t on

whic h p erforms str in g m a t c hin g b y readin g eac h t ext c h aract er exact ly once (whic h can b e

obt ain e d f rom t h e f ailure fu nct ion of [KMP77 ]). Ho w ev er, in t hi s cas e t h e ru nnin g t im e d ep en ds

on t h e alph a b et s ize.

P erh aps t h e most wid ely kno wn lin ear t im e algor it hms for str in g m a t c hin g are t h e Kn u t h-

Morr i s-Pra t t [KMP77 ] an d Bo y er-Mo ore [BM77 ] algor it hms. W e refer t o t h em as t h e KMP

an d BM algor it hms, re sp ect iv ely . Th e KMP algor it hm m ak e s a t most 2 n � m + 1 compar i sons

an d t hi s b ou n d i s t igh t. Th e exact complexit y of t h e BM algor it hm w as an o p en que st ion u n t il

recen t ly . It w as sh o wn in [KMP77 ] t h a t t h e BM algor it hm m ak e s a t most 6 n compar i sons if
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t h e pa t t er n do e s not o ccur in t h e t ext. Guibas an d Odlyzk o [GO80 ] re d u ce d t hi s t o 4 n u n d er

t h e sam e assu mpt ion. Cole [Co91 ] �n ally pro v e d an e ss en t ially t igh t b ou n d of 3 n � 
( n=m )

compar i sons for t h e BM algor it hm, wh et h er or not t h e pa t t er n o ccurs in t h e t ext. Coluss i

[Col91 ] ga v e a s imple v ar ian t of t h e KMP algor it hm whic h m ak e s a t most

3

2

n compar i sons.

A p ost olico an d Giancarlo [A G86 ] ga v e a v ar ian t of t h e BM algor it hm whic h m ak e s a t most

2 n � m + 1 compar i sons. Cro c h emor e et al. [CCG92 ] sh o w e d t h a t rem em b er in g just t h e most

recen t ly m a t c h e d p ort ion re d u ce s t h e up p er b ou n d of BM f rom 3 n t o 2 n compar i sons.

Recen t ly , Galil an d Giancarlo [GG92 ] ga v e a str in g m a t c hin g algor it hm whic h m ak e s a t most

4

3

n compar i sons . Thi s w as t h e stron ge st up p er b ou n d for str in g m a t c hin g kno wn pr ior t o our

w or k. In f act, [GG92 ] giv e t hi s b ou n d in a sh arp er form as a fu nct ion of t h e p er io d z of t h e

pa t t er n; t h e b ou n d b ecom e s n + min f

1

3

;

min f z ;m � z g +2

2 m

g ( n � m ).

Galil an d Giancarlo [GG91] ga v e a lo w er b ou n d of n (1 +

1

2 m

) compar i sons. F or onlin e

algor it hms [GG91 ] sh o w e d an addit ion al lo w er b ou n d of n (1 +

2

m +3

). An onlin e algor it hm i s an

algor it hm whic h examin e s t ext c h aract ers only in a win do w of s ize m slidin g monot onically t o

t h e r igh t; furt h er t h e win do w can slid e t o t h e r igh t only wh en all m a t c hin g pa t t er n inst ance s t o

t h e left of t h e win do w or align e d wit h t h e win do w h a v e b een di sco v ere d. Recen t ly , Zwic k an d

P a t erson ga v e addit ion al lo w er b ou n ds, includin g a b ou n d of

4 n

3

for pa t t er ns of len gt h 3 in t h e

gen eral cas e [ZP92 ].

Our con tr ibu t ion i s a lin ear t im e onlin e algor it hm for str in g m a t c hin g whic h m ak e s a t most

n (1 +

8

3( m +1)

) c h aract er compar i sons. Our algor it hm require s O ( m ) space an d O ( m

2

) prepro-

ce ss in g t im e an d ru ns in O ( m + n ) t im e o v erall (exclus iv e of prepro ce ss in g). In d ep en d en t ly ,

Bre sla uer an d Galil di sco v ere d a s imilar algor it hm whic h p erforms a t most n + O (

n log m

m

) com-

par i sons [BG92 ]; t hi s algor it hm require s O ( m ) prepro ce ss in g space an d t im e an d ru ns in lin ear

t im e. Recen t ly , Hancart [Ha93 ] an d Bre sla uer et al. [BCT93 ] h a v e in d ep en d en t ly sh o wn an up p er

an d lo w er b ou n d of (2 �

1

m

) n on t h e n u m b er of compar i sons require d for str in g m a t c hin g wh en

compar i sons m ust in v olv e only t ext c h aract ers in a win do w of s ize on e slidin g monot onically t o

t h e r igh t.

Nearly m a t c hin g lo w er b ou n ds are giv en in a companion pap er [CHPZ92 ]. Th ey sh o w t h e

follo win g b ou n ds: for onlin e algor it hms, a b ou n d of n +

16

7 m +27

( n � m ) c h aract er compar i sons

for m = 16 k + 19, for an y in t eger k � 1, an d for gen eral algor it hms a b ou n d of n +

2

m +3

( n � m )

c h aract er compar i sons, for m = 2 k + 1, for an y in t eger k � 1.

Ev en if exp on en t ial (in m ) prepro ce ss in g an d exp on en t ial space are a v aila ble, it i s not clear

t h a t t h e a b o v e up p er b ou n d can b e ac hiev e d (assu min g a re sul t in d ep en d en t of t h e alph a b et

s ize i s sough t). Th e di�cul t y i s t h a t t ext c h aract ers whic h are mi sm a t c h e d m ay n ee d t o b e

compare d rep ea t e dly . In ord er t o minimize t h e t ot al n u m b er of compar i sons t hi s h as t o b e

o�s et b y ot h er t ext c h aract ers not n ee din g t o b e compare d. Th e h ard e st pa t t er ns t o h an dle

are t h os e whic h h a v e pro p er su�xe s whic h are also pre�xe s of t h e pa t t er n. W e refer t o su c h

su bstr in gs as pr esufs

1

. Our algor it hm h as t w o part s; a bas ic algor it hm an d a pre suf h an dler.

Th e bas ic algor it hm h an dle s pr im ary pa t t er ns, i.e., pa t t er ns wit h no pre sufs; t hi s i s also t h e

core of t h e algor it hm for t h e gen eral cas e. Th e pre suf h an dler co p e s wit h pre sufs; it s d e s ign

const it u t e d t h e m ain c h allen ge in t hi s w or k. Un d erst an din g t h e stru ct ure of t h e pre sufs w as

a k ey in gre dien t in it s d e s ign. Un d erst an din g t hi s stru ct ure also le d t o t h e n ew lo w er b ou n d

constru ct ions giv en in [CHPZ92 ].

Th e 
a v or of t h e algor it hm i s as follo ws. Init ially , t h e pa t t er n i s align e d wit h t h e left en d

of t h e t ext. Rep ea t e dly , an a t t empt t o m a t c h t h e pa t t er n against t h e t ext i s m ad e. Wh en a

1

Pre sufs are also calle d b or ders in lit era t ure. Str in gs wit h ou t pre sufs are calle d primary str in gs.
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mi sm a t c h i s fou n d or t h e pa t t er n i s fully m a t c h e d t h e pa t t er n i s shift e d t o t h e r igh t. Th e goal

i s t o m aximize t hi s shift wit h ou t mi ss in g an y p oss ible m a t c h e s. Th e bas ic algor it hm h as t h e

pro p ert y t h a t t h e len gt h of eac h shift i s a t least equal t o t h e n u m b er of compar i sons s ince t h e

previous shift (or t h e st art of t h e algor it hm). Thi s re sul t s in an algor it hm t h a t p erforms a t

most n compar i sons if t h e pa t t er n h as no pre suf (t h e algor it hms of [GG92 ] an d [CP89 ] h a v e t hi s

pro p ert y t o o).

Th e pre suf h an dler cannot quit e m a t c h t h e p erform ance of t h e bas ic algor it hm (whic h i s not

surpr i s in g giv en t h a t t h e lo w er b ou n ds for t hi s problem are larger t h an n compar i sons) . Here

t h e ap proac h i s t o follo w t h e bas ic algor it hm u n t il a su�x whic h i s also a pre�x i s m a t c h e d. Th e

only p oss ible m a t c h e s in whic h a n ew inst ance of t h e pa t t er n o v erlaps t h e curren t part ially (or

fully) m a t c h e d inst ance ar i s e wit h an o v erlap b y a pre suf. Ignor in g, for t h e mom en t, problems

in tro d u ce d b y p er io dic pa t t er ns, it i s t h e cas e t h a t a t most on e of t h e s e o v erlap pin g pa t t er n

inst ance s can re sul t in a m a t c h. An elimin a t ion i s p erform e d t o d et ermin e whic h on e, if an y ,

of t h e o v erlap pin g pa t t er n inst ance s migh t re sul t in a m a t c h. F ollo win g t hi s elimin a t ion, a

furt h er non-tr ivial s equence of compar i sons i s m ad e; t hi s can lead t o on e of t w o s it ua t ions:

anot h er m a t c h of a su�x whic h i s also a pre�x, or a mi sm a t c h whic h ca us e s a ret ur n t o t h e

bas ic algor it hm. Th e pre suf h an dler i s in v ok e d a t most once for ev ery

m

2

t ext c h aract ers, an d

p erforms a n u m b er of compar i sons a t most 2 grea t er t h an t h e n u m b er of c h aract ers shift e d

o v er (act ually , t h ere are t w o p oss ible scen ar ios: an in v o ca t ion aft er

3

4

m t ext c h aract ers an d

a t most 2 exce ss compar i sons, or an in v o ca t ion aft er

m

2

t ext c h aract ers an d a t most 1 exce ss

compar i son). P er io dic pa t t er ns h a v e t h e add e d di�cul t y t h a t t h e pre suf h an dler could b e

in v ok e d more f requen t ly . In t hi s cas e, w e sh o w t h e addit ion al f act t h a t if t h e pre suf h an dler

i s in v ok e d aft er few er t h an

m

2

t ext c h aract ers t h en t h e n u m b er of compar i sons i s a t most t h e

n u m b er of c h aract ers shift e d o v er.

Thi s stru ct ure of t h e algor it hm of Bre sla uer an d Galil i s s imilar; t h e ir an alog of t h e pre suf

h an dler w or ks in a complet ely di�eren t w ay , h o w ev er.

Sect ion 2 pro vid e s s ev eral d e�nit ions. Th e bas ic algor it hm i s d e scr ib e d in Sect ion 3. In

Sect ion 4 t h e pre suf h an dler for non-p er io dic str in gs i s pre s en t e d. Sect ion 5 giv e s a t ec hnical

constru ct ion d eferre d f rom Sect ion 4. Fin ally , in Sect ion 6, t h e re sul t i s ext en d e d t o p er io dic

pa t t er ns.

W e rem ar k h ere t h a t t h e pro p ert ie s of str in gs whic h w e d ev elo p in Sect ion 4 an d la t er are

most ly n ew an d ap pro pr ia t e reference s are giv en ot h erwi s e.

2 De�nit ions an d Prelimin ar ie s

A str in g v i s a pr esuf of p if it i s b ot h a pro p er su�x an d a pro p er pre�x of p . Let x b e t h e

len gt h of t h e large st pre suf of p . Th e p erio d of a pa t t er n p wit h len gt h m i s d e�n e d t o b e m � x .

x i s calle d t h e s-p erio d (or shift p er io d) of p . A str in g p i s cyclic in str in g v if it i s of t h e form

v

k

, k > 1. A primitive str in g i s a str in g whic h i s not cyclic in an y str in g.

A str in g p i s p erio dic if p = w v

k

, wh ere w i s a (p oss ibly n ull) pro p er su�x of v an d k > 1.

Th e sm alle st su c h v i s calle d t h e c or e of p an d t h e corre sp on din g w i s calle d t h e he ad of p . Not e

t h a t t h e core i s pr imit iv e. A cyclic shift of p i s an y str in g v u wh ere p = uv . j v an d v j refer

re sp ect iv ely t o t h e left most an d r igh t most c h aract ers in str in g v ; on o ccas ion, w e will call t h e s e

c h aract ers re sp ect iv ely , t h e left en d an d r igh t en d of v . Tw o c h aract ers are said t o b e distanc e

d apart if t h ey are s epara t e d b y d � 1 ot h er c h aract ers .

F or t h e re st of t h e pap er, let p b e a pa t t er n wit h len gt h m . Let t h e t ext t h a v e len gt h n . p [ i ]
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Figure 1: P er io dicit y

d enot e s t h e i t h c h aract er of p , readin g f rom t h e left en d; i i s calle d t h e index of p [ i ] in p . Th e

sam e not a t ion an d t erminology i s us e d for str in g t .

Th e algor it hm will b e compar in g t h e pa t t er n wit h su bstr in gs of t h e t ext wit h whic h t h e

pa t t er n i s align e d; as t h e algor it hm pro cee ds, t h e pa t t er n i s shift e d t o t h e r igh t across t h e t ext.

Eac h p oss ible alignm en t of t h e pa t t er n wit h t h e t ext i s calle d an instanc e of t h e pa t t er n. Not e

t h a t an inst ance i s not n ece ssar ily an o ccurrence.

F or eac h pair of o v erlap pin g inst ance s of t h e pa t t er n a lo ca t ion a t whic h t h e t w o di�er, if

an y , will b e precompu t e d. Thi s lo ca t ion i s calle d t h e di�er enc e p oint of t h e t w o inst ance s. Not e,

h o w ev er, t h a t for a giv en pair, a di�erence p oin t m ay not exi st; bu t t hi s can h ap p en only if

t h e pa t t er n h as a non-empt y pre suf. Let p

1

an d p

2

d enot e t w o pa t t er n inst ance s, wh ere p

1

[ i ] i s

align e d wit h p

2

[1]; t h en dif

i

i s t h e di�erence p oin t if an y; i.e., p

1

[ dif

i

] 6= p

2

[ dif

i

� i + 1].

Let q b e a pa t t er n inst ance. Th os e pa t t er n inst ance s t o t h e r igh t of q , o v erlap pin g q , bu t

whic h do not h a v e a di�erence p oin t wit h q are calle d t h e pr esuf overlaps of q .

W e quot e a few st an d ard re sul t s concer nin g str in gs.

Lemm a 2.1 L et w b e a pr esuf of string v . If j w j > j v j = 2 then v is p erio dic.

Pro of: See Fig.1. Let s = j v j � j w j . Let v

0

d enot e str in g v shift e d di st ance s t o t h e r igh t.

Th en t h e p ort ion of v

0

o v erlap pin g v i s pre suf w whic h m a t c h e s t h e corre sp on din g p ort ion of v .

Let u d enot e t h e su�x of v

0

of len gt h s . An easy in d u ct ion sh o ws t h a t v = xu

k

for som e k � 2,

wh ere x i s a pro p er su�x of u . 2

Th e follo win g ap p ear in di�eren t forms in [Lo82 ] (s ee Pro p os it ion 1.3.2, 1.3.4, an d 1.3.5).

Lemm a 2.2 [LS62, FW65] If x; y ar e two distinct p erio ds of a string v such that x + y �

m + gcd f x; y g then gcd f x; y g is also a p erio d of v .

Lemm a 2.3 Supp ose that v = xy wher e b oth x and y ar e pr esufs of v . Then v is cyclic in

some string w of length gcd fj x j ; j y jg .

Lemm a 2.4 If v is p erio dic and c an b e expr esse d b oth as x

1

u

k

1

1

and x

2

u

k

2

2

wher e x

i

is a su�x

of u

i

, u

1

> u

2

and k

1

; k

2

� 2 , then either u

1

is cyclic in u

2

or b oth u

1

and u

2

ar e cyclic in

some smal ler string.

3 Th e Bas ic Algor it hm

Th e algor it hm in t hi s s ect ion also ap p ears in [Col91 ] an d i s also exp os e d in [GG92]. W e d e scr ib e

it again for t h e sak e of complet en e ss.
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If all t h e c h aract ers in p are id en t ical t h en it i s eas ily s een t h a t t h e KMP algor it hm m ak e s a t

most n c h aract er compar i sons. F urt h er, if m = 2 an d p cons i st s of t w o di st inct c h aract ers t h en

t h e Bo y er-Mo ore algor it hm m ak e s a t most n c h aract er compar i sons. Hencefort h, w e assu m e

t h a t m > 2 an d t h a t p h as a t least t w o di st inct c h aract ers.

Th e algor it hm pro cee ds b y elimin a t in g pa t t er n inst ance s as p oss ible m a t c h e s. It rep ea t e dly

p erforms t h e follo win g t w o st eps: �rst, it a t t empt s t o m a t c h t h e left most survivin g pa t t er n

inst ance wit h t h e align e d t ext su bstr in g; t h en, it shift s t o t h e n ext left most survivin g pa t t er n

inst ance.

Aft er a shift o ccurs t h e stra t egy follo w e d d ep en ds on t h e n a t ure of t h e shift. Th e ord er in

whic h pa t t er n c h aract ers are compare d ensure s t h a t all t h e shift s sa t i sfy on e of t h e follo win g

t w o pro p ert ie s.

1. A shift h as s ize grea t er t h an or equal t o t h e n u m b er of compar i sons m ad e s ince t h e

previous shift. Thi s i s calle d a b asic shift .

2. Wh en Pro p ert y 1 i s not true, a pro p er pre�x x of p i s complet ely m a t c h e d wit h t h e

t ext aft er t h e shift. Moreo v er, x i s also a su�x of p . Thi s i s calle d a pr esuf shift .

F ollo win g a bas ic shift, t h e bas ic algor it hm i s con t in ue d; a pre suf shift re sul t s in a transfer t o

t h e pre suf h an dler.

Th e follo win g obs erv a t ion i s t h e k ey t o t h e bas ic algor it hm. Cons id er t w o o v erlap pin g

inst ance s of t h e pa t t er n p . Th en compar in g e it h er of t h e t w o pa t t er n c h aract ers a t t h e ir di�erence

p oin t wit h t h e align e d t ext c h aract er i s sure t o elimin a t e on e of t h e t w o pa t t er n inst ance s f rom

b e in g a p ot en t ial m a t c h. So lon g as t h e o v erlap i s not a pre suf of p , t h ere will b e a di�erence

p oin t. Thi s i s exact ly t h e not ion of duel ling in tro d u ce d b y Vi shkin [Vi85 ].

More form ally , let p

a

an d p

b

b e t h e t w o left most survivin g pa t t er n inst ance s, wh ere p

b

i s not

a pre suf o v erlap of p

a

. Let d b e t h e di�erence p oin t of p

a

an d p

b

. p

a

[ d ] i s compare d wit h t h e

align e d t ext c h aract er. A m a t c h elimin a t e s p

b

; a mi sm a t c h elimin a t e s p

a

.

Next, w e giv e t h e exact s equence of compar i sons m ad e b y t h e a b o v e stra t egy . W e precompu t e

t h e follo win g s equence S . S i s t h e s equence of in dice s dif

2

; dif

3

; � � � ; dif

m

omit t in g rep et it ions

an d u n d e�n e d in dice s. Hencefort h, wh ere no am biguit y will re sul t, w e will us e t h e s equence S

t o refer b ot h t o t h e in dice s it con t ains an d t o t h e corre sp on din g c h aract ers in p

a

.

Th e c h aract ers in p

a

are compare d wit h t h e ir corre sp on din g t ext c h aract ers in t w o pass e s,

st o p pin g if a mi sm a t c h i s fou n d. In P ass 1, t h os e c h aract ers in p

a

con t ain e d in S are compare d

in s equence. If all of t h e s e m a t c h t h en t h e rem ainin g pa t t er n c h aract ers are compare d f rom

r igh t t o left in P ass 2.

Lemm a 3.1 If a mismatch o c curs at the char acter given by the k th index in S then the r esulting

shift has size at le ast k .

Pro of: Let t h e k t h in d ex in S b e dif

l

. Not e t h a t k < l . Recall t h a t l � dif

l

� m an d

p [ dif

l

] 6= p [ dif

l

� l + 1]). Sup p os e for a con tradict ion t h a t t h e shift w as of len gt h j < k . Let p

a

an d p

b

b e t h e pa t t er n inst ance s as sp eci�e d in t h e algor it hm a b o v e, b efore t hi s shift. Not e t h a t

p

b

b ecom e s p

a

aft er t h e shift; i.e., p

b

i s p

a

shift e d j u nit s. Bu t t h en p

a

an d p

b

h a v e a di�erence

p oin t an d h ence dif

j +1

i s d e�n e d. D if

j +1

i s t h e i t h in d ex in S , for som e i � j ; h ence, as j < k ,

dif

j +1

o ccurs pr ior t o dif

l

in S . Th erefore, p

a

[ dif

j +1

] w ould h a v e b een m a t c h e d against t h e

t ext an d on e of p

a

or p

b

elimin a t e d b efore p

a

[ dif

l

] w as compare d. Th e con tradict ion pro v e s t h e

lemm a. 2
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Cons equen t ly , all shift s re sul t in g f rom mi sm a t c h e s in P ass 1 are bas ic shift s. Wh en a bas ic

shift i s m ad e t h e bas ic algor it hm i s re st art e d. It i s easy t o s ee t h a t if all shift s are bas ic shift s

t h en t h e t ot al n u m b er of compar i sons m ad e i s up p er b ou n d e d b y n .

Next, sup p os e t h a t all compar i sons in P ass 1 re sul t in m a t c h e s.

Lemm a 3.2 Supp ose Pass 2 r esults in a mismatch at p

a

[ l ] . The r esulting shift has length at

le ast l .

Pro of: Sup p os e for a con tradict ion t h a t t h e re sul t in g shift h as len gt h i , i < l . Let p

b

b e p

a

shift e d di st ance i . Th en l i s a di�erence p oin t for p

a

an d p

b

; h ence on e of p

a

an d p

b

w ould h a v e

b een elimin a t e d in P ass 1, a con tradict ion. 2

Cons equen t ly , for eac h shift re sul t in g f rom P ass 2 wit h len gt h le ss t h an t h e n u m b er of

compar i sons m ad e s ince t h e previous shift, a pro p er pre�x of p (whic h i s also a su�x of p ) i s

m a t c h e d wit h t h e t ext, i.e., it i s a pre suf shift. Th e m ain c h allen ge in minimizin g t h e exact

n u m b er of compar i sons i s t o h an dle pre suf shift s.

Prepro ce s s in g. Th e s equence S , as d e�n e d a b o v e, i s not u nique. W e sh o w t h a t a part icular

inst ance of S can b e precompu t e d in a m ann er akin t o t h e compu t a t ion of t h e KMP shift

fu nct ion or t h e BM shift fu nct ion. Th e KMP shift fu nct ion compr i s e s, for eac h j , 1 < j � m , a

n u m b er s

j

. s

j

i s t h e large st i , i < j , su c h t h a t p [1 : : : i � 1] = p [ j � i + 1 : : : j � 1] an d p [ i ] 6= p [ j ];

not e t h a t i = dif

j � i +1

. If no su c h i exi st s t h en s

j

i s d e�n e d t o b e zero. Cons id er t h e s et of all

t h os e v alue s of j for whic h s

j

> 0. F urt h ermore, let t hi s s et b e ord ere d b y t h e increas in g v alue

of j � s

j

+ 1. Thi s pro vid e s t h e s equence S . F or ev ery k , 2 � k � m , if dif

k

i s d e�n e d, t h en, for

som e l 2 S , k � l � m , p [1 : : : l � k ] = p [ k : : : l � 1] an d p [ l � k + 1] 6= p [ l ]; h ence t h e v alue dif

k

o ccurs in S (t h ough not n ece ssar ily in d exe d b y k ). Fin ally , it i s straigh tfor w a rd t o compu t e S

in O ( m ) t im e.

4 Th e Pre suf Han dler

In t hi s s ect ion t h e pre suf h an dler for non-p er io dic pa t t er ns p i s d e scr ib e d. Thi s pre suf h an dler

also d eals wit h som e pre suf shift s for p er io dic p , as sp eci�e d in t h e n ext few paragraphs.

Wit h eac h pre suf shift, w e asso cia t e a pre suf x

0

1

of p , d e�n e d as follo ws. If p i s not p er io dic

t h en x

0

1

i s t h e lon ge st pre suf of p . Ot h erwi s e, sup p os e p = u

p

v

i

p

p

i s p er io dic wit h core v

p

an d

h ead u

p

. Th en if t h e pre suf of p m a t c hin g t h e t ext i s a t least j v

p

j lon g, x

0

1

= u

p

v

i

p

� 1

p

. Ot h erwi s e,

if t h e a b o v e pre suf i s sh ort er t h an j v

p

j , t h en x

0

1

i s d e�n e d t o b e t h e lon ge st pre suf of p of len gt h

le ss t h an j v

p

j .

In t hi s s ect ion, w e giv e an algor it hm for h an dlin g pre suf shift s for t h e cas e j x

0

1

j <

m

2

. Th e

cas e j x

0

1

j �

m

2

i s cons id ere d in Sect ion 6. Not e t h a t j x

0

1

j <

m

2

alw ays h olds for non-p er io dic p

an d m ay h old for p er io dic p .

Cons id er t h e s it ua t ion imm e dia t ely follo win g a pre suf shift. Som e pre�x of p , whic h i s also

a pre suf, m a t c h e s t h e t ext su bstr in g it i s align e d wit h. It i s con v enien t for t h e pre suf h an dler t o

assu m e t h a t t h e pa t t er n w as shift e d b y m � j x

0

1

j c h aract ers an d t h a t x

0

1

m a t c h e s t h e t ext. Not e

t h a t t hi s will not b e t h e cas e if P ass 2 in t h e bas ic algor it hm mi sm a t c h e s b efore x

0

1

i s complet ely

m a t c h e d. A s imple c h ec k will prev en t t h e d eclara t ion of an y incorrect complet e m a t c h t h a t migh t

re sul t f rom t h e a b o v e assu mpt ion. T o f acilit a t e t hi s c h ec k, a v ar ia ble t

last

i s us e d. Sup p os e P ass
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2 in t h e bas ic algor it hm en ds in a mi sm a t c h. Th en t

last

i s s et t o t h e in d ex of t h e t ext c h aract er

wh ere t h e mi sm a t c h o ccurre d. Ot h erwi s e, if no mi sm a t c h o ccurs, t

last

 � .

As j x

0

1

j <

m

2

, p = x

0

1

ux

0

1

, for som e str in g u . Let t

A

b e t h e su bstr in g of t h e t ext align e d wit h

t h e pre�x x

0

1

of p imm e dia t ely follo win g t h e pre suf shift; not e t h a t x

0

1

m a t c h e s t

A

. Ord er all

t h e pre sufs of x

0

1

b y d ecreas in g len gt h an d let t hi s ord er b e x

1

; x

2

; x

3

; : : : ; x

k

; x

k +1

, wh ere x

k

i s

t h e sm alle st non-n ull pre suf of x

0

1

an d x

k +1

i s t h e n ull str in g an d h ence a tr ivial pre suf of x

0

1

.

Not e t h a t x

1

= x

0

1

. Let t h e fu t ure inst ance s of p (i.e., p ot en t ial m a t c h inst ance s) b efore it s left

en d slid e s b ey on d t

A

j , in left t o r igh t ord er, b e p

1

; p

2

; : : : ; p

k

. Let p

k +1

b e t h e pa t t er n inst ance

wh os e left en d i s t o t h e imm e dia t e r igh t of t

A

j . Th en p

i

, 1 � i � k + 1, i s t h e pa t t er n inst ance

wit h t h e pre�x x

i

of p align e d wit h t h e su�x x

i

of t

A

. x

i

i s said t o b e t h e pre suf asso cia t e d

wit h p

i

. p

1

; p

2

; : : : ; p

k

; p

k +1

are calle d t h e pr esuf p attern instanc es .

Lemm a 4.1 If j x

0

1

j <

m

2

then at most one of p

1

; : : : ; p

k

; p

k +1

c an le ad to a c omplete match.

Pro of: By con tradict ion. Sup p os e som e t w o of t h em, say p

i

an d p

j

, i < j , eac h re sul t in a

complet e m a t c h. It follo ws t h a t t h ere i s a pre�x of p of s ize m � j x

i

j + j x

j

j t h a t m a t c h e s a su�x

of p . Since j x

i

j � j x

j

j < m= 2, m � j x

i

j + j x

j

j > m= 2; also, j x

i

j � j x

j

j � j x

0

1

j . Thi s implie s t h a t

p i s p er io dic wit h core of len gt h a t most j x

0

1

j , con trary t o assu mpt ion. 2

Th e pre suf h an dler b egins b y elimin a t in g all bu t a t most on e of p

1

; p

2

; : : : ; p

k

; p

k +1

. Thi s i s

carr ie d ou t b y a pro ce d ure t h a t p erforms j � k compar i sons; a t most t w o of t h e s e compar i sons

are u nsu cce ssful. W e s eek t o minimize t h e n u m b er of u nsu cce ssful compar i sons b eca us e while

su cce ssful compar i sons can b e rem em b ere d, u nsu cce ssful compar i sons m ay lead t o rep ea t e d

compar i son of som e t ext c h aract er s.

Th e elimin a t ion pro ce d ure i s d e scr ib e d in Sect ion 4.1. Th e rem ain d er of t h e pre suf h an dler

pro ce d ure, for all bu t t w o sp ecial cas e s, i s giv en in Sect ion 4.2 an d it s an alys i s i s pre s en t e d in

Sect ion 4.3. Th e sp ecial cas e s are h an dle d in Sect ion 4.4. Fin ally , d a t a stru ct ure d et ails are

d e scr ib e d in Sect ion 4.5.

4.1 Elimin a t ion Stra t egy

Before d e scr ibin g t h e exact s equence of compar i sons m ad e b y t h e elimin a t ion stra t egy , w e n ee d

t o u n d erst an d som e stru ct ural pro p ert ie s of t h e s e o v erlap pin g inst ance s of p .

Lemm a 4.2 Supp ose x

i

= uv

l

is the i th pr esuf, wher e u is a pr op er su�x of v , v is primitive,

and l � 2 . Then x

i +1

= uv

l � 1

.

Pro of: Cert ainly uv

l � 1

i s a pre suf, so t h e only que st ion i s wh et h er t h ere i s a pre suf x b et w een

uv

l

an d uv

l � 1

. Sup p os e t h ere i s su c h an x . As j uv

l � 1

j < j x j < j uv

l

j an d as x i s a pre�x of uv

l

,

t h e su�x of x of len gt h j v j i s a cyclic shift of v . Bu t x i s a su�x of uv

l

, whic h implie s t h a t a

pro p er cyclic shift of v m a t c h e s v . By Lemm a 2.3, v i s cyclic, con trary t o assu mpt ion. 2

Lemm a 4.3 The pr esuf p attern instanc es c an b e p artitione d into g = O (log m ) gr oups

2

A

1

; A

2

; : : : ; A

g

.

The gr oups pr eserve the left to right or dering of the p attern instanc es; i.e., the p attern instanc es

in gr oup A

i

ar e al l to the left of those in gr oup A

i +1

, for i = 1 ; : : : ; g � 1 . L et B

i

b e the set

of pr esufs asso ciate d with the p attern instanc es in A

i

. Then either B

i

= f u

i

v

k

i

i

; � � � ; u

i

v

3

i

; u

i

v

2

i

g

or B

i

= f u

i

v

k

i

i

; � � � ; u

i

v

i

g or B

i

= f u

i

v

k

i

i

; � � � ; u

i

v

i

; u

i

g , wher e k

i

� 1 is maximal, u

i

is a pr op er

su�x of v

i

, and v

i

is primitive.

2

Act ually , a sh arp er b ou n d of log

�

m groups i s kno wn [KMP77, B94 ], wh ere � i s t h e gold en ra t io.
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Pro of: Th e pro of i s b y constru ct ion. Th e groups are constru ct e d in left t o r igh t ord er. In-

d u ct iv ely sup p os e A

i

i s b e in g buil t pre s en t ly an d all pre suf pa t t er n inst ance s wit h asso cia t e d

pre sufs lon ger t h an u

i

v

k

i

i

h a v e b een place d in groups t o t h e left of A

i

.

f u

i

v

k

i

i

; � � � ; u

i

v

2

i

g are all add e d t o B

i

. u

i

v

i

i s also add e d if an d only if it i s not p er io dic;

ot h erwi s e, u

i

v

i

st art s s et B

i +1

. By Lemm a 4.2 all pre suf pa t t er n inst ance s wit h asso cia t e d

pre sufs lon ger t h an u

i

v

i

are in group A

i

or b y in d u ct ion in a group t o it s left. In addit ion, if u

i

i s empt y an d v

i

h as no pre sufs t h en u

i

i s also add e d.

Th e m axim alit y of k

i

can b e s een as follo ws. F or sup p os e k

i

i s not m axim al, i.e., t h ere

exi st s a pre suf w of t h e form u

i

v

k

i

+1

i

, k

i

+ 1 � 2. By t h e in d u ct iv e h yp ot h e s i s d e scr ibin g

t h e constru ct ion, t hi s pre suf w ould already b e in on e of t h e groups B

1

; : : : ; B

i � 1

. By Lemm a

4.2, it follo ws t h a t w i s t h e sm alle st pre suf in B

i � 1

. w i s clearly p er io dic. By constru ct ion,

w = u

i � 1

v

2

i � 1

= u

i

v

k

i

+1

i

, k

i

+ 1 � 2. Th en, b y Lemm a 2.4, v

i � 1

m ust b e cyclic, whic h con tradict s

t h e assu mpt ion t h a t v

i � 1

i s pr imit iv e. Th us k

i

m ust b e m axim al.

Thi s sh o ws t h a t t h e pre suf pa t t er n inst ance s are part it ion e d in t o groups. It rem ains t o sh o w

t h a t t h ere are only O (log m ) groups. Let x

j

i

b e t h e left most pre suf in B

i

. If x

j

i +1

= u

i

v

i

, t h en

j x

j

i +1

j �

2

3

j x

j

i

j , an d ot h erwi s e, j x

j

i +1

j �

1

2

j x

j

i

j (t h e la t t er claim follo ws b eca us e x

j

i +1

i s b ot h a

pre�x an d a su�x of x

j

i

an d t hi s pre�x an d su�x are non-o v erlap pin g). Th e O (log m ) b ou n d

follo ws imm e dia t ely . 2

Lemm a 4.4 The gr oups satisfy the fol lowing pr op erties.

Pr op erty 1. Consider the pr esufs x

i

c orr esp onding to the p attern instanc es p

i

in some

gr oup A

j

. F or j 6= g , al l these pr esufs x

i

, exc ept p ossibly the rightmost one, ar e p erio dic

with the same c or e and he ad. F or j = g , al l but the rightmost two pr esufs ar e p erio dic

with the same c or e and he ad.

Pr op erty 2. L et p

i

b e the rightmost instanc e in its gr oup. If x

i

is p erio dic then so is x

i +1

.

Pr op erty 3. Supp ose p

i

is the rightmost instanc e in its gr oup A

j

and x

i

is p erio dic with

he ad u and c or e v ; then j x

i +2

j < j v j . F urther, supp ose x

i +1

= u

0

( v

0

)

l

, wher e v

0

is primitive

and u

0

is a pr op er su�x of v

0

. Then j v

0

j > j u j .

Pr op erty 4. Supp ose p

i

is the rightmost instanc e in its gr oup A

j

, wher e j A

j

j > 1 ; further

supp ose that x

i � 1

is p erio dic with c or e v , and x

i

is not p erio dic. Then j x

i +1

j < j v j .

Pr op erty 5. Both p

k

and p

k +1

ar e in the gr oup A

g

.

Pro of: Let p

i

b e in group A

j

.

Pro p ert y 1 i s true b y d e�nit ion. T o s ee Pro p ert y 2, not e t h a t as x

i

i s p er io dic, x

i

= uv

l

,

wh ere u i s a pro p er su�x of pr imit iv e v an d l � 2. Bu t if l > 2, t h en t h e pa t t er n inst ance

corre sp on din g t o e it h er pre suf uv

2

or pre suf uv w ould b e t h e r igh t most it em in A

j

. Th us l = 2;

bu t, b y d e�nit ion, t h e pa t t er n inst ance corre sp on din g t o uv i s not in A

j

only if uv i s p er io dic.

Fin ally , b y Lemm a 4.2, x

i +1

= uv .

Pro p ert y 3 can b e s een as follo ws. As in t h e previous paragraph, x

i

= uv

2

an d x

i +1

= uv .

Again uv i s p er io dic, t h a t i s uv = u

0

( v

0

)

l

for som e l � 2, wh ere u

0

i s a pro p er su�x of v

0

an d

v

0

i s pr imit iv e. By Lemm a 4.2, x

i +2

= u

0

( v

0

)

l � 1

. Sup p os e j v

0

j � j u j . As v i s pr imit iv e, t h ere

m ust b e a su bstr in g v

0

of u

0

( v

0

)

l

= uv whic h straddle s t h e b ou n d ary b et w een u an d v . Th us t h e

su bstr in g of u

0

( v

0

)

l

align e d wit h t h e r igh t most j v

0

j -s ize d su bstr in g of u i s a pro p er cyclic shift of
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v

0

. Bu t as u i s a su�x of v t hi s su bstr in g i s also id en t ical t o v

0

. By Lemm a 2.3, v

0

i s cyclic, a

con tradict ion. Th us j v

0

j > j u j an d h ence j x

i +2

j < j v j .

Pro p ert y 4 can b e s een as follo ws. As wit h t h e previous pro p ert ie s, it follo ws t h a t x

i

= uv ,

wh ere u i s a pro p er su�x of v an d v i s pr imit iv e. If j x

i +1

j � j v j , t h en j x

i +1

j > j x

i

j = 2. Bu t x

i +1

i s a pre suf of x

i

; b y Lemm a 2.1, x

i

w ould b e p er io dic, a con tradict ion.

Pro p ert y 5 can b e s een as follo ws. Since x

k

i s t h e sm alle st non-n ull pre suf of p , no non-n ull

pre�x of x

k

m a t c h e s a su�x of x

k

. Th erefore, all str in gs in B

g

h a v e t h e form u

g

v

l

g

, 0 � l � k

g

,

wh ere u

g

i s t h e n ull str in g an d v

g

= x

k

. Since b ot h x

k

an d x

k +1

h a v e t hi s form, Pro p ert y 5 i s

true. 2

Rem ar k. Th e elimin a t ion stra t egy d e scr ib e d b elo w an d t h e algor it hm in Sect ion 4.2 whic h us e s

t hi s elimin a t ion stra t egy t o h an dle pre suf shift s, w or k for most pa t t er ns p . Ho w ev er, t h ere are

som e pa t t er ns for whic h pre suf shift s m ust b e h an dle d di�eren t ly . Th e reason for t hi s i s m ad e

clear in Sect ion 5, whic h giv e s a t ec hnical p ort ion of t h e an alys i s of t h e algor it hm in Sect ion

4.2. Th e s e except ion pa t t er ns are preci s ely t h os e in whic h x

k

, t h e sm alle st non-n ull pre suf, i s a

s in gle c h aract er an d g , t h e n u m b er of groups, i s on e. Pre suf shift s for t h e s e except ion pa t t er ns

are h an dle d s epara t ely in Sect ion 4.4.

De�nit ion. A clon e s et i s a s et Q = f s

1

; s

2

; � � � g of str in gs, wit h s

i

= uv

k

i

, wh ere u i s a pro p er

su�x of pr imit iv e v an d k

i

� 0. A s et U of pa t t er n inst ance s i s half-done if j U j � 2 or t h e s et

of asso cia t e d pre sufs forms a clon e s et.

Th e follo win g lemm a i s t h e k ey t o our elimin a t ion stra t egy .

Lemm a 4.5 Consider thr e e pr esuf p attern instanc es p

a

; p

b

; p

c

, a < b < c (the or der of the in-

dic es c orr esp onds to the left-to-right or der of the p attern instanc es). Supp ose the set f x

a

; x

b

; x

c

g

is not a clone set. Then ther e exists an index d in p

1

with the fol lowing pr op erties. The char-

acters in p

1

; p

2

; : : : ; p

a

aligne d with p

1

[ d ] ar e al l e qual; however, the char acter aligne d with p

1

[ d ]

in at le ast one of p

b

and p

c

di�ers fr om p

1

[ d ] . Mor e over m � j x

a

j + 1 � d � m , i.e., p

1

[ d ] lies

in the su�x x

a

of p

1

.

Pro of: Th e su bstr in gs of p

1

; : : : ; p

a

align e d wit h t h e su�x x

a

of p

1

are all id en t ical t o t h e str in g

x

a

. Let t h e su bstr in g of p

b

(re sp ect iv ely p

c

) align e d wit h t h e su�x x

a

of p

1

b e y

b

(re sp ect iv ely

y

c

). See Fig.2. It su�ce s t o sh o w t h a t a t least on e of y

b

or y

c

i s not id en t ical t o x

a

. Sup p os e

for a con tradict ion t h a t y

b

= y

c

= x

a

.

Let y

b

= z

b

x

b

an d y

c

= z

c

x

c

. Not e t h a t z

b

i s a su�x of z

c

. As y

b

= y

c

, a s imple in d u ct ion

sh o ws t h a t y

b

= uv

l

, wh ere u i s a pro p er pre�x of v an d l � 1, an d j v j i s e it h er j x

b

j � j x

c

j or

som e pro p er divi sor of j x

b

j � j x

c

j an d v i s pr imit iv e. As x

a

= y

b

, if l � 2, x

a

i s p er io dic wit h

core v .

First sup p os e x

a

i s p er io dic wit h h ead u an d core v . By Lemm a 4.2, if j x

b

j > j uv j , x

b

= uv

h

for som e h , 1 � h < l . If j x

b

j < j uv j , as j x

b

j � j x

c

j i s a m ul t iple of j v j , j x

b

j = j v j + j x

c

j , so

x

b

= w v for som e str in g w , j w j < j u j . Bu t t h en w v i s a pre�x of uv whic h implie s t h a t v i s

cyclic; t hi s i s a con tradict ion. Th us x

b

= uv

h

. As j x

b

j � j x

c

j i s a m ul t iple of j v j , x

c

= uv

j

for

som e j , 0 � j < h , con tradict in g t h e f act t h a t f x

a

; x

b

; x

c

g i s not a clon e s et.

Cons equen t ly , x

a

= uv . If x

a

i s not p er io dic t h en j x

b

j < j x

a

j = 2 an d j v j � j x

b

j � j x

c

j < j x

a

j = 2.

Bu t t h en j x

a

j < 2 j v j < j x

a

j , a con tradict ion. While if x

a

i s p er io dic, x

a

= u

0

( v

0

)

k

for som e

k � 2; also j v

0

j > j u j , b y Pro p ert y 3 of Lemm a 4.4; h ence j x

b

j < j v j . Bu t j x

c

j � j x

b

j � j v j < 0,

a con tradict ion. 2 .
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Figure 2: Ov erlap pin g pa t t er n inst ance s

Lemm a 4.5 implie s t h a t a compar i son of p

1

[ d ] wit h t h e align e d t ext c h aract er h as t h e follo win g

e�ect: if it i s a mi sm a t c h, all of p

1

; � � � ; p

a

are elimin a t e d, while if it i s a m a t c h, a t least on e of

p

b

an d p

c

i s elimin a t e d.

Lemm a 4.5 en a ble s t h e elimin a t ion of e ss en t ially all bu t on e group of pa t t er n inst ance s

wit h a t most on e mi sm a t c h. A t eac h st ep, for t h e r igh t most d yield e d b y Lemm a 4.5, p

1

[ d ] i s

compare d wit h t h e align e d t ext c h aract er. If t h ere i s a mi sm a t c h, t h e survivin g s et of pa t t er n

inst ance s i s h alf-don e, as w e sh o w in t h e follo win g lemm a. While if t h ere i s no su c h d , t h e

survivin g s et of pa t t er n inst ance s i s h alf-don e b y Lemm a 4.5. Thi s pro ce d ure compr i s e s Ph as e

1 of t h e elimin a t ion pro ce d ure.

Lemm a 4.6 If ther e is a mismatch in Phase 1 of the elimination pr o c e dur e, the set X of

surviving p attern instanc es is half-done.

Pro of: Sup p os e it w as not, i.e., for som e su bs et f p

a

; p

b

; p

c

g of X , f x

a

; x

b

; x

c

g i s not a clon e s et.

Th e c h aract ers in t h e x

i

su�x of p

1

, for i = a; b; c , m a t c h t h e align e d su bstr in g of p

i

. Hence t h e

mi sm a t c h a t p

1

[ d ], whic h crea t e d s et X , lie s t o t h e left of t h e su�x x

i

of p

1

, for i = a; b; c . Bu t,

b y Lemm a 4.5, a t least on e of p

a

; p

b

; p

c

could h a v e b een elimin a t e d b y a compar i son m ad e wit hin

t h e su�x of p

1

of s ize m ax fj x

a

j ; j x

b

j ; j x

c

jg . Thi s con tradict s t h e c h oice of d as t h e r igh t most

in d ex a t whic h a compar i son elimin a t e s som e pa t t er n inst ance. 2

Th e elimin a t ion amon g t h e rem ainin g h alf-don e s et of pa t t er n inst ance s also require s a t most

on e mi sm a t c h.

Lemm a 4.7 L et O = f p

i

1

; p

i

2

; : : : ; p

i

l

g , l � 2 , b e an uneliminate d half-done set and let p

i

1

2

A

r

. Then x

i

j

= uv

h � j

, wher e u is a pr op er su�x of primitive v and h � l . F urther, ther e exists

an index d such that the char acters in f p

i

1

; p

i

2

; : : : ; p

i

l � 1

g aligne d with p

i

l

[ d ] ar e al l e qual, but

di�er fr om the char acter p

i

l

[ d ] . p

i

l

[ d ] is aligne d with or to the left of p

i

1

[ m ] . In addition, if

p

i

1

62 A

1

then p

i

l

[ d ] is to the right of p

1

[ m ] and within distanc e j x

o

j � j x

i

1

j of p

1

[ m ] , wher e p

o

is
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p
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Figure 3: (a) p

i

1

2 A

1

. (b) p

i

1

62 A

1

.

the rightmost p attern instanc e in A

r � 1

. If p

i

1

2 A

1

then p

i

l

[ d ] is to the right of t

A

and aligne d

with or to the left of p

1

[ m ] .

Pro of: Eac h x

i

j

, 1 � j � l , i s of t h e form uv

h

j

, for som e h

j

� 0, wh ere u i s a pro p er su�x of

pr imit iv e str in g v .

See Fig.3. Let y d enot e t h e str in g p

i

1

if p

i

1

2 A

1

an d t h e str in g x

o

ot h erwi s e. Clearly ,

y cannot b e p er io dic wit h core v . If p

i

1

2 A

1

t h en let w d enot e t h e su�x of p

i

1

of len gt h

m � j x

1

j + j v j . If p

i

1

62 A

1

t h en let w d enot e t h e su bstr in g of p

i

1

whic h h as len gt h j x

o

j � j x

i

1

j + j v j

an d whic h o v erlaps p

1

in exact ly j v j c h aract ers. Not e t h a t w 6= uv

h

0

, wh ere h

0

> 0; for ot h erwi s e,

b y Lemm a 2.3 an d t h e f act t h a t v i s pr imit iv e, t h e su�x of y of len gt h j w j � j v j i s cyclic in v

an d t h erefore, y i s p er io dic wit h core v , con trary t o assu mpt ion.

Let w

0

b e t h e sm alle st su�x of w whic h i s not of t h e form u

0

v

h

0

, wit h u

0

a su�x of v an d

h

0

> 0. De�n e d t o b e t h e in d ex in p

i

1

corre sp on din g t o j w

0

. Clearly , j w

0

j > j x

i

1

j � ( l � 1) j v j .

Th erefore, p

i

1

[ d + ( l � 1) j v j ] i s a c h aract er in w . In addit ion, if p

i

1

2 A

1

, t h en j w

0

j > j x

1

j an d

t h erefore p

i

1

[ d + ( l � 1) j v j ] i s align e d wit h or t o t h e left of p

1

[ m ]. Th e lemm a follo ws if p

i

l

[ d ] i s

align e d wit h p

i

1

[ d + ( l � 1) j v j ] an d t h e c h aract ers in p

i

1

; : : : ; p

i

l � 1

whic h are align e d wit h p

i

l

[ d ]

are all id en t ical an d di�eren t f rom p

i

l

[ d ]. W e sh o w t h a t t h e s e t w o claims are in d ee d true.

First, w e sh o w t h a t j x

i

j

j � j x

i

j +1

j = j v j , for 1 � j < l . So sup p os e for a con tradict ion t h a t

t h ere i s a pa t t er n inst ance p

b

62 O wit h x

b

= uv

h

00

, h

00

> 0, an d t h ere are pa t t er n inst ance s

p

a

; p

c

2 O , p

a

t o t h e left of p

b

an d p

c

t o t h e r igh t of p

b

. See Fig.4. Let p

a

[ e ] b e t h e r igh t most

c h aract er in p

a

su c h t h a t t h e su bstr in g of p

a

whic h st art s a t p

a

[ e ] an d o v erlaps p

1

i s lon ger t h an

j x

a

j an d not p er io dic wit h core v . Cons id er t h e c h aract er p

1

[ e

0

] align e d wit h p

c

[ e ]. Th e p ort ions

of p

a

; p

b

; p

c

whic h o v erlap t h e su�x of p

1

t o t h e r igh t of e

0

are all id en t ical. If Ph as e 1 st ay e d

t o t h e r igh t of e

0

t h en p

a

; p

b

; p

c

w ould all h a v e b een elimin a t e d b y t h e mi sm a t c h a t t h e en d of

Ph as e 1. So p

1

[ e

0

] m ust h a v e b een compare d in Ph as e 1. A mi sm a t c h a t e

0

elimin a t e s p

a

an d p

b

while a m a t c h elimin a t e s p

c

. Eit h er w ay , a con tradict ion re sul t s.

Fin ally , not e t h a t t h e c h aract er in p

i

j

, 1 � j � l � 1, whic h i s align e d wit h p

i

l

[ d ] i s preci s ely

t h e c h aract er p

i

l

[ d + ( l � j ) j v j ]. Bu t p

i

l

[ d ] 6= p

i

l

[ d + j v j ] = p

i

l

[ d + 2 j v j ] = : : : = p

i

l

[ d + ( l � 1) j v j ].

2

Coro llary 4.8 T o eliminate al l but one of the p attern instanc es in any half-done set (in p artic-

ular, the Phase 1 survivors set) f p

i

1

; p

i

2

; : : : ; p

i

j

g it su�c es to c omp ar e a se quenc e of char acters

with the pr op erty that any two c onse cutive char acters in the se quenc e ar e distanc e j v j ap art,
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Figure 4: Th e h alf-don e s et i s complet e.

wher e v is the c or e of x

i

1

. F urther, the p attern instanc es in this set ar e eliminate d in right to

left or der by this c omp arison se quenc e (i.e., in de cr e asing value of j ).

Let p

i

l

b e as in Lemm a 4.7; t h e c h aract er in p

i

1

align e d wit h p

i

l

[ d ] i s compare d wit h t h e

align e d t ext c h aract er . A m a t c h elimin a t e s p

i

l

; a mi sm a t c h lea v e s only p

i

l

survivin g. It era t ion of

t hi s st ep en ds wit h on e pa t t er n inst ance survivin g aft er a t most on e mi sm a t c h. Thi s compr i s e s

Ph as e 2 of t h e elimin a t ion pro ce d ure.

Th e s equence of compar i sons m ad e in Ph as e 2 i s clearly a r igh t t o left s equence. If p

1

i s

elimin a t e d in Ph as e 1 t h en all compar i sons in Ph as e 2 are m ad e t o t h e r igh t of t h e c h aract ers

compare d in Ph as e 1. Ot h erwi s e, if p

1

i s not elimin a t e d in Ph as e 1, all compar i sons in Ph as e

2 are m ad e t o t h e left of t h e c h aract ers compare d in Ph as e 1.

W e recapit ula t e t h e elimin a t ion stra t egy no w. In Ph as e 1, c h aract ers in p

1

a t in dice s giv en

b y a precompu t e d s equence S

1

are compare d in s equence u n t il a mi sm a t c h o ccurs or u n t il t h e

s equence i s exh a ust e d. Asso cia t e d wit h a mi sm a t c h a t t h e i t h compar i son giv en b y S

1

i s an

a uxiliary s equence S

2

i

of in dice s. If a mi sm a t c h o ccurs a t t h e i t h compar i son in S

1

, Ph as e 2

b egins an d compar i sons are no w m ad e accordin g t o t h e a uxiliary s equence S

2

i

. A mi sm a t c h

a t an y in d ex in t h e relev an t a uxiliary s equence complet e s t h e elimin a t ion pro ce ss as do e s t h e

exh a ust ion of t h a t a uxiliary s equence. In e it h er cas e, only on e pa t t er n inst ance f rom t h e s et

f p

1

; : : : ; p

k

; p

k +1

g surviv e s.

Let j S

1

j = j . Th e s equence s S

1

an d S

2

1

; S

2

2

; : : : ; S

2

j

collect iv ely form a tree E T (t h e

elimination tr e e ). E T i s a bin ary tree. Eac h in t er n al no d e x of E T st ore s an in d ex in dica t in g

t h e compar i son t o b e m ad e. Eac h in t er n al no d e h as t w o c hildren. Th e compu t a t ion con t in ue s

a t t h e left c hild if t h e compar i son a t x i s su cce ssful, an d a t t h e r igh t c hild ot h erwi s e. Th e

compu t a t ion st art s a t t h e ro ot of E T . Eac h ext er n al no d e st ore s t h e on e pa t t er n inst ance t o

surviv e t h e t w o ph as e s of compar i sons leadin g t o t h a t ext er n al no d e. Th e ext er n al no d e s are

also calle d t ermin al no d e s. Not e t h a t no pa t t er n inst ance p

i

can b e t h e surviv or a t t w o di st inct

t ermin al no d e s of E T . Thi s i s b eca us e on e of t h e t w o ou t com e s of t h e compar i son a t t h e least

common ance st or of t h e s e t w o no d e s in E T i s b ou n d t o elimin a t e p

i

. It follo ws t h a t t h e s ize of

12



E T i s O ( k ).

Th e t ot al n u m b er of mi sm a t c h e s o ccurr in g in t h e elimin a t ion pro ce ss i s a t most t w o b eca us e

eac h ph as e t ermin a t e s wh en a mi sm a t c h o ccurs.

Lemm a 4.9 A l l but at most one of p

1

; : : : ; p

k

; p

k +1

c an b e eliminate d by making up to k c om-

p arisons using the O ( k ) size d binary c omp arison tr e e E T . A t most two of these c omp arisons

r esult in mismatches. The se quenc e of c omp arisons made by the elimination str ate gy c onsists

of two left to right se quenc es. The se c ond se quenc e is either entir ely to the right or entir ely to

the left of the �rst one.

4.2 Stra t egy for Han dlin g Pre suf Shift s

Su bs equen t t o t h e elimin a t ion d ue t o tree E T t h e pre suf h an dler pro cee ds in a m ann er remin-

i scen t of t h e bas ic algor it hm. Th a t i s, t h ere i s a curren t pa t t er n inst ance, p

a

, whic h i s b e in g

m a t c h e d, an d whic h i s t h e left most survivin g pa t t er n inst ance. Th e n ext left most survivin g

pa t t er n inst ance, p

b

, whic h h as a di�erence p oin t wit h p

a

i s a can did a t e for elimin a t ion. In d ee d,

a compar i son of p

a

wit h t h e t ext i s m ad e a t t h e di�erence p oin t.

Th e an alys i s of t h e pre suf h an dler h as t h e follo win g 
a v or. Compar i sons, wit h a few ex-

cept ions, are c h arge d t o di st inct t ext c h aract ers. T o b e preci s e, for eac h su�x shift, a t most 2

compar i sons are c h arge d t o t h e shift ra t h er t h an t o t ext c h aract ers. Ev en more preci s ely , if 2

compar i sons are c h arge d t o t h e shift, t h e n ext pre suf shift i s a t di st ance a t least

3( m +1)

4

t o t h e

r igh t, an d ot h erwi s e it i s a t di st ance a t least

m +1

2

t o t h e r igh t. Th e complexit y b ou n d of t h e

algor it hm no w follo ws readily .

Th eorem 4.10 The algorithm p erforms at most n +

8

3( m +1)

( n � m ) char acter c omp arisons.

Th ere are t hree w ays in whic h t ext c h aract ers are c h arge d:

(i) Th e c h aract er compare d i s c h arge d.

(ii) Th e t ext c h aract er align e d wit h t h e left en d of t h e pa t t er n inst ance elimin a t e d b y t h e

compar i son i s c h arge d.

(iii) Th e t ext c h aract er t o t h e imm e dia t e r igh t of t

A

j (i.e., align e d wit h j p

k +1

) i s c h arge d.

Th e t hree c h argin g m et h o ds do not in t eract readily . T o ensure t h a t no t ext c h aract er i s

c h arge d t wice, t h e swit c hin g f rom on e c h argin g m et h o d t o t h e ot h er will o ccur only a t carefully

s elect e d p oin t s in t h e algor it hm. In addit ion, mi sm a t c h e s are not c h arge d accordin g t o rule (i),

for t h e t ext c h aract ers in que st ion m ay b e compare d again.

Bas ically , c h argin g m et h o d (i) i s us e d if a pa t t er n inst ance i s su cce ssfully m a t c h e d (a t least

up t o a su�x whic h i s a pre suf ). Ch argin g m et h o d (iii) i s us e d only for t h e compar i son t h a t

elimin a t e s t h e pre suf pa t t er n inst ance whic h surviv e s t h e elimin a t ion pro ce d ure E T . Ch ar-

gin g m et h o d (ii) i s us e d ot h erwi s e. A part ial except ion ar i s e s for t h e c h aract ers compare d b y

pro ce d ure E T ; t hi s i s di scuss e d furt h er b elo w.

F ollo win g t h e us e of pro ce d ure E T , t h e aim i s t o p erform compar i sons e ss en t ially as in t h e

bas ic algor it hm, t h a t i s t o compare t h e c h aract er a t t h e di�erence p oin t of t h e t w o left most

survivin g pa t t er n inst ance s whic h are not pre�x o v erlaps of eac h ot h er. Th e an alys i s ceas e s t o

b e as straigh tfor w ar d b eca us e of t h e addit ion al j � k compar i sons p erform e d b y pro ce d ure E T ;

in d ee d, t o co p e wit h t hi s, a mo di�e d form of t h e bas ic algor it hm i s n ee d e d.

Th ere are t w o ob ject iv e s.
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1. T o a v oid rep ea t in g compar i sons a t t h e t ext c h aract ers su cce ssfully compare d b y pro-

ce d ure E T .

2. T o p erform e ss en t ially j few er compar i sons t h an in t h e bas ic algor it hm.

Ob ject iv e 1 i s ac hiev e d b y k eepin g a record of t h e su cce ssful compar i sons in a bit v ect or of

len gt h roughly m .

Th e m a jor di�cul t y , h o w ev er, i s ca us e d b y t h e m et h o d us e d for c h argin g t h e j compar i s-

ons m ad e b y pro ce d ure E T . It i s n a t ural t o c h arge t h e s e compar i sons t o t h e t ext c h aract ers

compare d. Unfort u n a t ely , t hi s m ay con
ict wit h t h e c h argin g us in g m et h o d (ii). T o a v oid

t hi s di�cul t y , a s in gle addit ion al compar i son, wit h t ext c h aract er t

b

, i s p erform e d b efore us in g

pro ce d ure E T . Th e follo win g lemm a can t h en b e sh o wn.

Lemm a 4.11 F or e ach text char acter t

c

c omp ar e d by pr o c e dur e E T , with at most � � 2 exc ep-

tions, ther e is a distinct pr eviously unchar ge d text char acter t

c

0

, t

c

0

aligne d with or to the left of

t

c

and to the right of j p

k +1

, such that the p attern instanc e q

c

whose left end is aligne d with t

c

0

mismatches either the text char acter t

b

or some text char acter matche d in pr o c e dur e E T .

L et � b e the numb er of mismatches p erforme d by Pr o c e dur e E T . Then, in addition, � + � �

2 .

Th e lemm a i s pro v en b y sp ecifyin g a transfer fu nct ion f , whic h asso cia t e s c t o c

0

. Th e form

of f d ep en ds on t h e s equence of compar i sons p erform e d b y pro ce d ure E T . Th e pro of of t h e

lemm a i s quit e non-tr ivial; it i s d eferre d t o Sect ion 5.

Lemm a 4.11 i s us e d as follo ws. Let q

e

b e t h e n ext pa t t er n inst ance t o m a t c h t h e t ext (or,

a t least, t o h a v e a su�x, whic h i s also a pre suf, m a t c hin g t h e t ext). All pa t t er n inst ance s t o

t h e left of q

e

, elimin a t e d b y compar i sons m ad e aft er t h e us e of pro ce d ure E T , are c h arge d us e d

c h argin g m et h o d (ii). Us in g t h e transfer fu nct ion, t h os e compar i sons t o t h e left of j q

e

m ad e b y

pro ce d ure E T are c h arge d t o t ext c h aract ers whic h are not ot h erwi s e c h arge d. By con trast,

t ext c h aract ers align e d wit h q

e

are c h arge d us in g c h argin g m et h o d (i). Th ere will b e no more

t h an t w o compar i sons p erform e d b y t h e pre suf h an dler t h a t are not t h ere b y c h arge d t o a t ext

c h aract er; t h e s e compar i sons are c h arge d t o t h e pre suf h an dler it s elf.

Th e algor it hm require s a t ot al of �v e su b ph as e s, wh os e d et ails d ep en d on exact ly h o w q

e

ar i s e s.

It i s h elpful t o di st in gui sh t hree scen ar ios t h a t m ay ensue. T o t hi s en d, let p

e

d enot e t h e

pre suf pa t t er n inst ance t o surviv e t h e elimin a t ion us in g tree E T . In addit ion, let t

a

d enot e t h e

t ext c h aract er t

A

j .

Th e t hree scen ar ios follo w:

1. All pa t t er n inst ance s o v erlap pin g p

e

are elimin a t e d apart f rom it s pre suf o v erlaps, an d

p

e

or a t least a su�x of p

e

i s m a t c h e d.

2. p

e

i s elimin a t e d. In addit ion, t h ere i s som e pa t t er n inst ance q

c

o v erlap pin g p

e

, su c h t h a t

all pa t t er n inst ance s o v erlap pin g q

c

are elimin a t e d apart f rom it s pre suf o v erlaps; furt h er,

q

c

or a t least a su�x of q

c

i s m a t c h e d.

3. p

e

i s elimin a t e d as are all pa t t er n inst ance s o v erlap pin g p

e

. Let q

d

d enot e t h e left most

survivin g pa t t er n inst ance in t hi s cas e.
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Th e �rst scen ar io ca us e s no problems f rom t h e p ersp ect iv e of t h e an alys i s. It su�ce s t o

ensure t h a t non e of t h e su cce ssful compar i sons m ad e b y E T are rep ea t e d. Th e t hird scen ar io

i s h an dle d b y us in g c h argin g sc h em e (iii) for t h e compar i son whic h elimin a t e s p

e

an d c h argin g

sc h em e (ii) for t h e rem ainin g compar i sons in t h e p ost E T ph as e. Lemm a 4.11 ensure s t h a t

for eac h compar i son m ad e b y E T (wit h a t most t w o except ions) wit h a t ext c h aract er str ict ly

b et w een t

a

an d j q

d

t h ere i s a di st inct pa t t er n inst ance wh os e left en d lie s str ict ly b et w een j p

k +1

an d j q

d

, an d whic h i s elimin a t e d b y t h e compar i sons m ad e b y E T plus t h e on e ot h er compar i son

a t t ext c h aract er t

b

. Again, t hi s leads t o t h e d e s ire d complexit y b ou n d wit h ou t di�cul t y .

Th e s econ d scen ar io pro vid e s t h e grea t e st di�cul t y . In ord er t o a v oid u nn ece ssary compar-

i sons, t h e lo ca t ions of su cce ssful compar i sons are record e d. Th en, if a di�erence p oin t o ccurs a t

on e of t h e s e m a t c h e d t ext c h aract ers t h e pre s en t pa t t er n inst ance p

b

(s ee t h e �rst paragraph of

t h e su bs ect ion) can b e remo v e d wit h ou t furt h er compar i sons. Ho w ev er, follo win g a mi sm a t c h it

i s not clear h o w t o m ain t ain t hi s pro p ert y . F or, wit h only lin ear st orage, it i s not clear h o w t o

ensure t h a t t h e curren t pa t t er n inst ance, follo win g t h e mi sm a t c h, agree s wit h t h e t ext on a pre-

viously m a t c h e d c h aract er, a t least if t h e t ot al w or k b ou n d i s t o b e lin ear. (Th ere i s no problem

if exp on en t ial in m space i s a v aila ble for precompu t e d stru ct ure s.) T o a v oid t hi s di�cul t y , only

t h e su cce ssful compar i sons s ince t h e last mi sm a t c h are record e d.

In f act, t hi s i s not quit e go o d enough. It ap p ears n ece ssary t o k eep trac k of t h e c h aract ers

compare d b y pro ce d ure E T regardle ss of h o w m an y c h aract ers are compare d. Thi s a v oids

su bs equen t compar i son of t h e s e c h aract ers. In d ee d, an y pa t t er n inst ance s mi sm a t c hin g on on e

or more of t h e s e c h aract ers are elimin a t e d imm e dia t ely aft er t h e compu t a t ion wit h pro ce d ure

E T . Thi s i s don e wit h t h e h elp of precompu t e d inform a t ion.

Wit h t hi s mot iv a t ion, w e pro cee d wit h a preci s e d e scr ipt ion of t h e pre suf h an dler pro ce d ure.

It pro cee ds in �v e st eps.

St ep 1. (Before t h e us e of tree E T ). Th e c h aract ers in p

1

; : : : ; p

k

align e d wit h p

1

[ m ], t h e

r igh t most c h aract er in p

1

, are id en t ical. If t h e c h aract er in p

k +1

align e d wit h p

1

[ m ] i s also

id en t ical t o it, t h en p

1

[ m ] i s compare d wit h t h e align e d t ext c h aract er. A mi sm a t c h elimin-

a t e s all of p

1

; : : : ; p

k

; p

k +1

an d t h e bas ic algor it hm i s re st art e d wit h j p

a

place d imm e dia t ely

t o t h e r igh t of j p

k +1

. A m a t c h i s not imm e dia t ely b en e�cial as it do e s not elimin a t e an y of

p

1

; : : : ; p

k

; p

k +1

. Ho w ev er, it ensure s t h e elimin a t ion of su�cien t ly m an y ap pro pr ia t e pa t t er n

inst ance s for Scen ar ios 2 an d 3 d e scr ib e d a b o v e.

St ep 2. Th e elimin a t ion stra t egy us in g tree E T i s ap plie d t o t h e pa t t er n inst ance s p

1

; : : : ; p

k

; p

k +1

.

F ollo win g St ep 2, a t most on e pre suf pa t t er n inst ance surviv e s. Call it p

e

. Let Q d enot e t h e

s et of pa t t er n inst ance s whic h o v erlap p

e

an d h a v e t h e ir left en d t o t h e r igh t of j p

k +1

. In t h e

elimin a t ion pro ce ss, som e elem en t s of Q m ay also h a v e b een elimin a t e d f rom b e in g p ot en t ial

m a t c h e s. Th ey n ee d not b e recons id ere d. In d ee d, as t h e c h aract ers su cce ssfully m a t c h e d in St ep

2 m ust not b e compare d an ew, it ap p ears t h a t t h e s e pa t t er n inst ance s m ust not b e cons id ere d

an ew. T o t hi s en d, a su bs et Q

x

of Q i s asso cia t e d wit h eac h t ermin al no d e x in E T .

Let T

x

d enot e t h e in dice s of t h e t ext c h aract ers su cce ssfully compare d in St eps 1 an d 2. Q

x

con t ains t h os e pa t t er n inst ance s in Q whic h m a t c h a t all t h e t ext in dice s in T

x

, except p oss ibly

t h e last. Thi s s eemin gly o dd except ion i s n ece ssary in ord er t o st ore Q

x

e�cien t ly . Act ually , Q

x

sa t i s�e s furt h er constrain t s, bu t t h ey are not n ee d e d for t hi s s ect ion. Th e complet e d e�nit ion of

Q

x

an d t h e m et h o d for compu t in g it are d e scr ib e d in Sect ion 4.5. Here, it su�ce s t o w or k wit h

t h e follo win g pro p ert y: all bu t a t most t w o of t h e compar i sons in St eps 1 an d 2 are su cce ssful

an d are rem em b ere d b y pa t t er n inst ance s in Q

x

.
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Sup p os e t h a t t h e elimin a t ion pro ce ss t ermin a t e s a t t ermin al no d e x . Let Q

0

= f p

e

g [ Q

x

.

Th e elimin a t ion pro ce d ure of St ep 3 i s ap plie d t o t h e pa t t er n inst ance s in Q

0

.

St ep 3. Thi s st ep elimin a t e s amon g t h e elem en t s of Q

0

. q

c

will d enot e t h e left most pa t t er n

inst ance t o surviv e St ep 3. If q

c

= p

e

t h en ev ery survivin g pa t t er n inst ance o v erlap pin g q

c

will

b e a pre suf o v erlap of q

c

.

Th e stra t egy us e d h ere i s s imilar t o t h e on e for t h e bas ic algor it hm. On e of t w o o v erlap pin g

pa t t er ns inst ance s i s elimin a t e d b y compar in g a t t h e di�erence p oin t of t h e t w o inst ance s.

T o prev en t rep ea t e d compar i sons of t ext c h aract ers t o t h e r igh t of t

a

, t w o addit ion al d a t a

stru ct ure s are us e d. Th e �rst i s a bit v ect or B V [1 : : : 2 m ]. B V [ i ] = 1 if t h e i t h t ext c h aract er

t o t h e r igh t of t

a

h as b een su cce ssfully compare d in St eps 1 an d 2 or in St ep 3 s ince t h e last

mi sm a t c h. Th e s econ d i s a li st LB V ; it st ore s t h e in dice s of t h e bit s in B V s et t o on e in St ep

3 s ince t h e last mi sm a t c h. Init ially , LB V i s empt y .

Th e elimin a t ion pro ce d ure for St ep 3 follo ws. Let q

a

an d q

b

d enot e t h e t w o left most u n e-

limin a t e d pa t t er n inst ance s in Q

0

. Sup p os e t h a t q

b

lie i u nit s t o t h e r igh t of q

a

. Th e read er i s

advi s e d t o refer t o Sect ion 2 t o review t h e d e�nit ion of dif

i +1

. If dif

i +1

i s u n d e�n e d t h en q

b

i s

remo v e d f rom Q

0

.

If dif

i +1

i s d e�n e d t h en t h e bit in B V corre sp on din g t o t h e t ext c h aract er align e d wit h

q

a

[ dif

i +1

] i s read. If t hi s bit i s 1 t h en q

b

i s remo v e d f rom Q

0

( q

b

can b e elimin a t e d as it do e s

not m a t c h an already compare d t ext c h aract er). Ot h erwi s e, q

a

[ dif

i +1

] i s compare d wit h t h e

align e d t ext c h aract er. If t h e t w o c h aract ers are equal, t h e corre sp on din g bit in B V i s s et, t h e

bit's in d ex i s add e d t o LB V , an d q

b

i s elimin a t e d. If t h ey are not equal, t h en t h e bit s in B V a t

all in dice s curren t ly in LB V are re s et t o 0, LB V i s re s et t o empt y , an d q

a

i s elimin a t e d.

Th e elimin a t ion pro ce d ure i s it era t e d u n t il only on e pa t t er n inst ance rem ains in Q

0

. Let q

c

d enot e t hi s rem ainin g pa t t er n inst ance.

St ep 4. In t hi s st ep, e it h er all pa t t er n inst ance s o v erlap pin g q

c

, apart f rom pre suf o v erlaps, are

elimin a t e d, or q

c

i s elimin a t e d.

Let Q

00

b e t h e s et of pa t t er n inst ance s wh os e left en d lie s t o t h e r igh t of p

e

j bu t not t o t h e

r igh t of q

c

j . Th e follo win g st ep i s rep ea t e d u n t il e it h er q

c

i s elimin a t e d or Q

00

= � . Let q

d

b e

t h e left most pa t t er n inst ance in Q

00

. Sup p os e q

d

lie s i u nit s t o t h e r igh t of q

c

. If dif

i +1

do e s

not exi st t h en q

d

i s remo v e d f rom Q

00

. Ot h erwi s e, t h e follo win g bit in B V i s read: t h e bit

corre sp on din g t o t h e t ext c h aract er align e d wit h q

c

[ dif

i +1

]. If t hi s bit i s 1, q

d

i s elimin a t e d. If

it i s 0, q

c

[ i ] an d t h e align e d t ext c h aract er are compare d. If t h ey m a t c h t h en t h e corre sp on din g

bit in B V i s s et, it s in d ex i s add e d t o LB V , an d q

d

i s elimin a t e d. Ot h erwi s e, q

c

i s elimin a t e d

an d St ep 4 com e s t o an en d.

If q

c

i s elimin a t e d t h en LB V i s re s et t o b e empt y , B V i s re s et t o 0, an d t h e bas ic algor it hm

i s re st art e d wit h p

a

= q

d

. Ot h erwi s e, St ep 5 i s p erform e d.

St ep 5. Thi s st ep s eeks t o complet e t h e m a t c h of q

c

. If a t least a pre suf of q

c

i s m a t c h e d,

t h e complet e m a t c h, or t h e part ial m a t c h re sul t s in a n ew pre suf shift. Ot h erwi s e, t h e bas ic

algor it hm i s re su m e d wit h j p

a

imm e dia t ely t o t h e r igh t of q

c

j .

St ep 5 compare s t h e c h aract ers in q

c

t o t h e r igh t of t

a

apart f rom t h os e m a t c h e d in St eps

1 an d 2, an d t h os e m a t c h e d in St eps 3 an d 4 follo win g t h e most recen t mi sm a t c h (incid en t ally ,

t h ere w as no mi sm a t c h in St ep 4, as q

c

surviv e d St ep 4 if St ep 5 i s p erform e d). Th e s e c h aract ers

are id en t i�e d wit h t h e h elp of bit v ect or B V . Th ey are m a t c h e d in r igh t t o left ord er u n t il e it h er

a mi sm a t c h o ccurs or t h ey are all m a t c h e d.

If t h ey all m a t c h q

c

i s d eclare d a complet e m a t c h if e it h er t

last

= � or t

last

lie s t o t h e left of
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j q

c

. Recall t h a t t

last

i s t h e in d ex of t h e t ext c h aract er mi sm a t c h e d, if an y , imm e dia t ely pr ior t o

t h e most recen t pre suf shift (if t h ere w as no mi sm a t c h, t

last

= � ).

Next, B V i s re s et t o zero, LB V i s re s et t o b e empt y , an d t

last

i s up d a t e d as follo ws. If t h e

a b o v e r igh t t o left pass re sul t s in a mi sm a t c h t h en t

last

i s s et t o t h e in d ex of t h e t ext c h aract er

a t whic h t h e mi sm a t c h o ccurs. Ot h erwi s e, t

last

ret ains it s v alue u nle ss j q

c

i s t o it s r igh t. In t h e

la t t er cas e, t

last

:= � .

Th e pre s en t s it ua t ion i s id en t ical t o t h a t prece din g a pre suf shift in t h e bas ic algor it hm.

Thi s re sul t in g shift i s trea t e d in t h e sam e w ay; it t o o i s calle d a pre suf shift.

4.3 Th e An alys i s

Th e compar i son complexit y of t h e algor it hm of Sect ion 4.2 i s giv en b y t h e follo win g lemm a.

Lemm a 4.12 If p is not a sp e cial c ase p attern and j x

0

1

j <

m

2

for e ach pr esuf shift, then the

c omp arison c omplexity of the algorithm is b ounde d by n (1 +

8

3( m +1)

) .

Pro of: W e giv e a c h argin g sc h em e t o accou n t for t h e compar i sons m ad e b y t h e algor it hm. Thi s

sc h em e c h arge s almost ev ery compar i son t o a di st inct t ext c h aract er . Th e only except ions are

a few of t h e compar i sons m ad e b y t h e pre suf shift h an dler. F or eac h pre suf shift, d ep en din g

on t h e di st ance b et w een t hi s pre suf shift an d t h e n ext on e, t h e c h argin g sc h em e f ails t o c h arge

for up t o t w o of t h e compar i sons m ad e b y t h e pre suf shift h an dler. W e refer t o t h e n u m b er of

compar i sons whic h t h e c h argin g sc h em e f ails t o c h arge t o di st inct t ext c h aract ers as t h e overhe ad

of t h e pre suf shift. If a pre suf shift h as an o v erh ead of t w o, w e sh o w t h a t t h e n ext pre suf shift

m ust o ccur a t least di st ance

3( m +1)

4

t o t h e r igh t of t h e curren t pre suf shift. Th e compar i son

complexit y of our algor it hm no w follo ws f rom t h e f act t h a t an y t w o cons ecu t iv e pre suf shift s

m ust o ccur a t least di st ance

m +1

2

apart.

Ch argin g Sc h em e . Th e c h argin g sc h em e c h arge s in ph as e s. Th e ph as e s b egin an d en d a t

shift s an d a t rev ers ions t o t h e bas ic algor it hm. Th ere are four t yp e s of ph as e s; for eac h ph as e

t yp e a di�eren t c h argin g sc h em e i s us e d.

1. A ph as e b eginnin g an d en din g wit h a bas ic shift.

2. A ph as e b eginnin g in t h e bas ic algor it hm an d en din g wit h a pre suf shift.

3. A ph as e b eginnin g wit h a pre suf shift an d en din g wit h a rev ers ion t o t h e bas ic algor it hm.

4. A ph as e b eginnin g an d en din g wit h a pre suf shift.

Cons id er an y ph as e an d let q

1

an d q

2

refer t o t h e left most survivin g pa t t er n inst ance s a t t h e

b eginnin g an d en d of t h e ph as e, re sp ect iv ely . Not e t h a t for T yp e 3 an d T yp e 4 ph as e s, q

1

i s a

pre suf o v erlap of t h e pa t t er n inst ance q

0

, t h e left most u n elimin a t e d pa t t er n inst ance pr ior t o t h e

pre suf shift whic h init ia t e d t hi s ph as e. Sp eci�cally , t h e pre�x x

0

1

of q

1

i s align e d wit h t h e su�x

x

0

1

of q

0

(Recall f rom t h e st art of Sect ion 4 t h a t on a pre suf shift, w e assu m e t h a t t h e su�x x

0

1

of q

1

m a t c h e s t h e t ext).

Th e c h argin g sc h em e ob eys t h e follo win g pro p ert ie s.

1. A t t h e st art of a T yp e 1 or T yp e 2 ph as e, only t ext c h aract ers t o t h e left of q

1

h a v e b een

c h arge d.
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2. A t t h e st art of a T yp e 3 or T yp e 4 ph as e, only t ext c h aract ers align e d wit h or t o t h e left

of t h e pre�x x

0

1

of q

1

h a v e b een c h arge d.

T yp e 1 Ph as e. Sup p os e i compar i sons w ere m ad e in t hi s ph as e. Th e s e i compar i sons are

c h arge d t o t ext c h aract ers whic h are align e d wit h q

1

bu t t o t h e left of j q

2

. By Lemm a 3.1, j q

2

lie s a t least i c h aract ers t o t h e r igh t of j q

1

. Th us, eac h t ext c h aract er align e d wit h q

1

an d t o t h e

left of j q

2

i s c h arge d a t most once in t hi s pro ce ss. Clearly , Pro p ert y 1 h olds a t t h e st art of t h e

n ext ph as e.

T yp e 2 Ph as e. In eac h compar i son, a di st inct c h aract er in q

1

i s compare d wit h t h e align e d

t ext c h aract er. Eac h of t h e s e compar i sons i s c h arge d t o t h e t ext c h aract er compare d. Th us,

eac h t ext c h aract er align e d wit h q

1

i s c h arge d a t most once in t hi s pro ce ss. Clearly , Pro p ert y 2

h olds a t t h e st art of t h e n ext ph as e.

Th e c h argin g sc h em e for T yp e 3 an d T yp e 4 ph as e s i s more in v olv e d. Before d e scr ibin g t h e

sc h em e, w e m en t ion t h e ran ge s of t h e t ext c h aract ers c h arge d in eac h cas e.

T yp e 3 Ph as e. Th e t ext c h aract ers c h arge d lie t o t h e r igh t of t h e r igh t en d of t h e pre�x x

0

1

of q

1

an d t o t h e left of j q

2

. Eac h t ext c h aract er in t hi s ran ge i s c h arge d a t most once. Clearly ,

Pro p ert y 1 h olds a t t h e st art of t h e n ext ph as e.

T yp e 4 Ph as e. Th e t ext c h aract ers c h arge d lie t o t h e r igh t of t h e r igh t en d of t h e pre�x x

0

1

of q

1

an d are align e d wit h or t o t h e left of t h e r igh t most c h aract er in t h e pre�x x

0

1

of q

2

. Eac h

t ext c h aract er in t hi s ran ge i s c h arge d a t most once. Clearly , Pro p ert y 2 h olds a t t h e st art of

t h e n ext ph as e.

Clearly , t h e ran ge s of t h e t ext c h aract ers c h arge d for di�eren t ph as e s are di sjoin t. Next, w e

sp ecify t h e c h argin g sc h em e for T yp e 3 an d T yp e 4 ph as e s an d just ify t h e claims regardin g t h e

o v erh ead.

Cons id er a pre suf shift whic h init ia t e s a n ew T yp e 3 or T yp e 4 ph as e. Let q

0

b e t h e left most

u n elimin a t e d pa t t er n inst ance imm e dia t ely b efore t h e pre suf shift. Recall t h a t t

a

i s t h e t ext

c h aract er align e d wit h q

0

j . Cons id er t h e compar i sons m ad e b y t h e curren t us e of t h e pre suf

shift h an dler. If a mi sm a t c h o ccurs in St ep 1, t h e curren t ph as e en ds imm e dia t ely an d t h e bas ic

algor it hm i s re su m e d. Th e pre suf shift in t hi s cas e h as o v erh ead 1 an d t h e n ext pre suf shift

o ccurs a t least di st ance m + 1 t o t h e r igh t. Next, sup p os e t h a t t h e compar i son in St ep 1 i s

su cce ssful. Let p

e

b e t h e pre suf pa t t er n inst ance t o surviv e t h e elimin a t ion us in g tree E T in

St ep 2. Aft er t h e pre suf shift h an dler �ni sh e s, on e of t h e t hree scen ar ios m en t ion e d Sect ion 4.2

ensue s. W e cons id er eac h in t ur n.

1. All pa t t er n inst ance s o v erlap pin g p

e

are elimin a t e d apart f rom it s pre suf o v erlaps, an d p

e

or

a t least a su�x of p

e

i s m a t c h e d. Thi s i s a T yp e 4 ph as e.

All compar i sons m ad e b y t h e pre suf shift h an dler, except t h e u nsu cce ssful compar i sons in

St ep 2, are c h arge d t o t h e t ext c h aract ers compare d. Th e bit v ect or B V ensure s t h a t eac h of

t h e s e compar i sons in v olv e s a di�eren t t ext c h aract er. Th us eac h t ext c h aract er whic h lie s t o

t h e r igh t of t

a

an d i s align e d wit h or t o t h e left of p

e

j i s c h arge d a t most once. A t most t w o

compar i sons in St ep 2 are u nsu cce ssful, so t hi s shift h as o v erh ead a t most t w o.

Cons id er t h e s it ua t ion wh en t h ere are exact ly t w o mi sm a t c h e s in St ep 2. p

1

i s clearly

elimin a t e d in t hi s cas e. In addit ion, w e sh o w in t h e n ext paragraph t h a t if x

1

i s p er io dic, wit h

core v an d h ead u say , t h en all pa t t er n inst ance s wh os e asso cia t e d pre sufs h a v e t h e form uv

o

,

o � 1, are also elimin a t e d. Let x

e

b e t h e pre suf asso cia t e d wit h p

e

. It follo ws t h a t x

1

= x

e

w x

e
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for som e non-empt y str in g w . Since p = x

1

z x

1

, for som e non-empt y str in g z , j x

e

j �

m � 3

4

. Thi s

guaran t ee s t h a t t h e n ext pre suf shift o ccurs a t least di st ance

3( m +1)

4

t o t h e r igh t. If t h ere i s just

on e mi sm a t c h in St ep 2 t h en, as j x

0

1

j <

m

2

, t h e n ext pre suf shift o ccurs a t least di st ance

m +1

2

t o

t h e r igh t.

T o s ee t h a t t w o mi sm a t c h e s in St ep 2 elimin a t e all pre suf pa t t er n inst ance s wit h asso cia t e d

pre sufs of t h e form uv

o

, o � 1, it su�ce s t o sh o w t h a t a t most on e su c h pa t t er n inst ance surviv e s

t h e �rst mi sm a t c h; t h e s econ d mi sm a t c h will surely elimin a t e t hi s pa t t er n inst ance. Sup p os e

t w o pa t t er n inst ance s p

i

1

; p

i

2

, i

1

< i

2

, i

1

; i

2

6= 1, x

i

1

= uv

o

1

, x

i

2

= uv

o

2

, o

1

; o

2

� 1, surviv e t h e

�rst mi sm a t c h, whic h o ccurs a t t ext c h aract er t

x

, say . Th e p ort ions of p

1

an d p

i

1

t o t h e r igh t

of t

x

m a t c h eac h ot h er while t h e c h aract ers in p

1

an d p

i

1

align e d wit h t

x

are di�eren t. Thi s

implie s t h a t p

1

an d p

i

2

h a v e a di�erence p oin t str ict ly b et w een t

x

an d t

b

; more preci s ely , t h e

c h aract er in p

1

whic h i s di st ance ( o

2

� o

1

) j v j t o t h e r igh t of t

x

i s a di�erence p oin t. Th erefore,

e it h er p

1

or p

i

2

w ould h a v e b een elimin a t e d b efore t h e �rst mi sm a t c h, whic h i s a con tradict ion.

2. p

e

i s elimin a t e d. In addit ion, t h ere i s som e pa t t er n inst ance q

c

o v erlap pin g p

e

, su c h t h a t all

pa t t er n inst ance s o v erlap pin g q

c

are elimin a t e d apart f rom it s pre suf o v erlaps; furt h er, q

c

or a t

least a su�x of q

c

i s m a t c h e d. Thi s i s also a T yp e 4 ph as e.

Eac h compar i son in St eps 1 an d 2 wit h a t ext c h aract er t o t h e left of j q

c

for whic h fu nct ion

f i s d e�n e d i s c h arge d t o t h e t ext c h aract er sp eci�e d b y t h e fu nct ion f , calle d it s f v alue; f

v alue s are di st inct b y d e�nit ion. Compar i so ns in St ep 3 f all in t o on e of t hree ca t egor ie s (s ee

Lemm a 4.11 an d t h e follo win g paragraph):

1. Compar i so ns whic h elimin a t e pa t t er ns inst ance s wh os e left en ds lie t o t h e r igh t of j p

k +1

an d t o t h e left of j q

c

.

2. Compar i so ns whic h elimin a t e pa t t er n inst ance s wh os e left en ds are align e d wit h or t o t h e

r igh t of j q

c

.

3. Th e compar i son whic h elimin a t e s p

e

.

Eac h compar i son in t h e �rst ca t egory i s c h arge d t o t h e t ext c h aract er align e d wit h t h e left en d of

t h e pa t t er n inst ance elimin a t e d. By t h e d e�nit ion of t h e fu nct ion f , t h e s e t ext c h aract ers do not

o ccur in t h e ran ge of f v alue s. Compar i sons in t h e s econ d ca t egory , alon g wit h t h e compar i sons

m ad e in St eps 4 an d 5 an d t h os e su cce ssful compar i sons in St eps 1 an d 2 t h a t in v olv e t ext

c h aract ers o v erlap pin g q

c

, are c h arge d t o t h e t ext c h aract ers compare d. B V ensure s t h a t eac h

of t h e s e compar i sons in v olv e s a di st inct t ext c h aract er. Th us eac h t ext c h aract er whic h lie s

t o t h e r igh t of j p

k +1

an d i s align e d wit h or t o t h e left of q

c

j i s c h arge d a t most once. Th e

compar i son t h a t elimin a t e s p

e

i s c h arge d t o t h e t ext c h aract er align e d wit h j p

k +1

. Since all f

v alue s lie t o t h e r igh t of j p

k +1

an d all pa t t er n inst ance s elimin a t e d b y compar i sons in t h e �rst

ca t egory are wit h left en ds t o t h e r igh t of j p

k +1

, t hi s t ext c h aract er i s c h arge d exact ly once. Th e

t w o compar i sons in St ep 2 lac kin g f v alue s const it u t e t h e o v erh ead of t hi s pre suf shift. Since

p

e

i s elimin a t e d, t h e n ext pre suf shift o ccurs a t least di st ance m + 1 t o t h e r igh t of t h e curren t

pre suf shift.

3. p

e

i s elimin a t e d as are all pa t t er n inst ance s o v erlap pin g p

e

. Thi s i s a T yp e 3 ph as e.

Let q

d

d enot e t h e left most survivin g pa t t er n inst ance. All compar i sons in St eps 1 an d 2 for

whic h fu nct ion f i s d e�n e d are c h arge d t o t h e ir f v alue s. f v alue s are di st inct b y d e�nit ion.

Excludin g t h e compar i son whic h elimin a t e s p

e

, eac h compar i son in St eps 3 an d 4 elimin a t e s

som e pa t t er n inst ance wh os e left en d lie s t o t h e r igh t of j p

k +1

an d t o t h e left of j q

d

. Eac h su c h
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compar i son i s c h arge d t o t h e t ext c h aract er align e d wit h t h e left en d of t h e pa t t er n inst ance

elimin a t e d. Th e s e t ext c h aract ers cannot o ccur in t h e ran ge of t h e fu nct ion f an d h ence are

c h arge d only once. Th us eac h t ext c h aract er whic h lie s t o t h e r igh t of j p

k +1

an d t o t h e left of

j q

d

i s c h arge d a t most once. Th e compar i son t h a t elimin a t e s p

e

i s c h arge d t o t h e t ext c h aract er

align e d wit h j p

k +1

. Th e t w o compar i sons in St ep 2 lac kin g f v alue s const it u t e t h e o v erh ead of

t hi s pre suf shift. Since p

e

i s elimin a t e d, t h e n ext pre suf shift o ccurs a t least di st ance m + 1 t o

t h e r igh t of t h e curren t pre suf shift. 2

Th e follo win g lemm a i s sh o wn in Sect ion 4.5.

Lemm a 4.13 The total sp ac e use d by the algorithm for the c ase when j x

0

1

j <

m

2

for al l pr esuf

shifts is O ( m ) . F urther, for any terminal no de x of E T , Q

x

c an b e obtaine d in O ( m ) time.

The pr epr o c essing r e quir e d by the algorithm c an b e ac c omplishe d in O ( m

2

) time.

Lemm a 4.14 Supp ose that p is not a sp e cial c ase p attern and j x

0

1

j <

m

2

for al l pr esuf shifts.

Then the total time taken by the algorithm is O ( n + m ) , fol lowing pr epr o c essing of the p attern

which takes O ( m

2

) time.

Pro of: By Lemm a 4.12, t h e n u m b er of c h aract er compar i sons m ad e i s O ( n ). It rem ains t o cou n t

t h e t im e sp en t in all ot h er o p era t ions. Th e bas ic algor it hm m ak e s only c h aract er compar i sons.

Next, cons id er t h e pre suf h an dler of Sect ion 4.2. St eps 1 an d 2 m ak e only c h aract er compar i sons.

F ollo win g St ep 2, compu t in g Q

x

t ak e s O ( m ) t im e b y Lemm a 4.13. St eps 3 an d 4 t ak e O ( m )

t im e b eca us e j Q

0

j ; j Q

00

j = O ( m ) an d eac h of t h e o p era t ions in t h e s e st eps, except t h e o p era t ions

us e d for re s et t in g B V , leads t o t h e remo v al of a pa t t er n inst ance f rom on e of Q

00

or Q

0

. F urt h er,

t h e t ot al t im e sp en t b y St eps 3 an d 4 in re s et t in g B V i s b ou n d e d b y t h e t im e t ak en b y t h e s e

st eps t o s et bit s in B V , whic h i s O ( m ). Clearly , St ep 5 t ak e s O ( m ) t im e. Th us, t h e t ot al t im e

t ak en b y t h e t h e pre suf h an dler of Sect ion 4.2 i s O ( m ). Since an y t w o pre suf shift s o ccur a t

least m � j x

0

1

j > m= 2 di st ance apart, t h e t ot al t im e t ak en b y t h e algor it hm i s O ( n + m ). 2

4.4 Han dlin g Pre suf Shift s for Sp ecial Cas e P a t t er ns

As m en t ion e d in Sect ion 4.1, a di�eren t algor it hm i s n ee d e d t o h an dle pre suf shift s for pa t t er ns

for whic h j x

k

j = 1 an d g = 1. W e giv e an algor it hm whic h h an dle s pre suf shift s for su c h pa t t er ns

wh en j x

0

1

j <

m

2

(recall t h a t x

0

1

for a pre suf shift w as d e�n e d t o w ards t h e st art of Sect ion 4). Th e

cas e j x

0

1

j �

m

2

i s h an dle d in Sect ion 6.

Th e goal of t hi s algor it hm i s t o reac h on e of t h e follo win g t w o s it ua t ions:

1. Th e id en t i�ca t ion of a pa t t er n inst ance q

c

sa t i sfyin g t h e follo win g pro p ert y: no pa t t er n

inst ance q

d

whic h prece d e s q

c

surviv e s an d a pa t t er n inst ance o v erlap pin g q

c

surviv e s only

if it i s a pre suf o v erlap of q

c

.

2. A ret ur n t o t h e bas ic algor it hm.

F urt h er, t hi s i s ac hiev e d wit h a t most t w o mi sm a t c h e s.

Let x

k

= b . An y c h aract er ot h er t h an b i s calle d a non- b c h aract er. Since w e assu m e t h a t

t h e pa t t er n con t ains a t least t w o di�eren t c h aract ers , it con t ains a non- b c h aract er . Let p [ j ] b e

t h e left most non- b c h aract er in p an d let t

c

d enot e t h e t ext c h aract er align e d wit h j p

k +1

. Let t

d

b e t h e left most non- b t ext c h aract er, if an y , t o t h e r igh t of, an d includin g, t

c

.

By t h e d e�nit ion of sp ecial cas e s pa t t er ns, all pre sufs cons i st solely of b 's. Th erefore, p

1

[ j ]

lie s t o t h e r igh t of t

a

. Not e t h a t no complet e m a t c h can o ccur wit h on e of p [1 : : : j � 1] align e d
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wit h t

d

. Th us, if t

d

lie s t o t h e left of p

1

[ j ] t h en t h e n ext p ot en t ial m a t c h inst ance of p w ould

h a v e it s left en d t o t h e r igh t of t

d

. Ot h erwi s e, t h e n ext p ot en t ial m a t c h inst ance of p h as p [ j ]

align e d wit h t

d

. Also not ice t h a t if t

d

do e s not exi st t h en t h ere are no more complet e m a t c h e s.

Th e s e obs erv a t ions lead t o t h e follo win g t hree st ep pro ce d ure.

St ep 1. Thi s st ep lo ca t e s t

d

an d t h en elimin a t e s all bu t a t most on e pa t t er n inst ance q

c

o v erlap pin g t

d

. St art in g a t t

c

, a left t o r igh t scan of t h e t ext i s p erform e d t o lo ca t e t

d

(i.e.,

eac h t ext c h aract er i s compare d t o b ; t

d

i s t h e c h aract er a t whic h t h e �rst mi sm a t c h o ccurs).

If t

d

do e s not exi st t h e algor it hm h al t s. If t

d

exi st s an d lie s t o t h e left of p

1

[ j ] t h en t h e bas ic

algor it hm i s re st art e d wit h j p place d t o t h e imm e dia t e r igh t of t

d

. Ot h erwi s e, q

c

i s c h os en t o b e

t h e pa t t er n inst ance su c h t h a t q

c

[ j ] i s align e d wit h t

d

. q

c

i s t h e n ext p ot en t ial m a t c h inst ance

t o b e cons id ere d.

St ep 2. In t hi s st ep, e it h er q

c

i s elimin a t e d or all pa t t er n inst ance s o v erlap pin g q

c

, except for

pre suf o v erlaps of q

c

, are elimin a t e d. Thi s i s don e us in g t h e bas ic algor it hm, sligh t ly mo di�e d t o

accou n t for t h e m a t c h e d pre�x. Sup p os e t h e left most di�erence p oin t s are us e d in t h e s equence

S in t h e bas ic algor it hm, as against an y arbitrary di�erence p oin t s. Th en dif

2

; : : : ; dif

j

are

all equal t o j an d dif

j +1

; : : : ; dif

m

are all grea t er t h an j , wh en ev er d e�n e d. In St ep 2, t h e

c h aract ers in q

c

t o t h e r igh t of q

c

[ j ] whic h are a t t h e in dice s giv en b y S are compare d wit h t h e

align e d t ext c h aract ers in t h e ord er in whic h t h ey ap p ear in S . Thi s con t in ue s u n t il e it h er a

mi sm a t c h o ccurs or t h e s equence i s exh a ust e d. A mi sm a t c h leads t o t h e bas ic algor it hm wit h

j p shift e d t o t h e r igh t of q

c

b y di st ance a t least j � 1 plus t h e n u m b er of compar i sons m ad e in

t hi s st ep. If no mi sm a t c h o ccurs t h en St ep 3 follo ws.

St ep 3. Ch aract ers in q

c

whic h are not y et m a t c h e d are compare d f rom r igh t t o left wit h t h e ir

align e d t ext c h aract ers u n t il a mi sm a t c h o ccurs or q

c

i s fully m a t c h e d. Th e pre s en t s it ua t ion i s

no w id en t ical t o t h e s it ua t ion a t t h e b eginnin g of a pre suf shift an d i s h an dle d in t h e sam e w ay .

Th e compar i son complexit y of t h e a b o v e algor it hm i s d et ermin e d b y t h e follo win g lemm a.

Lemm a 4.15 If p is a sp e cial c ase p attern and j x

0

1

j <

m

2

for e ach pr esuf shift, then the c om-

p arison c omplexity of the algorithm is n (1 +

2

m +1

) .

Pro of: W e giv e a c h argin g sc h em e t o accou n t for t h e compar i sons m ad e b y t h e algor it hm for

h an dlin g sp ecial cas e pa t t er ns. Th e d e�nit ion of a ph as e, t h e c h argin g sc h em e for T yp e 1 an d

T yp e 2 ph as e s, an d t h e ran ge s of t ext c h aract ers c h arge d in eac h ph as e t yp e rem ain t h e sam e as

in Lemm a 4.12. Only t h e c h argin g sc h em e for T yp e 3 an d T yp e 4 ph as e s n ee ds t o b e mo di�e d

in accord ance wit h t h e pre suf shift h an dler for sp ecial cas e pa t t er ns.

Cons id er a pre suf shift whic h init ia t e s a n ew T yp e 3 or T yp e 4 ph as e. W e sh o w t h a t it h as

an o v erh ead of a t most on e. Th e compar i son complexit y of t h e algor it hm no w follo ws f rom t h e

f act t h a t j x

0

1

j <

m

2

an d t h erefore, an y t w o cons ecu t iv e pre suf shift s m ust o ccur a t least

m +1

2

c h aract ers apart.

Ch argin g Sc h em e for t h e Pre suf Shift Han dler. Let q

0

an d q

1

b e t h e left most u n elimin a t e d

pa t t er n inst ance s imm e dia t ely b efore an d aft er t h e pre suf shift, re sp ect iv ely . Recall t h a t t

a

i s

t h e t ext c h aract er align e d wit h q

0

j .

W e sh o w t h a t pre suf shift s h a v e o v erh ead a t most on e for t h e s e pa t t er ns. Let q

c

b e t h e

left most pa t t er n inst ance whic h surviv e s St ep 1. All su cce ssful compar i sons in St ep 1 are

c h arge d t o t h e t ext c h aract ers compare d. Th e s e t ext c h aract ers lie t o t h e left of q

c

[ j ], wh ere j

i s t h e least in d ex su c h t h a t p [ j ] di�ers f rom p [ m ]. Th e lon e u nsu cce ssful compar i son in St ep 1

const it u t e s t h e o v erh ead of t hi s shift. Cons id er t w o cas e s no w.
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1. Sup p os e q

c

surviv e s St ep 2. All compar i sons m ad e in St eps 2 an d 3 are c h arge d t o t h e

t ext c h aract ers compare d. Th us, eac h t ext c h aract er whic h lie s t o t h e r igh t of t

a

an d i s

align e d wit h or t o t h e left of q

c

j i s c h arge d a t most once. All fu t ure compar i sons will b e

c h arge d t o t ext c h aract ers t o t h e r igh t of q

c

j .

2. Sup p os e q

c

do e s not surviv e St ep 2. Eac h su cce ssful compar i son in St ep 2 elimin a t e s som e

pa t t er n inst ance lyin g en t irely t o t h e r igh t of q

c

[ j ] an d i s c h arge d t o t h e t ext c h aract er

align e d wit h t h e left en d of t h a t pa t t er n inst ance. Th e u nsu cce ssful compar i son whic h

elimin a t e s q

c

in St ep 2 i s c h arge d t o t h e t ext c h aract er align e d wit h q

c

[ j ]. Th us, eac h

t ext c h aract er lyin g str ict ly b et w een t

a

an d j q

d

i s c h arge d a t most once, wh ere q

d

i s t h e

left most survivin g pa t t er n inst ance a t t h e en d of St ep 2. All fu t ure compar i sons will b e

c h arge d t o t ext c h aract ers align e d wit h or t o t h e r igh t of j q

d

.

2

Lemm a 4.16 Supp ose that p is a sp e cial c ase p attern and j x

0

1

j <

m

2

for al l pr esuf shifts. Then

the total time taken by the algorithm is O ( n + m ) , fol lowing pr epr o c essing of the p attern which

takes O ( m

2

) time. The total sp ac e use d by the algorithm is O ( m ) .

Pro of: Th e lemm a, except for t h e prepro ce ss in g t im e, i s ob vious f rom t h e a b o v e d e scr ipt ion.

Since no extra prepro ce ss in g i s require d for sp ecial cas e pa t t er ns, t h e lemm a follo ws f rom Lemm a

4.14. 2

Th eorem 4.17 Supp ose for al l pr esuf shifts, j x

0

1

j <

m

2

. Then the total sp ac e use d by the

algorithm is O ( m ) and the total time taken by the algorithm, after pr epr o c essing, is O ( n + m ) .

The pr epr o c essing r e quir e d by the algorithm takes O ( m

2

) time.

Pro of: F ollo ws f rom Lemm as 4.14 an d 4.16. 2

4.5 Da t a Stru ct ure Det ails

W e pro v e Lemm a 4.13 in t hi s s ect ion. Th e follo win g d a t a stru ct ure s are us e d b y t h e algor it hm.

1. Th e array S us e d in t h e bas ic algor it hm.

2. An array , in d exe d b y i , st or in g dif

i

, 2 � i � m , us e d b y t h e pre suf shift h an dler.

3. B V an d LB V , t h e bit v ect or an d it s asso cia t e d li st.

4. E T , t h e elimin a t ion tree.

5. Q

x

, for eac h t ermin al no d e x of E T , as d e�n e d aft er St ep 2 in Sect ion 4.2.

Of t h e s e, t h e �rst t hree h a v e s ize O ( m ) b y d e�nit ion. By Th eorem 4.9, E T h as s ize O ( m ) t o o.

It rem ains t o sh o w h o w t o repre s en t Q

x

, for eac h t ermin al no d e x of E T , us in g O ( m ) space

o v erall. Th e follo win g d e�nit ions are h elpful. Let t

b

b e t h e t ext c h aract er align e d wit h p

1

j . Let

Q refer t o t h e s et of pa t t er n inst ance s whic h o v erlap p

k +1

, h a v e left en ds t o t h e r igh t of j p

k +1

an d e it h er m a t c h or do not o v erlap t

b

.

Before sh o win g h o w t o m ain t ain Q

x

, it i s h elpful t o recapit ula t e som e stru ct ural pro p ert ie s

of E T . E T i s a bin ary tree wit h eac h in t er n al no d e h a vin g t w o c hildren. A t eac h in t er n al
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no d e y , a c h aract er c

y

in p i s p ot en t ially compare d wit h t h e t ext c h aract er tc

y

. A su cce ssful

compar i son leads t o t h e left c hild of y while a mi sm a t c h leads t o t h e r igh t c hild. Compar i sons

are m ad e st art in g a t t h e ro ot of E T an d con t in uin g u n t il a t ermin al no d e (a leaf ) i s reac h e d. A

no d e in E T lie s in t h e r igh t su btree of a t most t w o of it s ance st ors.

No d e x i s said t o b e a failing desc endant of no d e y if x i s a pro p er d e scen d an t of y an d lie s

in t h e r igh t su btree of y . A t ermin al no d e x can b e a f ailin g d e scen d an t of a t most t w o no d e s

in E T . Let p ( x ) d enot e t h e paren t of x . F or eac h t ermin al no d e x , let Anc ( x ) b e d e�n e d as

follo ws. If b ot h c hildren of p ( x ) are t ermin al no d e s an d p ( x ) i s t h e r igh t c hild of p ( p ( x )) t h en

Anc ( x ) i s t h e s et of pro p er ance st ors of p ( x ). Ot h erwi s e, Anc ( x ) i s t h e s et of pro p er ance st ors

of x .

q 2 Q i s said t o o c cur a t t ermin al no d e x of E T if q 2 Q

x

. In Sect ion 4.2, w e t en t a t iv ely

d e�n e d Q

x

t o b e t h e s et of pa t t er n inst ance s in Q whic h m a t c h a t all t ext c h aract ers compare d

su cce ssfully a t no d e s in Anc ( x ) (act ually , t h e d e�nit ion w as not t hi s preci s e). No w, w e re�n e

t hi s d e�nit ion b y let t in g Q

x

sa t i sfy som e addit ion al constrain t s. Inform ally , q sh ould o ccur a t x

if it i s cons i st en t wit h all compar i sons m ad e a t no d e s in Anc ( x ). Thi s mot iv a t e s t h e follo win g

c h aract er iza t ion of Q

x

. Let Y � Anc ( x ) cons i st of t h os e no d e s wit h re sp ect t o whic h x i s a

f ailin g d e scen d an t. Th en Q

x

i s t h e m axim al su bs et of Q su c h t h a t eac h q 2 Q

x

sa t i s�e s t h e

follo win g pro p ert ie s:

1. 8 y 2 Anc ( x ) � Y , t h e c h aract er in q align e d wit h tc

y

, if an y , m a t c h e s t h e c h aract er c

y

.

2. 8 y 2 Y , t h e c h aract er in q align e d wit h tc

y

, if an y , i s di�eren t f rom c

y

.

E T m ay h a v e � ( m ) t ermin al no d e s. Ev en t h ough j Q

x

j < m for eac h t ermin al no d e x , st or in g

Q

x

explicit ly for eac h t ermin al no d e x could require 
( m

2

) space o v erall. W e sh o w h o w t o st ore

t h e s et s Q

x

so t h a t O ( m ) space i s us e d in t ot al an d an y part icular Q

x

can b e retr iev e d in O ( m )

t im e.

Let l

1

; l

2

; : : : ; l

h

, in t h a t ord er, b e t h e no d e s alon g t h e left most pa t h in E T st art in g a t t h e

ro ot an d en din g a t t h e t ermin al no d e l

h

. De�n e t h e r igh t su btree of l

i

t o b e t h e su btree ro ot e d

a t t h e r igh t c hild of l

i

. Not e t h a t tc

l

1

; : : : ; tc

l

h � 1

form a r igh t t o left s equence. W e sh o w h o w

t o m ain t ain Q

x

, for all t ermin al no d e s x in t h e r igh t su btree s of l

1

; : : : ; l

h � 1

, in O ( m ) space

al t oget h er. Only t h e t ermin al no d e l

h

rem ains an d Q

l

h

can b e st ore d explicit ly in O ( m ) space.

W e m ar k som e of t h e no d e s l

1

; : : : ; l

h � 1

. No d e l

i

i s m ar k e d if it s r igh t c hild i s n e it h er a

t ermin al no d e nor t h e paren t of t w o t ermin al no d e s. Th us, no d e l

i

i s m ar k e d if Ph as e 2 could

m ak e a t least t w o compar i sons follo win g a mi sm a t c h a t tc

l

i

. Let l

0

1

; : : : ; l

0

s

, in t h a t ord er, b e t h e

no d e s m ar k e d.

Th e follo win g lemm as are h elpful.

Lemm a 4.18 Consider terminal no des x

1

and x

2

of E T and let their le ast c ommon anc estor

b e y . Supp ose at most one of the fol lowing is true: �rst, y is the p ar ent of b oth x

1

and x

2

and

se c ond, y is the right child of p ( y ) . If q o c curs at x

1

and at x

2

then q do es not overlap tc

y

.

Pro of: Clearly , y 2 Anc ( x

1

) an d y 2 Anc ( x

2

). Sup p os e q o v erlaps tc

y

. Let c b e t h e c h aract er

in q align e d wit h tc

y

. Wit h ou t loss of gen eralit y , assu m e t h a t x

1

i s a f ailin g d e scen d an t of y .

Th en x

2

i s not a f ailin g d e scen d an t of y . By t h e d e�nit ion of Q

x

1

, c 6= c

y

. By t h e d e�nit ion of

Q

x

2

, c = c

y

, a con tradict ion. 2

Coro llary 4.19 L et i � 1 b e the smal lest numb er such that q 2 Q do es not overlap tc

l

i

. q c an

o c cur at terminal no des in the right subtr e es of at most one of l

1

; : : : ; l

i � 1

. F urther, if q o c curs
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at some terminal no de in the subtr e e r o ote d at l

i

, it c annot o c cur at terminal no des in the right

subtr e es of any of l

1

; : : : ; l

i � 1

.

Lemm a 4.20 L et i � 1 b e the smal lest numb er such that q 2 Q do es not overlap tc

l

i

. Supp ose

q o c curs at a terminal no de in the subtr e e r o ote d at l

i

. Then q o c curs at al l terminal no des

in the right subtr e es of e ach of those no des among l

i

; : : : ; l

h � 1

which ar e unmarke d. F urther, q

o c curs at l

h

.

Pro of: Clearly , t h e c h aract ers in q whic h o v erlap tc

l

1

; : : : ; tc

l

i � 1

m a t c h t h e c h aract ers c

l

1

; : : : ; c

l

i � 1

,

re sp ect iv ely . F urt h er, q do e s not o v erlap tc

l

i

; : : : ; tc

l

h � 1

. Th erefore, q o ccurs a t l

h

. In addit ion,

if a t ermin al no d e x i s in t h e r igh t su btree of an u nm ar k e d no d e l

j

, j � i , t h en e it h er l

j

= p ( x )

or l

j

= p ( p ( x )) an d p ( x ) 62 Anc ( x ). F rom t h e d e�nit ion of Q

x

, q m ust o ccur a t x . 2

Lemm a 4.21 Consider marke d no de l

0

i

, 1 � i � s , and let j b e the smal lest numb er such that

tc

l

0

i

is to the left of the su�x x

j

of p

1

. p

j � 1

must b e the rightmost p attern instanc e in its gr oup.

In addition, p

j

is the leftmost pr esuf p attern instanc e to survive a mismatch at tc

l

0

i

.

Pro of: Since l

0

i

i s m ar k e d, a t least t hree pre suf pa t t er n inst ance s m ust surviv e a mi sm a t c h a t

tc

l

0

i

. Let t h e left most t hree su c h pa t t er n inst ance s b e p

a

; p

b

; p

c

(li st e d in left t o r igh t ord er). Let

A

w

b e t h e group con t ainin g p

j

. W r it e x

j

as uv

e

, wh ere e � 1, u i s a pro p er su�x of pr imit iv e

v , an d all pre sufs asso cia t e d wit h A

w

h a v e t h e form uv

e

0

, e

0

� 1.

By Lemm a 4.5, su cce ssful compar i sons wit hin t h e su�x x

j

of p

1

su�ce t o elimin a t e all bu t

a t most t w o of t h e pa t t er n inst ance s in t h e groups A

w +1

; : : : ; A

g

(a t most t w o pa t t er n inst ance s

in A

w +1

; : : : ; A

g

can form a h alf-don e s et wit h p

j

). Th erefore, p

a

2 A

w

an d x

a

= uv

e

a

, e

a

� 1.

Since p

a

; p

b

; p

c

all surviv e t h e mi sm a t c h a t tc

l

0

i

, f p

a

; p

b

; p

c

g i s a h alf-don e s et an d t h erefore e

a

� 2.

It follo ws t h a t x

b

= uv

e

b

, e

b

� 0, an d x

c

= uv

e

c

, e

c

� 0.

Next, sup p os e p

j � 1

i s not t h e r igh t most pa t t er n inst ance in it s group. Th en p

j � 1

2 A

w

an d

x

j � 1

h as t h e form uv

e +1

, e + 1 � 2. W e sh o w t h a t p

b

w ould h a v e b een elimin a t e d b y a compar i son

t o t h e r igh t of tc

l

0

i

, whic h i s a con tradict ion. Not e t h a t p

j � 1

an d p

a

h a v e a di�erence p oin t,

whic h i s align e d wit h or t o t h e r igh t of tc

l

0

i

an d align e d wit h p

1

. Let p

j � 1

[ d ] b e t h e r igh t most

su c h di�erence p oin t. Clearly , p

j � 1

[ d ] i s t o t h e left of t h e su�x x

a

of p

1

. p

j � 1

[ d + ( e

a

� e

b

) j v j ]

i s a di�erence p oin t of p

j � 1

an d p

b

whic h i s align e d wit h p

1

. A m a t c h a t t hi s di�erence p oin t

w ould h a v e elimin a t e d p

b

.

Fin ally , sup p os e p

a

6= p

j

. Th en p

j

an d p

a

h a v e a di�erence p oin t, whic h i s align e d wit h or

t o t h e r igh t of tc

l

0

i

an d align e d wit h p

1

. Let p

j

[ d ] b e t h e r igh t most su c h di�erence p oin t. An

argu m en t s imilar t o t h e on e in t h e previous paragraph sh o ws t h a t p

j

an d p

b

h a v e a di�erence

p oin t t o t h e r igh t of p

j

[ d ] an d align e d wit h p

1

; a m a t c h a t t hi s di�erence p oin t w ould h a v e

elimin a t e d p

b

, whic h i s a con tradict ion. 2

Coro llary 4.22 Consider marke d no des l

0

i

1

and l

0

i

2

, 1 � i

1

< i

2

� s . L et x

i � 1

and x

j � 1

b e the

smal lest su�xes (which ar e also pr esufs) of p

1

which overlap tc

l

0

i

1

and tc

l

0

i

2

r esp e ctively. Then

i 6= j .

Pro of: If i = j t h en b y Lemm a 4.21, p

j

i s t h e left most pre suf pa t t er n inst ance t o surviv e t h e

mi sm a t c h e s a t b ot h tc

l

0

i

1

an d tc

l

0

i

2

. Bu t s ince a p

j

surviv e s a mi sm a t c h a t tc

l

0

i

1

, it cannot surviv e

a m a t c h a t tc

l

0

i

1

an d t h erefore, it cannot surviv e a mi sm a t c h a t tc

l

0

i

2

. 2
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Lemm a 4.23 The size of the pr esuf c orr esp onding to the rightmost p attern instanc e in A

j

,

1 � j � g , is at most

m

(

3

2

)

j

.

Pro of: F or j = 1, t h e claim i s clearly true. Assu m e t h a t t h e claim i s true for A

j � 1

, i.e., t h e

s ize of t h e pre suf corre sp on din g t o r igh t most pa t t er n inst ance p

e

in A

j � 1

i s le ss t h an

m

(

3

2

)

j � 1

.

x

e

h as e it h er t h e form uv v or t h e form uv , wh ere u a pro p er su�x of v . In t h e form er cas e,

x

e +1

= uv an d in t h e la t t er cas e, x

e

= x

e +1

z x

e +1

for som e non-empt y str in g z (as uv i s not

p er io dic). Th us j x

e +1

j <

2 j x

e

j

3

. Th e claim follo ws. 2

Lemm a 4.24 The numb er of p attern instanc es in Q which overlap t

b

and ar e entir ely to the

right of tc

l

0

i

is less than

m

(

3

2

)

s � i +1

, for al l i , 1 � i � s .

Pro of: F rom Lemm a 4.21 an d Corollary 4.22, t h e r igh t most pre suf pa t t er n inst ance p

j

su c h

t h a t t h e su�x x

j

of p

1

o v erlaps tc

l

0

i

m ust b e t h e r igh t most pa t t er n inst ance in som e group A

j

0
,

j

0

� s � i + 1. Th e lemm a follo ws f rom Lemm a 4.23. 2

Cons id er t h e r igh t su btree s of l

0

1

; : : : ; l

0

s

. Not e t h a t t h e compar i sons m ad e in eac h of t h e s e

su btree s are aim e d a t elimin a t in g h alf-don e s et s wh os e left most pa t t er n inst ance s are in di st inct

groups. Eac h of t h e s e compar i sons i s m ad e t o t h e r igh t of p

1

[ m ], as d e scr ib e d in Lemm a 4.7

an d Corollary 4.8.

Lemm a 4.25 The numb er of p attern instanc es in Q which ar e entir ely to the right of t

b

and

overlap some text char acter c omp ar e d in the right subtr e e of l

0

i

is at most

m

(

3

2

)

s � i +1

, for al l i ,

1 � i � s .

Pro of: Recall f rom Lemm a 4.7 t h a t a h alf-don e s et wh os e left most pa t t er n inst ance i s in group

A

j

, j > 1, i s elimin a t e d in Ph as e 2 of t h e elimin a t ion stra t egy b y m akin g compar i sons a t t ext

c h aract ers whic h are a t most di st ance j x

j

0

� 1

j � j x

j

0
j t o t h e r igh t of t

b

, wh ere p

j

0
i s t h e left most

pre suf pa t t er n inst ance in A

j

. F rom Lemm a 4.23, j x

j

0

� 1

j <

m

(

3

2

)

j � 1

, t h e lemm a follo ws. 2

Lemm a 4.26 Consider a marke d no de l

0

i

and the set of terminal no des in its right subtr e e. If

a p attern instanc e q o c curs at two of these terminal no des, say w and y , then q o c curs at al l

terminal no des in the subtr e e r o ote d at the le ast c ommon anc estor z of w and y .

Pro of: By Lemm a 4.18, q do e s not o v erlap t h e c h aract er tc

z

. Since compar i sons m ad e in t h e

r igh t su btree of l

0

i

const it u t e a r igh t t o left s equence, q do e s not o v erlap tc

z

0

, wh ere z

0

i s an y

d e scen d an t of z . Th e lemm a no w follo ws imm e dia t ely f rom t h e d e�nit ion of t h e s et s Q

x

. 2

W e are no w ready t o d e scr ib e t h e d a t a stru ct ure for st or in g t h e Q

x

's. Th e follo win g su bs et s

of Q are require d: Z

1

; : : : ; Z

h � 1

, Y

1

; : : : ; Y

h � 1

an d W

1

; : : : ; W

s

. Th e Z an d t h e Y s et s are us e d

for t ermin al no d e s whic h lie in t h e r igh t su btree s of t h e u nm ar k e d no d e s amon g l

1

; : : : ; l

h � 1

.

Th e W s et s are us e d for t ermin al no d e s whic h lie in t h e r igh t su btree s of m ar k e d no d e s.

Th e Z s et s are d e�n e d �rst. F or eac h i , 1 � i � h � 1, wh ere l

i

i s u nm ar k e d, d e�n e Z

i

t o

b e t h e s et of pa t t er n inst ance s in Q whic h o v erlap tc ( l

i

) an d o ccur only a t t ermin al no d e s in

t h e r igh t su btree of l

i

. Clearly ,

P

h � 1

i =1

Z

i

= O ( m ).

Th e Y s et s are d e�n e d n ext. F or eac h i , 1 � i � h � 1, d e�n e Y

i

t o b e t h e s et of pa t t er n

inst ance s q 2 Q wit h t h e follo win g pro p ert ie s.
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1. q do e s not o v erlap tc

l

i

.

2. If i > 1, q o v erlaps tc

l

i � 1

.

3. q o ccurs a t a t ermin al no d e in t h e su btree ro ot e d a t l

i

.

Clearly ,

P

h � 1

i =1

Y

i

= O ( m ). F urt h er, eac h pair of Y s et s i s di sjoin t an d Z

i

i s di sjoin t f rom

Y

1

; : : : ; Y

i

. Th e follo win g lemm a explains t h e s igni�cance of t h e Y an d Z s et s.

Lemm a 4.27 If terminal no de x is in the right subtr e e of unmarke d no de l

i

, Q

x

= Y

1

[ Y

2

[

� � � [ Y

i

[ Z

i

.

Pro of: Sup p os e q 2 Q

x

. If q o v erlaps tc

l

i

t h en, b y Corollary 4.19, q 2 Z

i

. If q do e s not o v erlap

tc

l

i

t h en clearly q m ust b e in som e Y

j

, j � i .

Next, sup p os e q 2 Y

j

, j � i . By Lemm a 4.20, q 2 Q

x

. Fin ally , if q 2 Z

i

t h en q 2 Q

x

as t h e

only in t er n al no d e (if an y) in t h e r igh t su btree of l

i

i s not in Anc ( x ). 2

Fin ally , t h e W s et s are d e�n e d. F or eac h i , 1 � i � s , W

i

cons i st s of t h os e pa t t er n inst ance s

whic h o ccur a t som e t ermin al no d e in t h e r igh t su btree of m ar k e d no d e l

0

i

. Let W

0

i

d enot e t h e

s et obt ain e d f rom W

i

b y remo vin g t h os e pa t t er n inst ance s whic h do not o v erlap an y of t h e t ext

c h aract ers compare d in t h e r igh t su btree of l

0

i

.

Lemm a 4.28

P

s

i =1

j W

0

i

j = O ( m ) .

Pro of: Split W

0

i

in t o t w o di sjoin t su bs et s, W

1

i

an d W

2

i

. W

1

i

cons i st s of t h os e pa t t er n inst ance s

whic h o v erlap tc

l

0

i

an d W

2

i

cons i st s of pa t t er n inst ance s whic h do not o v erlap tc

l

0

i

.

By Lemm a 4.18, pa t t er n inst ance s in W

1

i

o ccur only a t t ermin al no d e s in t h e r igh t su btree

of l

0

i

. Th erefore, it su�ce s t o sh o w t h a t

P

s

i =1

j W

2

i

j = O ( m ). F rom Lemm as 4.24 an d 4.25, it

follo ws t h a t

P

s

i =1

j W

2

i

j =

P

s

i =1

(2

m

(

3

2

)

s � i +1

) = O ( m ). 2

Cons id er som e i , 1 � i � s . Th e m ann er in whic h W

i

i s m ain t ain e d so as t o f acilit a t e t h e

reco v ery of Q

x

for eac h t ermin al no d e x in t h e r igh t su btree of m ar k e d no d e l

0

i

rem ains t o b e

sh o wn. Clearly , pa t t er n inst ance s in W

i

� W

0

i

o ccur a t all su c h no d e s x an d can b e st ore d

implicit ly in const an t space b y just st or in g t h e r igh t most t ext p os it ion compare d in t h e r igh t

su btree of l

0

i

. F or t h e t ermin al no d e s x in l

i

's r igh t su btree, w e sh o w h o w t o st ore t h e pa t t er n

inst ance s in Q

x

\ W

0

i

us in g a t ot al of O ( j W

0

i

j ) space (su mmin g o v er all x ). Th e lin ear space

b ou n d t h en follo ws f rom Lemm a 4.28.

A t eac h in t er n al no d e y in t h e r igh t su btree T of l

0

i

, a s et C om

y

i s st ore d. A t eac h t ermin al

no d e x in T , a s et S pec

x

i s st ore d. F or eac h q 2 W

0

i

, if q o ccurs only a t t ermin al no d e x t h en

it i s add e d t o S pec

x

. Ot h erwi s e, if q o ccurs a t more t h an on e t ermin al no d e in T t h en q i s

add e d t o t h e s et C om

y

, wh ere y i s t h e least common ance st or of t h os e t ermin al no d e s a t whic h

q o ccurs. Clearly , all C om an d S pec s et s are di sjoin t an d t h erefore, t h e t ot al space t ak en b y

t h em i s O ( j W

0

i

j ). Th e follo win g lemm a sh o ws h o w Q

x

can b e retr iev e d f rom t h e C om an d S pec

s et s, for eac h t ermin al no d e x in T .

Lemm a 4.29 F or e ach terminal no de x 2 T , Q

x

= ( W

i

� W

0

i

) [ C om

y

1

[ C om

y

2

[ � � � [ C om

y

j

[

S pec

x

, wher e y

1

; : : : ; y

j

ar e the pr op er anc estors of x in T .
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Pro of: F ollo ws imm e dia t ely f rom Lemm a 4.26. 2 .

T o compu t e Q

x

as an ord ere d li st, it su�ce s t o m ain t ain eac h of t h e Y , Z , C om an d S pec

s et s as ord ere d li st s whic h are t h en ap p en d e d t oget h er in O ( m ) t im e accordin g t o e it h er Lemm a

4.27 or Lemm a 4.29, as t h e cas e m ay b e.

Thi s conclud e s t h e d a t a stru ct ure d e scr ipt ion. W e rem ar k t h a t all t h e d a t a stru ct ure s m en-

t ion e d a t t h e b eginnin g of t hi s s ect ion can b e compu t e d us in g n aiv e algor it hms in O ( m

2

) t im e.

5 Th e T ransfer fu nct ion f

Before givin g t h e d e�nit ion of t h e fu nct ion f , w e pro v e a n u m b er of prelimin ary lemm as.

5.1 Prelimin ary Lemm as

Th e s e lemm as d e scr ib e som e pro p ert ie s of p er io dic str in gs an d t h e di str ibu t ion of t ext c h aract ers

compare d in St ep 2 (t h e elimin a t ion tree ph as e) of t h e pre suf h an dler d e scr ib e d in Sect ion 4.2.

Let V = f p

1

; p

2

; : : : ; p

k

; p

k +1

g . Cons id er t h e s et of pa t t er n inst ance s in V whic h are r igh t-

most in t h e ir re sp ect iv e groups. Let p

i

b e a pa t t er n inst ance in t hi s s et. W e in tro d u ce a fu nct ion

h ( x

i

) whic h i s cen tral t o t h e an alys i s.

De�nit ion. If i < k t h en h ( x

i

) i s d e�n e d b y on e of t h e follo win g t hree cas e s.

1. x

i

i s p er io dic. Th en x

i +1

i s p er io dic t o o. Let u an d v b e t h e h ead an d core, re sp ect iv ely ,

of x

i

. Let w b e t h e core of x

i +1

. h ( x

i

) i s d e�n e d t o b e t h e su�x of p

1

of len gt h j v j + j w j .

2. x

i

= uv u i s not p er io dic, wh ere j u j i s it s s-p er io d. F urt h er, x

i +1

i s p er io dic wit h core w .

h ( x

i

) i s d e�n e d t o b e t h e su�x of p

1

of len gt h j v j + j u j + j w j .

3. x

i

= uv u i s not p er io dic, wh ere j u j i s it s s-p er io d. F urt h er, x

i +1

i s not p er io dic. h ( x

i

) i s

d e�n e d t o b e t h e su�x of p

1

of len gt h j u j .

If i = k + 1 t h en h ( x

i

) i s d e�n e d t o b e t h e empt y str in g. Not e t h a t i 6= k as p

k

an d p

k +1

are

b ot h in t h e sam e group.

Th e �rst t w o lemm as cons id er t h e cas e wh en i < k an d x

i +1

i s p er io dic wit h core w . Th ey

sh o w t h a t h ( x

i

) cannot b e p er io dic wit h core w .

Lemm a 5.1 Supp ose x

i

= uv

2

, wher e v is the c or e of x

i

. F urther, supp ose x

i +1

= uv = w

0

w

k 1

is p erio dic with c or e w , j w j < j v j . Then h ( x

i

) is not p erio dic with c or e w .

Pro of: w i s a su�x of v . Since v i s pr imit iv e, j v j i s not a m ul t iple of j w j . If h ( x

i

) w ere p er io dic

wit h core w t h en t h e pre�x of h ( x

i

) of s ize j w j w ould h a v e t h e form xy , x a pro p er su�x of w

an d y a pro p er pre�x of w . Bu t t hi s pre�x of h ( x

i

) i s a su�x of v an d h ence i s t h e str in g w .

Thi s implie s t h a t w i s cyclic an d cannot b e t h e core of x

i +1

, a con tradict ion. 2

Lemm a 5.2 Supp ose x

i

= uv u is not p erio dic, wher e j u j is the s-p erio d of x

i

. Supp ose the

string x

i +1

= u = w

0

w

k 1

is p erio dic with c or e w , j w j < j u j . Then h ( x

i

) is not p erio dic with c or e

w .
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Pro of: w i s a su�x of u . v u i s pr imit iv e ot h erwi s e x

i

w ould b e p er io dic. Sup p os e h ( x

i

) i s

p er io dic wit h core w . Th en j v u j i s not a m ul t iple of j w j . Th erefore, t h e pre�x of h ( x

i

) of s ize

j w j i s of t h e form xy , x a pro p er su�x an d y a pro p er pre�x of w . Bu t t hi s pre�x of h ( x

i

) i s

a su�x of u an d h ence i s t h e str in g w . Thi s implie s t h a t w i s cyclic an d cannot b e t h e core of

x

i +1

, a con tradict ion. 2

Th e n ext lemm a d e scr ib e s t h e ord er in whic h pa t t er n inst ance s in a h alf-don e s et are elim-

in a t e d in St ep 2 of t h e pre suf shift h an dler.

Lemm a 5.3 L et p

i

1

; : : : ; p

i

r

, r � 3 , b e p attern instanc es in V c omprising a half-done set. F or

any l , 3 � l � r , if p

i

1

and p

i

l

b oth survive at any instant in Step 2 then p

i

1

; : : : ; p

i

l � 1

also

survive at that instant.

Pro of: W e sh o w t h a t t h e lemm a i s true for an y inst an t in Ph as e 1 an d a t t h e en d of Ph as e 1.

F or Ph as e 2, t h e lemm a follo ws f rom Corollary 4.8.

Cons id er t h e r igh t most p os it ion e su c h t h a t p

i

1

[ e ] i s t o t h e left of t

b

(recall t h a t t

b

i s t h e

t ext c h aract er align e d wit h p

1

[ m ]) an d di�eren t f rom t h e c h aract er in p

i

l

align e d wit h it. Th e

p ort ions of p

i

1

; : : : ; p

i

l

wh os e left an d r igh t en ds are align e d wit h p

i

1

[ e + 1] an d t

b

, re sp ect iv ely ,

are id en t ical an d p er io dic wit h core v , wh ere v i s t h e core of x

i

1

. Th e p ort ions of p

i

1

; : : : ; p

i

l � 1

wh os e left an d r igh t en ds are align e d wit h p

i

1

[ e ] an d t

b

, re sp ect iv ely , are id en t ical. Th erefore, a

compar i son t o t h e r igh t of p

i

1

[ e ] elimin a t e s non e or all of p

i

1

; : : : ; p

i

l

d ep en din g up on wh et h er it

su ccee ds or f ails. A compar i son a t p

i

1

[ e ] elimin a t e s e it h er p

i

l

or all of p

i

1

; : : : ; p

i

l � 1

. Th us, if p

i

1

an d p

i

l

surviv e a t an y inst an t in Ph as e 1 or a t t h e en d of Ph as e 1 t h en all compar i sons m ad e

t ill t h a t inst an t are t o t h e r igh t of p

i

1

[ e ]. Eac h of t h e s e compar i sons elimin a t e s non e or all of

p

i

1

; : : : ; p

i

l

. 2

Th e n ext lemm a e st a bli sh e s t h a t if all compar i sons in t h e su�x x

i

of p

1

are su cce ssful t h en

a t most t w o pa t t er n inst ance s t o t h e r igh t of p

i

surviv e.

Lemm a 5.4 Supp ose al l c omp arisons made by S

1

within the su�x x

i

of p

1

r esult in matches.

Then at most two instanc es in V among those lying to the right of p

i

survive. F urther, if two

instanc es p

y

and p

z

survive, then f x

i

; x

y

; x

z

g is a clone set.

Pro of: First, sup p os e x

i

i s p er io dic. Th en, b y t h e m ann er in whic h groups w ere d e�n e d, x

i

h as t h e form uv

2

. Let p

a

; p

b

2 V , a; b > i . If f x

i

; x

a

; x

b

g i s not a clon e s et t h en, b y Lemm a

4.5, su cce ssful compar i sons in t h e su�x x

i

of p

1

su�ce t o elimin a t e on e of p

a

; p

b

. Th us, t w o or

more pa t t er n inst ance s in V t o t h e r igh t of p

i

can surviv e only if t h e ir pre sufs form a clon e s et

wit h x

i

. Bu t t h e only can did a t e s are t h e pa t t er n inst ance s p

y

an d p

z

wh os e pre sufs are uv an d

u , re sp ect iv ely .

Secon d, sup p os e x

i

i s not p er io dic. Th en it i s of t h e form uv u , wh ere u i s it s s-p er io d. F or

no t w o pa t t er n inst ance s p

y

; p

z

, y ; z > i , can f x

i

; x

y

; x

z

g b e a clon e s et. By Lemm a 4.5, on e of

p

y

; p

z

, for ev ery su c h y an d z , can b e elimin a t e d b y a su cce ssful compar i son m ad e wit hin t h e

su�x x

i

of p

1

. Th us in t hi s cas e, a t most on e pa t t er n inst ance in V t o t h e r igh t of p

i

surviv e s.

2

Th e n ext t w o lemm as e st a bli sh t h a t if all compar i sons wit hin h ( x

i

) are su cce ssful t h en a t

most t w o pa t t er n inst ance s in V t o t h e r igh t of p

i

surviv e.

Lemm a 5.5 Supp ose x

i +1

is p erio dic with c or e w and al l c omp arisons made by S

1

within h ( x

i

)

r esult in matches. Then at most two instanc es in V among those to the right of x

i

survive.
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Pro of: Since t h e cas e i = k + 1 i s v acuous, w e assu m e t h a t i < k .

Th e pro of i s bas e d on Lemm as 5.1, 5.2, 5.3 an d 5.4. Let A

s

b e t h e group con t ainin g p

i

. Let

p

i +1

; : : : ; p

y

b e t h e pa t t er n inst ance s in group A

s +1

. Cons id er t h e s et V

0

of pa t t er n inst ance s

in V whic h are t o t h e r igh t of p

i

an d whic h surviv e su cce ssful compar i sons in t h e su�x x

y

of p

1

. By Lemm a 5.4, wit h a t most on e except ion (call it p

o

), t h e pa t t er n inst ance s in V

0

form a h alf-don e s et. By Lemm a 5.3, t h e pre sufs corre sp on din g t o t h e pa t t er n inst ance s in t hi s

h alf-don e s et compr i s e t h e s et f w

0

w

k 2

; : : : ; w

0

w

k 3+1

; w

0

w

k 3

g , wh ere k 3 equals 0, 1 or 2. Let

V

0

= f p

i

1

; p

i

2

; : : : ; p

i

j

; p

o

g . W e sh o w t h a t su cce ssful compar i sons in h ( x

i

) elimin a t e all bu t a t

most on e of f p

i

1

; p

i

2

; : : : ; p

i

j

g .

Not e t h a t f p

i

1

; p

i

2

; : : : ; p

i

j

g i s a h alf-don e s et. By Lemm as 5.1 an d 5.2, t h e su�x h ( x

i

) of

p

1

(an d of x

i

) i s not p er io dic wit h core w . Let t h e r igh t most su�x of p

1

whic h i s lon ger t h an

j x

i +1

j an d not p er io dic wit h core w b egin a t p

1

[ e ]; p

1

[ e ] lie s in h ( x

i

). Cons id er t h e large st

h , 1 � h � j , su c h t h a t p

i

h

surviv e s all compar i sons m ad e t o t h e r igh t of p

1

[ e ]. Th en, b y

Lemm a 5.3, p

i

1

; : : : ; p

i

h � 1

also surviv e t h e s e compar i sons while p

i

h +1

; : : : ; p

i

j

are elimin a t e d.

If h � 1 t h en w e are don e. Ot h erwi s e, as sh o wn in t h e n ext paragraph, t h e c h aract ers in

p

i

1

; : : : ; p

i

h � 1

align e d wit h p

1

[ e ] are id en t ical t o eac h ot h er y et di�eren t f rom p

1

[ e ]. Hence t h ere

will b e a compar i son in v olvin g p

1

[ e ], whic h b y assu mpt ion i s a m a t c h; t hi s lea v e s only p

i

h

an d

p

o

u n elimin a t e d.

Since t h e r igh t most eligible c h aract er i s alw ays c h os en b y t h e elimin a t ion stra t egy for com-

par i son, t h e p ort ions of p

i

1

; : : : ; p

i

h

align e d wit h t h e su�x of p

1

whic h lie s t o r igh t of p

1

[ e ]

m a t c h t h a t su�x. Sup p os e for som e r , 1 � r < h , a = p

i

r

[ c ] 6= p

i

r

[ c + j w j ] = b , wh ere p

i

r

[ c ] i s

align e d wit h p

1

[ e ]. Since p

i

r +1

i s j w j u nit s t o t h e r igh t of p

i

r

, t h e c h aract er in p

i

r +1

align e d wit h

p

i

r

[ c + j w j ] = b i s an a , a con tradict ion. Th erefore, t h e c h aract ers in p

i

1

; : : : ; p

i

h � 1

align e d wit h

p

1

[ e ] are all equal t o t h e c h aract er p

1

[ e + j w j ]. Bu t, f rom t h e d e�nit ion of e , p

1

[ e + j w j ] 6= p

1

[ e ].

Thi s pro v e s t h e lemm a. 2

Lemm a 5.6 Supp ose x

i +1

is not p erio dic and al l c omp arisons made by S

1

within the su�x

h ( x

i

) of p

1

r esult in matches. Then at most two instanc es in V among those to the right of p

i

survive.

Pro of: Since t h e cas e i = k + 1 i s v acuous, w e assu m e t h a t i < k .

By t h e m ann er in whic h groups w ere d e�n e d, x

i

i s not p er io dic. Since x

i +1

i s not p er io dic,

p

i +1

i s t h e r igh t most inst ance in it s group. Th us, x

i +1

cannot form a clon e s et wit h an y t w o of

it s pre sufs. By Lemm a 5.4, a t most on e pa t t er n inst ance t o t h e r igh t of p

i +1

surviv e s su cce ssful

compar i sons in t h e su�x x

i +1

= h ( x

i

) of p

1

. 2

Th e follo win g lemm a rela t e s t h e len gt h of t h e pre sufs x

i

an d x

i +2

wit h t h e su�x h ( x

i

) of p

1

for i � k � 1.

Lemm a 5.7 j x

i +2

j + j h ( x

i

) j � j x

i

j .

Pro of: First sup p os e x

i

= uv u i s not p er io dic, wh ere u i s it s s-p er io d. Th en j x

i +2

j < j u j . If

x

i +1

i s not p er io dic t h en h ( x

i

) = u an d j x

i +2

j + j h ( x

i

) j < 2 j u j < j x

i

j . If x

i +1

i s p er io dic wit h

core w t h en j h ( x

i

) j = j u j + j v j + j w j an d x

i +2

= j u j � j w j . Thi s implie s t h a t j x

i +2

j + j h ( x

i

) j = j x

i

j .

Next, sup p os e x

i

i s p er io dic wit h core v an d h ead u . Th en x

i +1

i s also p er io dic, say wit h core

w . Th us j h ( x

i

) j = j v j + j w j an d j x

i +2

j = j v j + j u j � j w j . Th en j x

i +2

j + j h ( x

i

) j = 2 j v j + j u j = j x

i

j .

2 .
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De�nit ions. Let t h e t erm mis�t refer t o an y c h aract er t h a t di�ers f rom t h e r igh t most c h aract er

of p . If j x

k

j > 1, let r

i

b e t h e n u m b er of pa t t er n inst ance s in V whic h lie t o t h e r igh t of p

i

.

Ot h erwi s e, if j x

k

j = 1, let r

i

b e on e more t h an t h e n u m b er of pa t t er n inst ance s in V whic h lie

t o t h e r igh t of p

i

an d do not b elon g t o t h e r igh t most group. F or con v enience, w e d e�n e r

i

t o b e

0 if j x

k

j = 1 an d p

i

b elon gs t o t h e r igh t most group.

W e pro vid e som e lo w er b ou n ds on t h e n u m b er of o ccurrence s of mi s�t c h aract ers in t h e

pre sufs of p an d in t h e core s of p er io dic pre sufs.

Lemm a 5.8 L et j x

k

j > 1 . L et p

j

, j � k , b e any p attern instanc e in V . Then x

j

c ontains at

le ast r

j

instanc es of the string x

k

and henc e r

j

mis�t char acters.

Pro of: Since x

k

i s t h e sm alle st non-n ull su�x of p t h a t m a t c h e s a pre�x of p , no non-n ull su�x

of x

k

m a t c h e s a pre�x of x

k

. Hence all inst ance s of x

k

in an y str in g are di sjoin t. Since x

k

it s elf con t ains x

k

an d r

k

= 1, t h e lemm a i s true for j = k . Next, sup p os e j < k an d assu m e

in d u ct iv ely t h a t x

j +1

con t ains a t least r

j +1

inst ance s of x

k

. Th en s ince x

j +1

i s a pro p er pre�x

an d a pro p er su�x of x

j

, x

j

m ust con t ain a t least r

j +1

+ 1 = r

j

inst ance s of x

k

. Since t h e �rst

c h aract er of x

k

di�ers f rom it s last c h aract er, x

j

h as a t least r

j

mi s�t c h aract ers. 2

Lemm a 5.9 Supp ose j x

k

j = 1 . L et p

j

b e any p attern instanc e in V . Then x

j

has at le ast r

j

mis�t char acters.

Pro of: If p

j

b elon gs t o t h e r igh t most group t h en r

j

= 0 an d t h e lemm a h olds tr ivially . So

sup p os e p

j

i s not in t h e r igh t most group. Let p

y

b e t h e r igh t most pa t t er n inst ance not in

t h e r igh t most group. x

y

con t ains a t least on e mi s�t c h aract er, ot h erwi s e it w ould b e in t h e

r igh t most group. Since r

y

= 1, t h e lemm a i s true for j = y . Next, assu m e t h a t j < y an d

assu m e in d u ct iv ely t h a t x

j +1

con t ains a t least r

j +1

mi s�t c h aract ers. Th en s ince x

j +1

i s a

pro p er pre�x an d a pro p er su�x of x

j

, x

j

m ust h a v e a t least r

j +1

+ 1 = r

j

mi s�t c h aract er s. 2

Lemm a 5.10 L et p

j

b e any instanc e in V and supp ose x

j

is p erio dic with he ad u and c or e v ,

j v j > 1 . Then v c ontains a mis�t char acter.

Pro of: If v do e s not con t ain a mi s�t c h aract er t h en x

j

do e s not con t ain a mi s�t c h aract er

e it h er. Thi s implie s t h a t all t h e c h aract ers in x

j

are id en t ical. Thi s con tradict s t h e assu mpt ion

t h a t j v j > 1. 2

W e conclud e t hi s s ect ion of lemm as wit h t w o k ey lemm as, t h e h -Su�x Mapping L emma

an d t h e Half-Done Set Mapping L emma . In t h e h -Su�x Map pin g Lemm a, a s et R

1

( i ) of t ext

c h aract ers i s d e�n e d for eac h i , 1 � i � k � 1, su c h t h a t p

i

i s t h e r igh t most inst ance in it s

group. In t h e Half-Don e Set Map pin g Lemm a, a s et R

2

( O ) of t ext c h aract ers i s d e�n e d for a

h alf-don e s et O cons i st in g of pa t t er n inst ance s f rom V . Th e s e t w o s et s are us e d as ran ge s for

t h e f fu nct ion.

Recall t h a t V = f p

1

; : : : ; p

k

g an d t

b

i s t h e t ext c h aract er align e d wit h t h e r igh t most c h aract er

of p

1

.

Let i � k � 1 an d p

i

b e t h e r igh t most inst ance in it s group. Let h

0

i

b e t h e su�x of len gt h

j x

i +2

j of t h e pre�x x

i

of p . Let R

1

( i ) b e t h e s et of t ext c h aract ers wit h whic h j p i s align e d wh en

som e mi s�t c h aract er in h

0

i

i s align e d wit h t

b

.

Lemm a 5.11 [Th e h -Su�x Map pin g Lemm a]. j R

1

( i ) j � r

i

� 2 . A l l text char acters in R

1

( i )

lie strictly to the left of j h ( x

i

) but within the su�x x

i

of p

1

.
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� j x

i +2

j

p

x

i

h

0

i

h ( x

i

)

t

b

Ran ge of R

1

( i )

text

Figure 5: Th e h -Su�x Map pin g Lemm a

Pro of: (See Fig.5.) By Lemm as 5.8 an d 5.9, x

i +2

an d h ence h

0

i

con t ain a t least r

i � 2

=

m ax f 0 ; r

i

� 2 g mi s�t c h aract ers. Th erefore, j R

1

( i ) j � r

i

� 2. By Lemm a 5.7, t h e left en d of an y

pa t t er n inst ance in whic h h

0

i

o v erlaps t

b

i s str ict ly t o t h e left of j h ( x

i

) an d wit hin t h e su�x x

i

of p

1

. 2

De�nit ion . Let O � V b e a h alf-don e s et cons i st in g of t h e pa t t er n inst ance s f p

h

1

; : : : ; p

h

j

g ,

j � 3, p

h

1

= p

1

. Let t h e h ead an d core of x

h

1

b e d enot e d u an d v , re sp ect iv ely . Let v = u

0

u .

Sup p os e j v j > 1. F urt h er, sup p os e p

h

i

i s p

h

i � 1

shift e d di st ance j v j t o t h e r igh t, for 1 < i � j . Let

i

c

, 2 � c � j , b e t h e large st in d ex su c h t h a t p

h

1

[ i

c

] i s di�eren t f rom t h e c h aract er in p

h

c

align e d

wit h it (su c h an in d ex exi st s b y Lemm a 4.7). Not e t h a t i

c

� i

c � 1

= j v j , for all c , 3 � c � j , an d

t h a t p

h

1

[ i

2

] = p

h

1

[ i

3

] = : : : = p

h

1

[ i

j

]. Th e t ext c h aract er t

i

c

align e d wit h p

h

1

[ i

c

] i s calle d t h e

char acteristic char acter of p

h

c

.

Let d b e t h e left most c h aract er in t h e pre�x uu

0

of p whic h di�ers f rom p

h

1

[ i

2

]. De�n e

R

2

( t

i

c

), 3 � c � j , t o b e t h e t ext c h aract er wit h whic h j p i s align e d wh en d i s align e d wit h

t

i

c

. In addit ion, d e�n e R

2

( O

e

) t o b e t h e s et of t ext c h aract ers R

2

( t

i

c

), 3 � c � e � j . F or

con v enience, let R

2

( O ) d enot e R

2

( O

j

).

Lemm a 5.12 [Th e Half-Don e Set Map pin g Lemm a] A l l text char acters in R

2

( O

j

) ar e distinct.

R

2

( t

i

c

) is aligne d with or to the left of t

i

c

and strictly to the right of t

i

c � 1

, for 3 � c � j . A l l

char acters in R

2

( O

c

) ar e aligne d with or to the left of the char acteristic char acter of p

h

c

; in

addition, they ar e strictly to the right of j p

k +1

, for 3 � c � j .

Pro of: By constru ct ion, R

2

( t

i

c

) i s align e d wit h or t o t h e left of t

i

c

, 3 � c � j . In addit ion,

R

2

( t

i

c

) i s a t most di st ance j v j � 1 t o t h e left of t

i

c

. As i

c

� i

c � 1

= j v j , R

2

( t

i

c

) i s str ict ly t o t h e

r igh t of t

i

c � 1

.

Th e only part of t h e lemm a st ill u npro v en i s t h e claim t h a t all c h aract ers in R

2

( O

j

) are

str ict ly t o t h e r igh t of j p

k +1

. Not e t h a t t

i

3

i s di st ance j v j t o t h e r igh t of t

i

2

, R

2

( t

i

3

) i s a t most

di st ance j v j � 1 t o t h e left of t

i

3

, an d all c h aract ers in R

2

( O

j

) are align e d wit h or t o t h e r igh t

of R

2

( t

i

3

). Since t

i

2

i s align e d wit h or t o t h e r igh t of j p

k +1

, t h e lemm a follo ws. 2

Not e t h a t p

h

c

i s elimin a t e d b y t h e t im e a compar i son i s m ad e str ict ly t o t h e left of it s

c h aract er i st ic c h aract er, for 3 � c � j . F urt h er, if a su cce ssful compar i son elimin a t e s p

h

c

t h en

t hi s compar i son m ust in v olv e it s c h aract er i s t ic c h aract er.
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5.2 Th e T ransfer F u nct ion f

Let C b e t h e s et of t ext c h aract ers in v olv e d in compar i sons in St eps 1 an d 2 of t h e pre suf shift

h an dler of Sect ion 4.2. F or eac h c h aract er t

c

2 C , wit h a t most t w o except ions, w e d e�n e f ( t

c

)

t o b e a t ext c h aract er t

d

sa t i sfyin g t h e follo win g pro p ert ie s.

1. t

d

i s t o t h e r igh t of j p

k +1

.

2. t

d

e it h er coincid e s wit h t

c

or lie s t o t h e left of t

c

.

3. Th e pa t t er n inst ance wh os e left en d i s align e d wit h t

d

i s elimin a t e d as a re sul t of compar-

i sons in St eps 1 an d 2 of t h e pre suf shift h an dler.

4. F or ev ery di st inct t

c

1

; t

c

2

2 C , f ( t

c

1

) 6= f ( t

c

2

).

F urt h ermore, t h e mi sm a t c h e s, if an y , are alw ays includ e d amon g t h e except ions. W e refer t o

t h e a b o v e pro p ert ie s as Pro p ert ie s 1, 2, 3 an d 4, re sp ect iv ely .

Since pa t t er ns wit h g = 1 an d j x

k

j = 1 are sp ecial cas e pa t t er ns, w e assu m e t h a t g > 1 if

j x

k

j = 1. F urt h er, if p

1

[ m ] do e s not m a t c h t h e t ext, t h en St eps 1 an d 2 of t h e pre suf shift h an dler

t oget h er m ak e a t most on e compar i son. Th erefore, w e also assu m e t h a t p

1

[ m ] m a t c h e s t h e t ext.

Let p

l

b e t h e r igh t most pa t t er n inst ance in A

1

. Let p

r

b e t h e r igh t most pa t t er n inst ance in V

ou t s id e A

g

, if an y .

W e split t h e s equence C

0

of compar i sons m ad e in St eps 1 an d 2 of t h e pre suf shift h an dler

in t o t hree di sjoin t class e s as follo ws.

1. Class 1 cons i st s of t h e compar i son in St ep 1. In addit ion, if j x

k

j = 1, t h en Class 1 con t ains

t h e compar i sons whic h compr i s e t h e sm alle st pre�x of C

0

h a vin g t h e follo win g pro p ert y:

e it h er t h e last compar i son in t hi s pre�x i s u nsu cce ssful or follo win g t h a t compar i son,

exact ly on e pa t t er n inst ance in A

g

surviv e s.

2. Class 2 cons i st s of t h e compar i sons in C

0

whic h follo w all Class 1 compar i sons an d are

m ad e in t h e su�x h ( x

l

) of p

1

.

3. Class 3 cons i st s of compar i sons in C

0

whic h follo w all Class 2 compar i sons.

Not e t h a t if Class 1 con t ains an u nsu cce ssful compar i son t h en Class 2 i s empt y b eca us e no

furt h er compar i sons are m ad e in t h e su�x h ( x

l

) of p

1

. Th us Class 1 an d Class 2 t oget h er h a v e

a t most on e u nsu cce ssful compar i son. Th e only ot h er p oss ibly u nsu cce ssful compar i son i s t h e

last compar i son in Class 3. W e do not d e�n e an f v alue for t h e last compar i son in Class 3. In

addit ion, on e ot h er compar i son m ay not rece iv e an f v alue. If Class 1 an d Class 2 con t ain an

u nsu cce ssful compar i son t h en t hi s compar i son do e s not rece iv e an f v alue. If all compar i sons

in Class e s 1 an d 2 are su cce ssful t h en on e su cce ssful compar i son in on e of t h e t hree class e s m ay

not rece iv e an f v alue. All ot h er compar i sons rece iv e f v alue s. Th us, f v alue s are n ev er d e�n e d

for mi sm a t c h e s an d a t most t w o compar i sons in C

0

do not rece iv e f v alue s.

W e d e�n e f v alue s for eac h class in t ur n. f v alue s for Class 2 compar i sons are alw ays

d e�n e d us in g t h e s et R

1

( l ). Th e s e f v alue s are align e d wit h t h e su�x x

l

of p

1

an d t o t h e left

of h ( x

l

). f v alue s for Class 3 compar i sons are d e�n e d in on e of t hree w ays. If all compar i sons

in Class e s 1 an d 2 are su cce ssful t h en t h e s e f v alue s are t o t h e left of t h e su�x x

l

of p

1

. If

Class 2 con t ains a mi sm a t c h t h en t h e s e f v alue s are d e�n e d us in g t h e s et R

1

( l ). If Class 2 i s

empt y an d Class 1 con t ains a mi sm a t c h t h en t h e s e f v alue s are align e d wit h or t o t h e r igh t of
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t h e su�x x

r +1

of p

1

. f v alue s for Class e s 2 an d 3 are eas ily s een t o b e di st inct. f v alue s for

Class 1 compar i sons are align e d e it h er wit h t h e su�x x

r

of p

1

or wit h t h e su�x x

r � 1

of p

1

; in

Lemm a 5.17, w e sh o w t h a t t h e s e f v alue s do not clash wit h t h e f v alue s for Class e s 2 an d 3.

Clas s e s 2 an d 3. W e cons id er t hree cas e s.

Cas e 1. Class 2 con t ains an u nsu cce ssful compar i son.

Class 2 an d Class 3 t oget h er con t ain a t most r

l

� 1 compar i sons in addit ion t o t hi s u nsu c-

ce ssful compar i son. T o s ee t hi s, not e t h a t r

l

� 1 compar i sons in addit ion t o t h e compar i sons in

Class 1 su�ce t o elimin a t e all bu t on e of t h e pa t t er n inst ance s in V t o t h e r igh t of p

l

. F urt h er,

excludin g t h e u nsu cce ssful Class 2 compar i son an d t h e last compar i son in Class 3, all ot h er

compar i sons in Class e s 2 an d 3 are su cce ssful. f i s d e�n e d t o m ap t h e t ext c h aract ers in v olv e d

in t h e s e r

l

� 2 su cce ssful compar i sons t o t h e t ext c h aract ers in R

1

( l ) in som e arbitrary ord er.

By t h e h -Su�x Map pin g Lemm a an d t h e f act t h a t all Class 3 compar i sons are t o t h e r igh t of

p

1

[ m ] i s t hi s cas e, all t ext c h aract ers in R

1

( l ) lie t o t h e left of all t h e t ext c h aract ers in v olv e d

in Class 2 an d Class 3 compar i sons. Clearly , Pro p ert ie s 2, 3 an d 4 are true for t h e s e f v alue s.

Pro p ert y 1 follo ws f rom t h e f act t h a t j x

l

j � j x

1

j <

m

2

, an d h ence j p

k +1

i s t o t h e left of t h e su�x

x

l

of p

1

.

Cas e 2. All compar i sons in Class e s 1 an d 2 are su cce ssful.

Th ere are a t most r

l

compar i sons in Class 2, all of whic h are su cce ssful. f i s d e�n e d t o m ap

t h e t ext c h aract ers in v olv e d in r

l

� 2 of t h e s e r

l

compar i sons t o t h e t ext c h aract ers in R

1

( l ) in

som e arbitrary ord er. As in Cas e 1, Pro p ert ie s 1, 2, 3 an d 4 are sa t i s�e d b y t h e s e f v alue s.

Thi s lea v e s a t most s Class 2 compar i sons for som e s � 2,

Next, w e d e�n e f v alue s for Class 3 compar i sons an d s Class 2 compar i sons. Th e s e f v alue s

will b e d e�n e d for all compar i sons in Class 3 plus t h e s compar i sons in Class 2, wit h a t most

t w o except ions. Th e s e f v alue s will b e t o t h e left of t h e su�x x

l

of p

1

, an d t h us clearly di st inct

f rom f v alue s for Class 2 compar i sons.

F ollo win g Class 2 compar i sons , a t most min f r

l

; 2 g � s of t h e pa t t er n inst ance s t o t h e r igh t

of p

l

surviv e alon g wit h pa t t er n inst ance s in A

1

. Let O

0

d enot e t h e follo win g s et of min f r

l

; 2 g

pa t t er n inst ance s: t h os e pa t t er n inst ance s t o t h e r igh t of p

l

whic h surviv e Class 1 an d Class 2

compar i sons an d t h os e pa t t er n inst ance s whic h are elimin a t e d b y on e of t h e s Class 2 compar i s-

ons u n d er cons id era t ion. Let O refer t o t h e large st h alf-don e s et cons i st in g of pa t t er n inst ance s

in A

1

an d O

0

. Re d e�n e O

0

b y remo vin g pa t t er n inst ance s in it whic h are also in O . Cons id er in g

compar i sons whic h elimin a t e pa t t er n inst ance s in O an d O

0

i s equiv alen t t o cons id er in g Class 3

compar i sons plus t h e s Class 2 compar i sons.

Let O = f p

h

1

; : : : ; p

h

e

g . If l = 1, t h en t h e n u m b er of compar i sons in Class 3 plus s i s a t

most 2 � s + s = 2. In t hi s cas e, w e do not d e�n e f v alue s for t h e compar i sons in Class 3 an d t h e

s compar i sons in Class 2. So sup p os e t h a t l > 1. Eac h su cce ssful compar i son whic h elimin a t e s

a pa t t er n inst ance in O in v olv e s t h e c h aract er i st ic c h aract er of t h e pa t t er n inst ance elimin a t e d.

Let v an d u b e t h e core an d h ead, re sp ect iv ely , of x

h

1

an d let v = u

0

u . j v j > 1 b eca us e e it h er

j x

k

j > 1 or j x

k

j = 1 an d g > 1. By Lemm a 5.10, v con t ains a mi s�t c h aract er.

First, cons id er su cce ssful compar i sons whic h elimin a t e pa t t er n inst ance s in O . If j O j � 2,

t h ere i s a t most on e su c h compar i son in Class 3 an d w e do not d e�n e an f v alue for it. So sup p os e

j O j > 2. Th ere are t w o su b cas e s d ep en din g on t h e lo ca t ion of t h e c h aract er i s t ic c h aract er t

i

e

of

p

h

e

.

Su b cas e 2a. Eit h er O

0

i s not empt y an d t

i

e

i s str ict ly t o t h e left of t h e left en d of t h e su�x

x

h

e � 1

of p

1

; or O

0

i s empt y an d t

i

e

i s str ict ly t o t h e left of t h e left en d of t h e su�x x

h

e � 2

of p

1

.
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F or 3 � c � e , if a su cce ssful compar i son i s m ad e a t t

i

c

, f ( t

i

c

) i s d e�n e d t o b e R

2

( t

i

c

). By

t h e Half-Don e Set Map pin g Lemm a, t h e s e f v alue s are str ict ly t o t h e left of t h e su�x x

h

e � 1

of

p

1

if O

0

i s not empt y an d str ict ly t o t h e left of t h e su�x x

h

e � 2

of p

1

if O

0

i s empt y . A s imple

cas e an alys i s ( O

0

equals 0, 1, 2) sh o ws t h a t t h e s e f v alue s are str ict ly t o t h e left of t h e left en d

of t h e su�x x

l

of p

1

, as claim e d. Pro p ert ie s 1, 2 an d 4 for t h e s e f v alue s follo w eas ily f rom t h e

Half-Don e Set Map pin g Lemm a while Pro p ert y 3 follo ws f rom t h e d e�nit ion of t h e s et R

2

( O ).

A t most on e su cce ssful compar i son elimin a t in g pa t t er n inst ance s in O do e s not h a v e an f v alue:

t h e on e elimin a t in g p

h

2

.

Su b cas e 2b. Eit h er O

0

i s not empt y an d t

i

e

i s align e d wit h som e c h aract er in t h e su�x x

h

e � 1

of p

1

; or O

0

i s empt y an d t h e c h aract eri st ic c h aract er of p

h

e

i s align e d wit h som e c h aract er in

t h e su�x x

h

e � 2

of p

1

.

In t h e �rst cas e, t

i

c

, t h e c h aract er i st ic c h aract er of p

h

c

, i s align e d wit h som e c h aract er in

t h e su�x x

h

c � 1

of p

1

, for 2 � c � e . Cons id er t h e s et R

0

2

of e � 2 t ext c h aract ers wit h whic h j p

i s align e d wh en t h e r igh t most mi s�t c h aract er in t h e pre�x x

h

c

of p , 1 � c � e � 2, i s align e d

wit h t

b

. Since v con t ains a mi s�t c h aract er, t h e c t h left most t ext c h aract er in R

0

2

i s align e d wit h

som e c h aract er in t h e su�x x

h

c

of p

1

an d i s str ict ly t o t h e left of t h e left en d of t h e su�x x

h

c +1

of p

1

. A su cce ssful compar i son a t t

i

c

, 3 � c � e , i s m ap p e d b y f t o t h e ( c � 2)n d left most

c h aract er in R

0

2

. Clearly , all c h aract ers in R

0

2

are di st inct an d f ( t

i

c

) i s str ict ly t o t h e left of t

i

c

.

All c h aract ers in R

0

2

are align e d wit h som e c h aract er in t h e su�x x

1

of p

1

. Th us, Pro p ert ie s 1,

2, 3 an d 4 are sa t i s�e d b y t h e s e f v alue s. Th e s e f v alue s are str ict ly t o t h e left of t h e left en d

of t h e su�x x

h

e � 1

of p

1

. Since O

0

i s not empt y , h

e � 1

� l . Th erefore, t h e s e f v alue s are str ict ly

t o t h e left of t h e left en d of t h e su�x x

l

of p

1

. Again, t h e only su cce ssful compar i son wit h ou t

an f v alue, if an y , i s t h e on e elimin a t in g p

h

2

.

In t h e s econ d cas e, t

i

c

, 4 � c � e , i s align e d wit h som e c h aract er in t h e su�x x

h

c � 2

of p

1

.

f v alue s are not d e�n e d for t h e t w o left most compar i sons u n d er cons id era t ion. Th e rem ainin g

compar i sons in v olv e t ext c h aract ers align e d wit h som e c h aract er in t h e su�x x

h

2

of p

1

. A

su cce ssful compar i son a t t

i

c

, 4 � c � e , i s m ap p e d b y f t o t h e ( c � 3)rd left most c h aract er in

R

0

2

. Clearly , f ( t

i

c

) i s str ict ly t o t h e left of t

i

c

. As in t h e �rst cas e, Pro p ert ie s 1, 2, 3 an d 4 are

sa t i s�e d b y t h e s e f v alue s. All t h e s e f v alue s are t o t h e left of t h e left en d of t h e su�x x

h

e � 2

of p

1

. Since h

e � 2

� l for t hi s cas e, t h e s e f v alue s are str ict ly t o t h e left of t h e left en d of t h e

su�x x

l

of p

1

. Th e only su cce ssful compar i sons wit h ou t f v alue s, if an y , are t h os e elimin a t in g

p

h

3

an d p

h

2

. Thi s en ds Su b cas e 2.1b.

Before, w e d e�n e f v alue s for compar i sons whic h elimin a t e pa t t er n inst ance s in O

0

, w e n ee d

a lemm a whic h will b e us e d la t er wh en Class 3 compar i sons are d e�n e d. Thi s lemm a can b e

v er i�e d eas ily f rom t h e a b o v e d e scr ipt ion.

Lemm a 5.13 If O � A

1

and j O

0

j � 1 then the f values de�ne d in Sub c ases 2a and 2b ar e to

the left of the su�x x

l � 1

of p

1

.

Next, cons id er su cce ssful compar i sons whic h elimin a t e pa t t er n inst ance s in O

0

. If j O

0

j < 2

or no su cce ssful compar i son elimin a t e s a pa t t er n inst ance in O

0

t h en no furt h er f v alue s are

d e�n e d. So sup p os e j O

0

j = 2 an d a su cce ssful compar i son i s m ad e t o elimin a t e on e of t h e pa t t er n

inst ance s in O

0

. By Lemm a 4.5, t hi s compar i son in v olv e s a t ext c h aract er t

c

whic h i s align e d

wit h som e c h aract er in t h e su�x x

h

e

of p

1

. f ( t

c

) i s d e�n e d t o b e t h e t ext c h aract er wit h whic h

j p i s align e d wh en t h e r igh t most mi s�t c h aract er in t h e pre�x x

h

e � 1

of p

1

i s align e d wit h t

b

.

Since v con t ains a mi s�t c h aract er, f ( t

c

) i s align e d wit h som e c h aract er in t h e su�x x

h

e � 1

of p

1
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an d i s str ict ly t o t h e left of t h e su�x x

h

e

of p

1

. f ( t

c

) i s t h us t o t h e r igh t of an d di st inct f rom all

f v alue s d e�n e d previously for compar i sons whic h elimin a t e pa t t er n inst ance s in O . F urt h er,

f ( t

c

) i s t o t h e left of t

c

b eca us e t

c

i s align e d wit h t h e su�x x

h

e

of p

1

. Since j O

0

j = 2, l = h

e

,

an d t h erefore f ( t

c

) i s str ict ly t o t h e left of t h e su�x x

l

of p

1

, as claim e d. Pro p ert ie s 1, 2, 3 an d

4 are eas ily s een t o b e true for all Class 2 an d 3 compar i sons no w.

Lemm a 5.14 F or Case 2, f values have b e en de�ne d for al l but two of the c omp arisons in

Class 2 and 3. F urther, the omitte d c omp arisons include mismatches, if any.

Pro of: W e just n ee d t o sh o w t h a t a t most t w o of t h e compar i sons amon gst t h os e whic h elimin a t e

pa t t er n inst ance s in O an d O

0

do not rece iv e f v alue s, for t h e mi sm a t c h e s n ev er rece iv e f v alue s.

If j O j < 2 t h en t h ere a t most 2 compar i sons whic h elimin a t e pa t t er n inst ance s in O an d O

0

.

If O

0

i s empt y , t h en f v alue s are d e�n e d for all bu t t h e last t w o compar i sons whic h elimin a t e

pa t t er n inst ance s in O . So sup p os e O

0

i s not empt y an d j O j � 2. Th e only p oss ible su cce ssful

compar i sons for whic h an f v alue migh t not b e d e�n e d are t h os e whic h elimin a t e p

h

2

or on e of

t h e pa t t er n inst ance s in O

0

. Th ere are t w o cas e s.

First, sup p os e j O

0

j = 1. Let O

0

= f p

z

g . Th e only p oss ible su cce ssful compar i sons for whic h

an f v alue i s not d e�n e d are t h os e whic h elimin a t e p

h

2

or p

z

. W e sh o w t h a t if on e of t h e s e

su cce ssful compar i sons act ually o ccurs, t h en t h ere can b e a t most on e mi sm a t c h an d if b ot h

t h e s e su cce ssful compar i sons o ccur t h en t h ere are no mi sm a t c h e s (recall t h a t all compar i sons in

Class e s 1 an d 2 are su cce ssful). Sup p os e p

h

2

i s elimin a t e d b y a su cce ssful compar i son. p

h

1

m ust

b e aliv e imm e dia t ely b efore t hi s compar i son an d p

h

3

: : : p

h

e

m ust h a v e b een elimin a t e d pr ior t o

t hi s compar i son. Thi s implie s t h a t no mi sm a t c h could h a v e o ccurre d b efore t hi s compar i son an d

only t h e pa t t er n inst ance s p

h

1

an d p

z

surviv e t hi s compar i son. Th erefore, if p

h

2

i s elimin a t e d b y

a su cce ssful compar i son t h en t h ere i s a t most on e u nsu cce ssful compar i son an d if b ot h p

h

2

an d

p

z

are elimin a t e d b y su cce ssful compar i sons t h en t h ere are no u nsu cce ssful compar i sons. Next,

sup p os e p

z

i s elimin a t e d b y a su cce ssful compar i son bu t no su cce ssful compar i son elimin a t e s

p

h

2

. Eac h of t h e ot h er compar i sons in Class 3 elimin a t e s som e pa t t er n inst ance in O an d t h e

�rst su c h u nsu cce ssful compar i son elimin a t e s all bu t on e of t h e inst ance s in O . Th erefore, t h ere

i s a t most on e u nsu cce ssful compar i son in t hi s cas e.

Secon d, sup p os e, j O j � 2 an d j O

0

j = 2. If on e of t h e pa t t er n inst ance s in O

0

i s elimin a t e d b y

a su cce ssful Class 2 or Class 3 compar i son t h en an f v alue i s d e�n e d for t hi s compar i son. F rom

t hi s p oin t on w ards, j O j � 2 an d j O

0

j = 1. Th erefore, t h e argu m en t in t h e previous paragraph

ap plie s. On t h e ot h er h an d, if no su cce ssful Class 2 or 3 compar i son elimin a t e s a pa t t er n inst ance

in O

0

t h en t h e �rst compar i son in Class 3 m ust b e u nsu cce ssful. Thi s compar i son lea v e s a t most

t w o pa t t er n inst ance s u n elimin a t e d an d t h us t h ere are a t most t w o compar i sons whic h elimin a t e

pa t t er n inst ance s in O an d O

0

. 2

Cas e 3. Class 1 con t ains an u nsu cce ssful compar i son.

In t hi s cas e, j x

k

j = 1 an d Class 2 i s empt y as m en t ion e d b efore. W e d e�n e f v alue s for all

bu t t h e last of t h e compar i sons in Class 3. Th e s e f v alue s are align e d wit h or t o t h e r igh t of t h e

su�x x

r +1

of p

1

. All Class 3 compar i sons are m ad e t o t h e r igh t of p

1

[ m ] in t hi s cas e. Eac h su c h

su cce ssful compar i son m a t c h e s an inst ance of t h e c h aract er x

k

in p

r +1

against a t ext c h aract er

t

c

; t

c

i s align e d wit h a non- x

k

c h aract er in som e pa t t er n inst ance p

s

, s > r . f i s d e�n e d t o

m ap a t ext c h aract er t

c

m a t c h e d su cce ssfully b y a Class 3 compar i son t o t h e t ext c h aract er wit h

whic h j p i s align e d wh en t h e left most non- x

k

c h aract er in p i s align e d wit h t

c

. Clearly , t h e s e f

v alue s are align e d wit h or t o t h e r igh t of t h e su�x x

r +1

of p

1

an d Pro p ert ie s 1, 2, 3 an d 4 are

sa t i s�e d b y t h e s e f v alue s.
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Thi s �ni sh e s t h e d e scr ipt ion of t h e f fu nct ion for Class e s 2 an d 3. Th e follo win g lemm a i s

ob vious f rom t h e a b o v e d e scr ipt ion.

Lemm a 5.15 f values for Class 2 and 3 c omp arisons b elongs to one of the fol lowing sets of

text char acters:

(i) The set R

1

( l ) .

(ii) The set of text char acters to the left of the su�x x

l

of p

1

and to the right of j p

k +1

.

(iii) The set of text char acters aligne d with or to the right of the su�x x

r +1

of p

1

.

F urther, an f value c an b e in set (i) only if r

l

� 2 > 0 and in set (iii) only if Class 1 c ontains

an unsuc c essful c omp arison.

Clas s 1. W e cons id er t w o cas e s, j x

k

j > 1 an d j x

k

j = 1.

Cas e 1. j x

k

j > 1.

Th e only compar i son in Class 1 m a t c h e s t

b

wit h p

1

[ m ]. f ( t

b

) i s d e�n e d t o b e t

b

. Thi s

m ap pin g sa t i s�e s Pro p ert y 3 b eca us e t h e left most c h aract er in p i s a mi s�t c h aract er in t hi s

cas e. If g = 1 t h en all ot h er compar i sons in C

0

are m ad e t o t h e left of t

b

an d t h erefore, all ot h er

f v alue s are t o t h e left of t

b

. If g > 1, t h en all ot h er f v alue s are e it h er t o t h e left of t h e su�x

x

l

of p

1

or t o t h e left of t h e su�x h ( x

l

) of p

1

. Since j h ( x

l

) j � 1 if g > 1, t h e s e f v alue s are t o

t h e left of t

b

. Th erefore, Pro p ert y 4 i s sa t i s�e d b y all f v alue s. Pro p ert y 1 an d 2 are ob vious

for f ( t

b

).

Cas e 2. j x

k

j = 1.

g > 1, b y assu mpt ion. f v alue s are d e�n e d for all compar i sons in Class 1 u nle ss e it h er

Class 1 con t ains an u nsu cce ssful compar i son or r = l = 1. If Class 1 con t ains an u nsu cce ssful

compar i son or if r = l = 1 t h en on e compar i son in Class 1 do e s not rece iv e an f v alue. Bu t in

t h e s e cas e s, t h ere i s a t most on e compar i son in Class e s 2 an d 3 for whic h an f v alue w as not

d e�n e d earlier. T o s ee t hi s, not e t h a t if t h e last Class 1 compar i son i s su cce ssful an d r = l = 1

t h en Class e s 2 an d 3 t oget h er can h a v e a t most on e compar i son an d if t h e last Class 1 compar i son

i s u nsu cce ssful t h en Class 2 i s empt y an d Cas e 3 m ust h old for Class 3 compar i sons.

All f v alue s d e�n e d for Class 1 compar i sons will b e t o t h e left of t h e su�x x

r +1

of p

1

an d

align e d wit h e it h er t h e su�x x

r � 1

of p

1

or t h e su�x x

r

of p

1

. Clearly , if p

l

6= p

r

; p

r � 1

t h en

t h e s e f v alue s are di st inct f rom all f v alue s d e�n e d earlier for Class 2 an d 3 compar i sons. If

p

l

= p

r � 1

t h en r

l

� 2 = 0 an d all f v alue s for Class 2 an d 3 compar i sons are e it h er t o t h e left of

t h e su�x x

r � 1

of p

1

or align e d wit h or t o t h e r igh t of t h e su�x x

r +1

of p

1

. Th erefore, f v alue s

for compar i sons in Class 1 are di st inct f rom f v alue s for compar i sons in Class e s 2 an d 3 in t hi s

cas e. If p

l

= p

r

t h en r

l

� 2 < 0 an d, b y Lemm a 5.15, all f v alue s for Class 2 an d 3 compar i sons

are e it h er t o t h e left of t h e su�x x

r

of p

1

or align e d wit h or t o t h e r igh t of t h e su�x x

r +1

of

p

1

. In t hi s cas e, w e sh o w t h a t if an f v alue for som e Class 1 compar i son i s align e d wit h t h e

su�x x

r � 1

of p

1

an d t o t h e left of t h e su�x x

r

of p

1

t h en all f v alue s for Class 2 an d Class 3

compar i sons are t o t h e left of t h e su�x x

r � 1

of p

1

. Th us, all f v alue s are di st inct.

Th e follo win g lemm a d e scr ib e s t h e di str ibu t ion of Class 1 compar i sons.

Lemm a 5.16 L et d b e the rightmost mis�t char acter in p

1

. Each Class 1 c omp arison involves

a text char acter which is aligne d with or to the right of d .

36



t

b

d

p

x

k

x

r +1

x

r � 1

x

r

p

1

text

Figure 6: Th e Set R

3

, r > 1

Pro of: Sup p os e t w o pa t t er n inst ance s p

j

1

; p

j

2

2 A

g

, j

1

< j

2

, are left u n elimin a t e d b y compar-

i sons m ad e a t or t o t h e r igh t of d . Let c

j

1

an d c

j

2

b e t h e p ort ions of p

j

1

an d p

j

2

, re sp ect iv ely ,

whic h o v erlap t h e su�x z of p

1

st art in g a t d . Th en c

j

1

= c

j

2

= z . Cons id er t h e c h aract ers in

p

j

1

an d p

j

2

align e d wit h t h e ( j

2

� j

1

)t h c h aract er t o t h e r igh t of d in p

1

. Clearly , t h e �rst of

t h e s e m a t c h e s x

k

while t h e s econ d i s a mi s�t c h aract er. Thi s i s a con tradict ion. 2

Not e t h a t x

r

con t ains a mi s�t c h aract er. F urt h er, it s su�x an d pre�x x

r +1

are di sjoin t.

Eac h con t ains a t least k � r inst ance s of x

k

. W e d e�n e a s et R

3

of t ext c h aract ers whic h s erv e s

as t h e ran ge of f v alue s for Class 1 compar i sons. Th e d e�nit ion h as t h e follo win g pro p ert y . All

c h aract ers in R

3

are t o t h e left of t h e su�x x

r +1

of p

1

. If all su cce ssful Class 1 compar i sons

are m ad e t o t h e r igh t of d or if r = 1 t h en all c h aract ers in R

3

are align e d wit h t h e su�x x

r

of

p

1

. If a su cce ssful Class 1 compar i son i s m ad e a t d an d r > 1 t h en c h aract ers in R

3

are align e d

wit h t h e su�x x

r � 1

of p

1

.

First sup p os e all su cce ssful Class 1 compar i sons are m ad e t o t h e r igh t of d . Eac h su cce ssful

compar i son m a t c h e s an o ccurrence of x

k

t o t h e r igh t of d against t h e t ext. R

3

i s d e�n e d t o b e

t h e s et of t ext c h aract ers wit h whic h j p i s align e d wh en d

0

, t h e left most mi s�t c h aract er in p , i s

align e d wit h on e of t h e t ext c h aract ers m a t c h e d b y a Class 1 compar i son. Clearly , all c h aract ers

in R

3

are align e d wit h t h e su�x x

r

of p

1

. f i s d e�n e d t o m ap t h e t ext c h aract ers compare d b y

Class 1 compar i sons t o t h e t ext c h aract ers in R

3

in som e arbitrary ord er. Pro p ert ie s 2, 3 an d

4 readily follo w for t h e s e f v alue s. Pro p ert y 1 follo ws f rom t h e f act t h a t j x

r

j � j x

1

j <

m

2

.

Next, sup p os e a su cce ssful Class 1 compar i son i s m ad e a t d . In t hi s cas e, all compar i sons

in Class 1 are su cce ssful an d t h ere are a t most k + 1 � r compar i sons in Class 1. R

3

i s d e�n e d

di�eren t ly d ep en din g up on wh et h er r = 1 or r > 1.

First, sup p os e r = 1. R

3

i s d e�n e d t o con t ain t h e k � r t ext c h aract ers wit h whic h j p i s

align e d wh en on e of k � r inst ance s of x

k

t o t h e left of d

0

(recall d

0

i s t h e left most mi s�t c h aract er

in p ) i s align e d wit h d . Th e t ext c h aract ers in R

3

are clearly align e d wit h t h e su�x x

r

of p

1

.

f i s d e�n e d t o m ap up t o k � r of t h e t ext c h aract ers compare d b y Class 1 compar i sons t o t h e

k � r t ext c h aract ers in R

3

in som e arbitrary ord er. All t h e s e f v alue s are di st inct an d are

align e d wit h or t o t h e left of d . Pro p ert ie s 2, 3 an d 4 imm e dia t ely follo w for t h e s e f v alue s.

Pro p ert y 1 follo ws f rom t h e f act t h a t j x

r

j � j x

1

j <

m

2

.

Next, sup p os e r > 1. See Fig.6. Wh en p i s place d wit h j p align e d wit h t h e left en d of t h e

su�x x

r � 1

of p

1

, t h ere exi st a t least 2( k � r ) � k � r + 1 inst ance s of x

k

t o t h e left of d in p .

R

3

i s d e�n e d t o b e t h e s et of 2( k � r ) t ext c h aract ers wit h whic h j p i s align e d wh en on e of t h e s e

2( k � r ) inst ance s of x

k

i s align e d wit h d . Clearly , c h aract ers in R

3

are align e d wit h t h e su�x
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x

r � 1

of p

1

. f i s d e�n e d t o m ap t h e t ext c h aract ers compare d b y Class 1 compar i sons t o som e

k � r + 1 of t h e 2( k � r ) t ext c h aract ers in R

3

i s som e arbitrary ord er. Pro p ert ie s 2 an d 3 readily

follo w for t h e s e f v alue s. Pro p ert y 1 follo ws f rom t h e f act t h a t j x

r � 1

j � j x

1

j <

m

2

. Di st inctn e ss

of t h e s e f v alue s f rom t h e f v alue s for Class e s 2 an d 3 follo ws f rom t h e follo win g lemm a.

Lemm a 5.17 If r > 1 , p

l

= p

r

and a suc c essful Class 1 c omp arison is made at d then f values

for Class 2 and 3 c omp arisons ar e to the left of the su�x x

r � 1

of p

1

.

Pro of: A t most on e pa t t er n inst ance p

r

0

2 A

g

surviv e s a su cce ssful compar i son a t d . F urt h er,

Class 1 do e s not con t ain an u nsu cce ssful compar i son. Since r

l

= 1, Class 2 con t ains a t most on e

compar i son. If t hi s compar i son i s u nsu cce ssful t h en only p

r

0

surviv e s; no f v alue s are d e�n e d

for Class 2 or 3 compar i sons in t hi s cas e. If t h e sole Class 2 compar i son i s a su cce ssful on e,

t h en Cas e 2 m ust h old for all Class 2 an d 3 compar i sons. Since r

l

= 1, r

l

� 2 < 0 an d, b y

Lemm a 5.15, no f v alue s are d e�n e d us in g t h e s et R

1

( l ). Th erefore, all f v alue s for Class 2 an d

3 compar i sons in t hi s cas e are d e�n e d as in Su b cas e s 2a an d 2b. Refer t o t h e s e su b cas e s. Not e

t h a t, in t hi s cas e, O cons i st s of t h e pa t t er n inst ance s in A

1

an d O

0

= f p

r

0

g . F rom Lemm a 5.13,

all f v alue s for Class 2 an d 3 compar i sons are t o t h e left of t h e su�x x

r � 1

of p

1

in t hi s cas e. 2

Thi s conclud e s t h e d e�nit ion of t h e f fu nct ion.

6 Pre suf Shift s wit h j x

0

1

j �

m

2

Thi s cas e can o ccur only for p er io dic pa t t er ns. So assu m e t h a t p i s p er io dic an d h as t h e form

u

p

v

i

p

p

, wh ere v

p

an d u

p

are t h e core an d h ead of p , re sp ect iv ely , an d i

p

� 2.

Recall t h a t t h e lo w er b ou n d of

m +1

2

on t h e di st ance b et w een cons ecu t iv e pre suf shift s w as

cru cial in d er ivin g t h e compar i son complexit y for t h e cas e j x

0

1

j <

m

2

. Thi s lo w er b ou n d do e s not

h old if j x

0

1

j �

m

2

. Cons ecu t iv e pre suf shift s can o ccur di st ance j v

p

j <<

m +1

2

apart. Ev en a s in gle

mi sm a t c h p er pre suf shift leads t o a large compar i son complexit y . Since t h e problem in t hi s cas e

lie s only in t h e f requency of o ccurrence of pre suf shift s, w e us e t h e sam e bas ic algor it hm c h an gin g

only t h e pre suf shift h an dler. Th e n ew pre suf shift h an dler ensure s t h a t e it h er t w o cons ecu t iv e

pre suf shift s are a t least di st ance

m +1

2

apart or no mi sm a t c h o ccurs b et w een cons ecu t iv e pre suf

shift s. In f act, w e sh o w t h e follo win g stron ger claim a b ou t t h e p erform ance of t h e pre suf shift

h an dler. A pre suf shift h as o v erh ead 0 if t h e n ext pre suf shift o ccurs di st ance le ss t h an

m +1

2

a h ead, o v erh ead 1 if t h e n ext pre suf shift o ccurs di st ance le ss t h an

3( m +1)

4

a h ead, an d o v erh ead

a t most 2 ot h erwi s e. A compar i son complexit y of n (1 +

8

3( m +1)

) compar i sons follo ws.

6.1 Th e Pre suf Shift Han dler for j x

0

1

j �

m

2

Before d e scr ibin g t h e pre suf shift h an dler, w e recall som e d e�nit ions an d assu mpt ions m ad e

in Sect ion 4. Let t

A

refer t o t h e p ort ion of t h e t ext wit h whic h t h e pre�x x

0

1

of p i s align e d

follo win g t h e shift. W e assu m e t h a t pre�x x

0

1

of p m a t c h e s t

A

follo win g a pre suf shift an d t h a t t h e

v ar ia ble t

last

h as b een ap pro pr ia t ely s et t o prev en t t hi s assu mpt ion f rom leadin g t o an incorrect

inference. Let t

a

refer t o t h e r igh t most c h aract er in t

A

.

As for t h e cas e j x

0

1

j <

m

2

, t h e pre suf shift h an dler cons id ers all pre suf pa t t er n inst ance s,

i.e., t h os e pa t t er n inst ance in whic h a pre�x (p oss ibly n ull) of p m a t c h e s som e su�x of t

A

. In

a pre suf pa t t er n inst ance, t h e pre�x m a t c hin g a su�x of t

A

i s a pre suf of p an d i s calle d t h e

pre suf corre sp on din g t o t hi s pre suf pa t t er n inst ance. Pre suf pa t t er n inst ance s are of t w o t yp e s.
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Th e �rst t yp e cons i st s of t h os e pre suf pa t t er n inst ance s wh os e corre sp on din g pre sufs h a v e t h e

form u

p

v

l

p

, 1 � l � i

p

� 1. Th e s econ d t yp e cons i st s of t h os e pre suf pa t t er n inst ance s wh os e

corre sp on din g pre sufs are le ss t h an j v

p

j in len gt h. W e id en t ify a pre suf pa t t er n inst ance p

0

�

of

t h e s econ d t yp e as follo ws. If j u

p

j > 0 t h en p

0

�

i s t h e pre suf pa t t er n inst ance corre sp on din g t o

t h e pre suf u

p

. If j u

p

j = 0 t h en p

0

�

i s t h e pre suf pa t t er n inst ance corre sp on din g t o t h e n ull pre suf,

i.e., j p

0

�

i s t o t h e imm e dia t e r igh t of t

a

. Th e follo win g obs erv a t ion en a ble s us t o w or k wit h only

pre suf pa t t er n inst ance s of t h e s econ d t yp e while m akin g compar i sons wit hin a t ext win do w 


of len gt h j v

p

j t o t h e r igh t of t

a

.

Lemm a 6.1 A pr esuf p attern instanc e of the �rst typ e matches al l text char acters in the window


 if and only if p

0

�

matches al l char acters in that window.

Pro of: Th e p ort ion of p

0

�

whic h o v erlaps 
 i s id en t ical t o v

p

, as i s t h e corre sp on din g p ort ion of

an y pre suf pa t t er n inst ance of t h e �rst t yp e. 2

If p

0

�

i s elimin a t e d b y compar i sons in 
 t h en so are all pre suf pa t t er n inst ance s of t h e �rst

t yp e. Thi s force s t h e n ext pre suf shift t o o ccur a t least di st ance m � j v

p

j �

m

2

+ 1 t o t h e r igh t.

If p

0

�

i s not elimin a t e d b y compar i sons in 
 t h en pre suf pa t t er n inst ance s of t h e �rst t yp e also

surviv e an d t h erefore, t h e n ext pre suf shift can o ccur as lit t le as di st ance j v

p

j t o t h e r igh t. In

t hi s cas e, it i s imp ort an t t o ensure t h a t no mi sm a t c h e s are m ad e in 
 .

Th e pre suf shift h an dler h as �v e st eps an d w or ks broadly as follo ws. As in t h e pre suf shift

h an dler of Sect ion 4.2, t h e �rst t w o st eps id en t ify a pre suf pa t t er n inst ance p

0

e

wit h t h e follo win g

pro p ert y: all pre suf pa t t er n inst ance s t h a t surviv e t h e �rst t w o st eps are pre suf o v erlaps of p

0

e

.

Thi s i s accompli sh e d b y m akin g compar i sons in a m ann er s imilar t o t h e pre suf shift h an dler

of Sect ion 4.2, bu t wit h a s in gle di�erence. Thi s di�erence i s aim e d a t ensur in g t h a t t h e �rst

mi sm a t c h elimin a t e s p

0

�

. St eps 3, 4 an d 5 are, h o w ev er, id en t ical t o t h e corre sp on din g st eps of

t h e earlier pre suf shift h an dler.

St eps 1 an d 2 pro cee d as follo ws t o d et ermin e p

0

e

. Th ey cons id er only pre suf pa t t er n inst ance s

of t h e s econ d t yp e an d elimin a t e all bu t on e of t h e s e. Th e surviv or d et ermin e s p

0

e

, i.e., if t h e

surviv or i s p

0

�

t h en p

0

e

i s t h e left most pre suf pa t t er n inst ance an d ot h erwi s e, p

0

e

i s t h e surviv or

it s elf. W e sh o w t h a t in ord er t o elimin a t e amon g pre suf pa t t er n inst ance s of t h e s econ d kin d

it su�ce s t o cons id er suit a ble pre�xe s of t h e s e pre suf pa t t er n inst ance s. W e n ee d t h e follo win g

d e�nit ions in ord er t o d e scr ib e St eps 1 an d 2 in d et ail. Cons id er t h e left most pre suf pa t t er n

inst ance of t h e s econ d t yp e an d let � b e t h e len gt h of t h e corre sp on din g pre suf. Sup p os e t h ere

are k

00

+ 1 pre suf pa t t er n inst ance s of t h e s econ d t yp e. W e d e�n e p

00

1

; : : : ; p

00

k

00

; p

00

k

00

+1

su c h t h a t p

00

j

,

1 � j � k

00

+ 1, i s t h e pre�x of len gt h m

00

= � + j v

p

j of t h e j t h left most pre suf pa t t er n inst ance

of t h e s econ d t yp e. Let x

00

j

, 1 � j � k

00

+ 1, b e t h e pre suf corre sp on din g t o t h e j t h left most

pre suf pa t t er n inst ance of t h e s econ d t yp e. W e call x

00

j

t h e pre suf corre sp on din g t o p

00

j

. Let p

00

�

refer t o t h e len gt h m

00

pre�x of p

0

�

an d p

00

refer t o t h e len gt h m

00

pre�x of p . Th e follo win g

lemm a sh o ws t h a t in ord er t o elimin a t e all bu t on e of t h e pre suf pa t t er n inst ance s of t h e s econ d

kin d, it su�ce s t o cons id er just p

00

1

; : : : ; p

00

k

00

; p

00

k

00

+1

.

Lemm a 6.2 A t most one of p

00

1

; : : : ; p

00

k

00

; p

00

k

00

+1

matches 
 .

Pro of: Let x an d y b e t h e p ort ions o v erlap pin g 
 in som e t w o of p

00

1

; : : : ; p

00

k

00

+1

. Th en x an d y

are di�eren t cyclic shift s of v

p

. If x = y t h en v

p

i s cyclic, a con tradict ion. 2

Let V

00

= f p

00

1

; : : : ; p

00

k

00

+1

g . Not e t h a t Lemm as 4.3{4.7 con t in ue t o h old if p

j

, x

j

, V , p an d

m are replace d b y p

00

j

, x

00

j

, V

00

, p

00

an d m

00

, re sp ect iv ely , for 1 � j � k

00

+ 1. Hencefort h, t h e s e
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su bst it u t ions are implicit in all reference s t o t h e s e lemm as. Th e elem en t s in V

00

are divid e d in t o

groups A

00

1

; : : : ; A

00

g

00

, in accord ance wit h Lemm a 4.3.

Rem ar k. Th e pre suf shift h an dler b e in g d e scr ib e d do e s not w or k for pa t t er ns for whic h j x

00

k

00

j =

1 an d g

00

= 1. Pre suf shift s for t h e s e except ion pa t t er ns are h an dle d s epara t ely in Sect ion 6.5.

Wit h t hi s bac kgrou n d, w e d e scr ib e t h e 5 st eps of t h e pre suf shift h an dler.

St ep 1. Th e c h aract ers in p

00

1

; : : : ; p

00

k

00

align e d wit h p

00

1

[ m

00

], t h e r igh t most c h aract er in p

00

1

, are

id en t ical. If t h e c h aract er in p

00

k

00

+1

align e d wit h p

00

1

[ m ] i s also id en t ical t o it, t h en p

00

1

[ m ] i s

compare d wit h t h e align e d t ext c h aract er. A mi sm a t c h elimin a t e s all of p

00

1

; : : : ; p

00

k

00

; p

00

k

00

+1

an d

t h e bas ic algor it hm i s re st art e d wit h j p place d imm e dia t ely t o t h e r igh t of j p

k

00

+1

. A m a t c h

leads t o St ep 2.

St ep 2. All bu t on e of p

00

1

; : : : ; p

00

k

00

+1

are elimin a t e d in t hi s st ep b y m akin g up t o k

00

compar-

i sons, a t most 2 of whic h are u nsu cce ssful. F urt h er, p

00

�

i s elimin a t e d b y t h e �rst u nsu cce ssful

compar i son. As in St ep 2 of Sect ion 4.2, t h ere are t w o ph as e s.

Ph as e 1 i s id en t ical t o Ph as e 1 of Sect ion 4.2, i.e., a t ev ery st ep t h e r igh t most c h aract er c

in p

00

1

h a vin g t h e follo win g pro p ert y i s compare d wit h t h e align e d t ext c h aract er: t h e c h aract er

align e d wit h c in a t least on e of t h e survivin g elem en t s in V

00

i s di�eren t f rom c . By Lemm a

4.6, t h e ou t com e of Ph as e 1 i s a h alf-don e s et O .

Lemm a 6.3 p

00

�

2 O if and only if al l the c omp arisons in Phase 1 ar e suc c essful.

Pro of: All compar i sons in Ph as e 1 are m ad e in t h e su�x x

00

1

of p

1

b eca us e, b y Lemm a 4.5,

su cce ssful compar i sons in t h a t su�x lea v e a h alf-don e s et u n elimin a t e d. x

00

1

i s a pre suf of p

00

1

an d

t h erefore a su�x of v

p

. By t h e m ann er in whic h p

0

�

i s d e�n e d, t h e p ort ion of p

00

�

t h a t o v erlaps 


i s id en t ical t o t h e str in g v

p

. Th erefore, a mi sm a t c h in Ph as e 1 elimin a t e s b ot h p

00

1

an d p

00

�

while

a m a t c h in Ph as e 1 elimin a t e s n e it h er. Th e lemm a follo ws. 2

If Ph as e 1 en ds wit h a mi sm a t c h or if p

00

�

= p

00

1

t h en Ph as e 2 i s id en t ical t o Ph as e 2 of Sect ion

4.2, i.e., all bu t on e of t h e elem en t s in O are elimin a t e d b y m akin g compar i sons accordin g t o a

r igh t t o left s equence. Not e t h a t in b ot h cas e s, t h e �rst mi sm a t c h elimin a t e s p

00

�

. Ot h erwi s e, if

p

00

�

6= p

00

1

an d all compar i sons in Ph as e 1 are su cce ssful t h en w e mo dify Ph as e 2 as follo ws so as

t o ensure t h a t t h e �rst mi sm a t c h elimin a t e s p

00

�

.

Ph as e 2 pro cee ds exact ly as Ph as e 2 of St ep 2 in Sect ion 4.2 u n t il p

00

�

b ecom e s t h e r igh t most

elem en t in O . An y mi sm a t c h in t hi s pro ce ss t ermin a t e s Ph as e 2 an d elimin a t e s p

00

�

an d all

elem en t s in O t o t h e left of p

00

�

. If no mi sm a t c h o ccurs in t hi s pro ce ss t h en let t h e survivin g

elem en t s in O b e f p

00

h

1

; : : : ; p

00

h

e

g , wh ere p

00

h

1

= p

00

1

an d p

00

h

e

= p

00

�

. Th e s e elem en t s are elimin a t e d

us in g a left t o r igh t s equence of compar i sons inst ead of t h e r igh t t o left s equence us e d in St ep 2

of Sect ion 4.2. Thi s left t o r igh t s equence ensure s t h a t a mi sm a t c h elimin a t e s p

00

�

. Let d

e

b e t h e

left most c h aract er in p

00

h

e

su c h t h a t p

00

h

e

di�ers f rom t h e align e d c h aract er in p

00

h

e � 1

. By Lemm a

6.2, d

e

i s align e d wit h or t o t h e left of p

00

1

[ m

00

] an d t o t h e r igh t of t

a

. If e = 2 t h en a compar i son

a t d

e

t ermin a t e s Ph as e 2 wit h a mi sm a t c h elimin a t in g p

00

h

e

an d a m a t c h elimin a t in g p

00

h

1

. Sup p os e

e > 2. Th en x

00

h

1

i s p er io dic wit h core, say , v . Let d

j

, 2 � j � e � 1, b e t h e c h aract er in p

00

h

e

whic h i s di st ance ( e � j ) j v j t o t h e left of d

e

. Th e c h aract ers d

2

; : : : ; d

e

are compare d wit h t h e

align e d t ext c h aract ers in s equence u n t il e it h er a mi sm a t c h o ccurs or t h e s equence i s exh a ust e d.

Th e follo win g lemm a sh o ws t h a t a t most on e elem en t of O surviv e s t h e s e compar i sons.

Lemm a 6.4 A mismatch at d

j

le aves only p

i

j � 1

uneliminate d. A match at d

j

eliminates p

i

j � 1

.
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Pro of: If e = 2 t h en t h e lemm a i s clearly true. Sup p os e e > 2. F rom t h e d e�nit ion of d

e

, it

follo ws t h a t t h e pre�x of p

00

h

e

en din g a t d

e

i s p er io dic wit h core of s ize j v j while t h e pre�x of

p

00

h

e � 1

i s not; t h erefore, d

2

= d

3

= : : : = d

e

6= d

e +1

, wh ere d

e +1

i s t h e c h aract er whic h i s di st ance

j v j t o t h e r igh t of d

e

. It follo ws t h a t t h e c h aract ers in p

00

h

j

; : : : ; p

00

h

e

align e d wit h d

j

are id en t ical

t o eac h ot h er bu t di�eren t f rom t h e c h aract er in p

00

h

j � 1

align e d wit h d

j

. Th erefore, a m a t c h

a t d

j

elimin a t e s p

00

h

j � 1

. A mi sm a t c h a t d

j

elimin a t e s p

00

h

j

; : : : ; p

00

h

e

an d t h e prece din g su cce ssful

compar i sons a t d

2

; : : : ; d

j � 1

elimin a t e p

00

h

1

; : : : ; p

00

h

j � 2

. Th e lemm a follo ws. 2

Thi s complet e s St ep 2. A t most k

00

compar i sons are m ad e in t hi s st ep, a t most 2 of whic h

re sul t in mi sm a t c h e s. F urt h er, p

00

�

surviv e s only if t h ere are no mi sm a t c h e s. Th e s equence of

compar i sons m ad e in St ep 2 can b e repre s en t e d b y a tree E T

00

, akin t o t h e tree E T of Sect ion

4.2. Th e only di�erence b et w een E T

00

an d E T i s t h a t t h e s equence corre sp on din g t o a p ort ion

of Ph as e 2 m ay no w b e a left t o r igh t s equence if Ph as e 1 do e s not en d in a mi sm a t c h an d

p

00

�

6= p

00

1

. W e conclud e St ep 2 wit h t h e follo win g lemm a.

Lemm a 6.5 A l l but at most one of p

00

1

; : : : ; p

00

k

00

; p

00

k

00

+1

c an b e eliminate d by making up to k

00

c omp arisons using the O ( k

00

) size d binary c omp arison tr e e E T

00

. A t most two of these c omp aris-

ons r esult in mismatches. If p

00

�

survives, then no c omp arisons r esult in mismatches. Mor e over,

the se quenc e of c omp arisons made by the elimination str ate gy c onsists of two se quenc es: a right

to left se quenc e fol lowe d by either another right to left se quenc e of a left to right se quenc e.

W e d e scr ib e St eps 3, 4 an d 5 n ext. Let p

00

e

b e t h e only elem en t of V

00

t o surviv e St eps

1 an d 2. If p

00

e

= p

00

�

t h en d e�n e p

0

e

t o b e t h e left most pre suf pa t t er n inst ance. If p

00

e

6= p

00

�

t h en let p

0

e

b e t h e pre suf pa t t er n inst ance of whic h p

00

e

i s a pre�x, i.e., p

0

e

an d p

00

e

h a v e t h e ir

left en ds align e d. Clearly , p

0

e

i s t h e left most pre suf pa t t er n inst ance t o surviv e St eps 1 an d

2. Let Q d enot e t h e s et of pa t t er n inst ance s whic h o v erlap p

0

e

an d h a v e t h e ir left en d t o t h e

r igh t of j p

00

k

00

+1

. In t h e elimin a t ion pro ce ss, som e elem en t s of Q m ay also h a v e b een elimin a t e d

f rom b e in g p ot en t ial m a t c h e s. Th ey n ee d not b e recons id ere d. T o t hi s en d, a su bs et Q

x

of Q

cons i st in g of pa t t er n inst ance s cons i st en t wit h compar i sons in St eps 1 an d 2 i s asso cia t e d wit h

eac h t ermin al no d e x in E T

00

. Th e m ain t en ance of Q

x

i s s imilar t o t h e d e scr ipt ion in s ect ion

4.5 an d i s d e scr ib e d in Sect ion 6.4. Sup p os e t h a t t h e elimin a t ion pro ce ss t ermin a t e s a t t ermin al

no d e x . Let Q

0

= f p

0

e

g [ Q

x

. St eps 3, 4, an d 5 are no w id en t ical t o t h e corre sp on din g st eps in

Sect ion 4.2.

6.2 Compar i son Comp lexit y

In ord er t o d et ermin e t h e compar i son complexit y , w e n ee d t o d e�n e a transfer fu nct ion f

00

akin

t o t h e transfer fu nct ion f d e�n e d in Sect ion 5. W e st a t e t h e follo win g lemm a d e scr ibin g t h e

pro p ert ie s of f

00

. Th e pro of of t hi s lemm a i s d eferre d t o Sect ion 6.3.

Lemm a 6.6 L et C b e the set of text char acters involve d in c omp arisons in Steps 1 and 2 of

the pr esuf shift hand ler of Se ction 6.1. F or e ach char acter t

c

2 C , with at most two exc eptions,

ther e exists a text char acter f

00

( t

c

) = t

d

satisfying the fol lowing pr op erties.

1. t

d

is to the right of j p

00

k

00

+1

.

2. t

d

either c oincides with t

c

or lies to the left of t

c

.
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3. The p attern instanc e whose left end is aligne d with t

d

is eliminate d as a r esult of c omp ar-

isons in Steps 1 and 2 of the pr esuf shift hand ler.

4. F or every distinct t

c

1

; t

c

2

2 C , f ( t

c

1

) 6= f ( t

c

2

) .

F urthermor e, mismatches, if any, ar e always include d among the exc eptions.

Th e follo win g lemm a d et ermin e s t h e compar i son complexit y of t h e algor it hm.

Lemm a 6.7 If p is not a sp e cial c ase p attern then the c omp arison c omplexity of the algorithm

is b ounde d by n (1 +

8

3( m +1)

) .

Pro of: A pre suf shift o ccurs e it h er wit h j x

0

1

j <

m

2

or wit h j x

0

1

j �

m

2

. In t h e form er cas e, it w as

sh o wn in Lemm a 4.12 t h a t a pre suf shift can h a v e o v erh ead a t most t w o an d t h a t an o v erh ead

of t w o implie s t h a t t h e n ext pre suf shift o ccurs a t least di st ance

3( m +1)

4

t o t h e r igh t. F urt h er,

m +1

2

i s a lo w er b ou n d on t h e di st ance b et w een t w o cons ecu t iv e pre suf shift s in t hi s cas e. W e

sh o w s imilar pro p ert ie s for pre suf shift s wit h j x

0

1

j �

m

2

. Sp eci�cally , w e sh o w t h a t a pre suf shift

can h a v e o v erh ead a t most t w o. F urt h er, w e sh o w t h a t an o v erh ead of on e force s t h e n ext pre suf

shift t o o ccur a t least di st ance

m +1

2

t o t h e r igh t an d an o v erh ead of t w o force s t h e n ext pre suf

shift t o o ccur a t least di st ance

3( m +1)

4

t o t h e r igh t. W e sh o w t h e a b o v e b y givin g a c h argin g

sc h em e for t h e pre suf shift h an dler of Sect ion 6.1. Th e compar i son complexit y of t h e algor it hm

no w follo ws.

Ch argin g Sc h em e . As in Lemm a 4.12, t h e ru n of t h e algor it hm i s divid e d in t o ph as e s; a ph as e

can b e of on e of four t yp e s. Th e ran ge s of t h e t ext c h aract ers c h arge d in eac h ph as e t yp e rem ain

exact ly t h e sam e as in Lemm a 4.12. Th e c h argin g sc h em e for T yp e 1 an d T yp e 2 ph as e s also

rem ains exact ly t h e sam e. Only t h e c h argin g sc h em e for T yp e 3 an d T yp e 4 ph as e s i s mo di�e d

in accord ance wit h t h e pre suf shift h an dler of Sect ion 6.1.

W e cons id er a s in gle ph as e, whic h could b e a T yp e 3 or a T yp e 4 ph as e. W e assu m e t h a t

t hi s ph as e b egins wit h a pre suf shift wit h j x

0

1

j �

m

2

. Let q

1

an d q

2

refer t o t h e left most survivin g

pa t t er n inst ance s a t t h e b eginnin g an d en d of t h a t ph as e, re sp ect iv ely . Not e t h a t q

1

i s a pre suf

o v erlap of t h e pa t t er n inst ance q

0

, t h e left most u n elimin a t e d pa t t er n inst ance pr ior t o t h e pre suf

shift whic h init ia t e d t hi s ph as e. Sp eci�cally , t h e pre�x x

0

1

of q

1

i s align e d wit h t h e su�x x

0

1

of

q

0

(Recall t h a t on a pre suf shift, w e assu m e t h a t t h e pre�x x

0

1

of q

1

m a t c h e s t h e t ext). Recall

t h a t t

a

i s t h e t ext c h aract er align e d wit h q

0

j .

Cons id er t h e compar i sons m ad e b y t h e curren t us e of t h e pre suf shift h an dler of Sect ion 6.1.

If a mi sm a t c h o ccurs in St ep 1, t h e curren t ph as e en ds imm e dia t ely an d t h e bas ic algor it hm i s

re su m e d. Th e pre suf shift in t hi s cas e h as o v erh ead 1 an d t h e n ext pre suf shift o ccurs a t least

di st ance m + 1 t o t h e r igh t. Next, sup p os e t h a t t h e compar i son in St ep 1 i s su cce ssful. Let p

0

e

b e t h e pre suf pa t t er n inst ance t o surviv e t h e elimin a t ion us in g tree E T

00

in St ep 2. Aft er t h e

pre suf shift h an dler �ni sh e s, on e of t hree scen ar ios ensue s. W e cons id er eac h in t ur n.

1. All pa t t er n inst ance s o v erlap pin g p

0

e

are elimin a t e d apart f rom it s pre suf o v erlaps, an d p

0

e

or

a t least a su�x of p

0

e

i s m a t c h e d. Thi s i s a T yp e 4 ph as e. W e cons id er t w o cas e s, d ep en din g

up on wh et h er p

0

e

i s a pre suf pa t t er n inst ance of t h e �rst or t h e s econ d t yp e.

First, sup p os e p

0

e

i s of t h e �rst t yp e, i.e., it i s t h e left most pre suf pa t t er n inst ance. Th en no

mi sm a t c h e s are m ad e in St eps 1, 2, 3, 4 or 5. All compar i sons m ad e b y t h e pre suf shift h an dler

are c h arge d t o t h e t ext c h aract ers compare d. Th e bit v ect or B V ensure s t h a t eac h of t h e s e
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compar i sons in v olv e s a di�eren t t ext c h aract er. Th us eac h t ext c h aract er whic h lie s t o t h e r igh t

of t

a

an d i s align e d wit h or t o t h e left of p

0

e

j i s c h arge d a t most once. In t hi s cas e, t h e o v erh ead

of t hi s pre suf shift i s 0.

Next, sup p os e p

0

e

i s of t h e s econ d t yp e. Th en p

00

�

i s elimin a t e d in St ep 2. All compar i sons in

St eps 1, 3, 4 an d 5 an d all bu t a t most t w o compar i sons in St ep 2 are su cce ssful. Eac h su cce ssful

compar i son i s c h arge d t o t h e t ext c h aract er compare d. Th e bit v ect or B V ensure s t h a t eac h

of t h e s e compar i sons in v olv e s a di�eren t t ext c h aract er. Th us eac h t ext c h aract er whic h lie s t o

t h e r igh t of t

a

an d i s align e d wit h or t o t h e left of p

0

e

j i s c h arge d a t most once. A t most t w o

compar i sons in St ep 2 are u nsu cce ssful, so t hi s shift h as o v erh ead a t most t w o. If t h ere are t w o

mi sm a t c h e s in St ep 2 t h en w e claim t h a t p

00

1

i s elimin a t e d; in addit ion, if if x

00

1

i s p er io dic, wit h

core v an d h ead u say , t h en all elem en t s in V

00

wh os e asso cia t e d pre sufs h a v e t h e form uv

o

,

o � 1, are also elimin a t e d. (t hi s can b e sh o wn in a m ann er s imilar t o t h e corre sp on din g pro of

in Lemm a 4.12). Let p

00

e

b e t h e m

00

len gt h pre�x of p

0

e

an d let x

00

e

b e t h e pre suf asso cia t e d wit h

p

00

e

. F rom t h e a b o v e, it follo ws t h a t x

00

1

= x

00

e

z x

00

e

, for som e non-empt y str in g z . As j x

00

1

j < j v

p

j ,

p

00

e

= x

00

1

w x

00

1

for som e non-empt y str in g w . Th erefore j x

00

e

j �

m

00

� 3

4

�

m � 3

4

. Thi s guaran t ee s t h a t

t h e n ext pre suf shift o ccurs a t least di st ance

3( m +1)

4

t o t h e r igh t. If t h ere i s just on e mi sm a t c h

in St ep 2 t h en, s ince j x

00

1

j < j v

p

j �

m

2

, t h e n ext pre suf shift o ccurs a t least di st ance

m +1

2

t o t h e

r igh t.

2. p

0

e

i s elimin a t e d. In addit ion, t h ere i s som e pa t t er n inst ance q

c

o v erlap pin g p

0

e

, su c h t h a t all

pa t t er n inst ance s o v erlap pin g q

c

are elimin a t e d apart f rom it s pre suf o v erlaps; furt h er, q

c

or a t

least a su�x of q

c

i s m a t c h e d. Thi s i s also a T yp e 4 ph as e.

Eac h compar i son in St eps 1 an d 2 wit h a t ext c h aract er t o t h e left of j q

c

for whic h fu nct ion

f

00

i s d e�n e d i s c h arge d t o t h e t ext c h aract er sp eci�e d b y t h e fu nct ion f

00

, calle d it s f

00

v alue;

f

00

v alue s are di st inct b y d e�nit ion. Compar i sons in St ep 3 f all in t o on e of t hree ca t egor ie s:

1. Compar i so ns whic h elimin a t e pa t t er ns inst ance s wh os e left en ds lie t o t h e r igh t of j p

00

k

00

+1

an d t o t h e left of j q

c

.

2. Compar i so ns whic h elimin a t e pa t t er n inst ance s wh os e left en ds lie t o t h e r igh t of j q

c

.

3. Th e compar i son whic h elimin a t e s p

0

e

.

Eac h compar i son in t h e �rst ca t egory i s c h arge d t o t h e t ext c h aract er align e d wit h t h e left en d

of t h e pa t t er n inst ance elimin a t e d. By t h e d e�nit ion of t h e fu nct ion f

00

, t h e s e t ext c h aract ers

do not o ccur in t h e ran ge of f

00

v alue s. Compar i so ns in t h e s econ d ca t egory , alon g wit h t h e

compar i sons m ad e in St eps 4 an d 5 an d t h os e su cce ssful compar i sons in St eps 1 an d 2 t h a t in v olv e

t ext c h aract ers o v erlap pin g q

c

, are c h arge d t o t h e t ext c h aract er s compare d. B V ensure s t h a t

eac h of t h e s e compar i sons in v olv e s a di st inct t ext c h aract er . Th us eac h t ext c h aract er whic h

lie s t o t h e r igh t of j p

00

k

00

+1

an d i s align e d wit h or t o t h e left of q

c

j i s c h arge d a t most once. Th e

compar i son t h a t elimin a t e s p

0

e

i s c h arge d t o t h e t ext c h aract er align e d wit h j p

00

k

00

+1

. Since all f

00

v alue s lie t o t h e r igh t of j p

00

k

00

+1

an d all pa t t er n inst ance s elimin a t e d b y compar i sons in t h e �rst

ca t egory h a v e left en ds t o t h e r igh t of j p

00

k

00

+1

, t hi s t ext c h aract er i s c h arge d exact ly once. Th e

t w o compar i sons in St ep 2 lac kin g f

00

v alue s const it u t e t h e o v erh ead of t hi s pre suf shift. Since

p

0

e

i s elimin a t e d, t h e n ext pre suf shift o ccurs a t least di st ance m + 1 t o t h e r igh t of t h e curren t

pre suf shift.

3. p

0

e

i s elimin a t e d as are all pa t t er n inst ance s o v erlap pin g p

0

e

. Thi s i s a T yp e 3 ph as e.

Let q

d

d enot e t h e left most survivin g pa t t er n inst ance. All compar i sons in St eps 1 an d 2 for

whic h fu nct ion f

00

i s d e�n e d are c h arge d t o t h e ir f

00

v alue s. f

00

v alue s are di st inct b y d e�nit ion.
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Excludin g t h e compar i son whic h elimin a t e s p

0

e

, eac h compar i son in St eps 3 an d 4 elimin a t e s

som e pa t t er n inst ance wh os e left en d lie s t o t h e r igh t of j p

00

k

00

+1

an d t o t h e left of j q

d

. Eac h su c h

compar i son i s c h arge d t o t h e t ext c h aract er align e d wit h t h e left en d of t h e pa t t er n inst ance

elimin a t e d. Th e s e t ext c h aract ers cannot o ccur in t h e ran ge of t h e fu nct ion f

00

an d h ence are

c h arge d only once. Th us eac h t ext c h aract er whic h lie s t o t h e r igh t of j p

00

k

00

+1

an d t o t h e left of

j q

d

i s c h arge d a t most once. Th e compar i son t h a t elimin a t e s p

0

e

i s c h arge d t o t h e t ext c h aract er

align e d wit h j p

00

k

00

+1

. Th e t w o compar i sons in St ep 2 lac kin g f

00

v alue s const it u t e t h e o v erh ead

of t hi s pre suf shift. Since p

0

e

i s elimin a t e d, t h e n ext pre suf shift o ccurs a t least di st ance m + 1

t o t h e r igh t of t h e curren t pre suf shift. 2

6.3 Th e T ransfer F u nct ion f

00

In t hi s s ect ion, w e pro v e Lemm a 6.6. Th e d e�nit ion of t h e fu nct ion f

00

i s s imilar t o t h a t of t h e

fu nct ion f in Sect ion 5. Thi s i s h ardly surpr i s in g as t h e elimin a t ion pro ce d ure E T

00

i s s imilar t o

t h e elimin a t ion pro ce ss E T , t h e only di�erence b et w een t h e t w o b e in g t h a t t h e form er swit c h e s

t o a left t o r igh t compar i son s equence in som e cas e s.

First, not e t h a t eac h of t h e d e�nit ions an d lemm as in Sect ion 5.1 con t in ue t o h old if p

00

j

, x

00

j

,

V

00

, p

00

, A

00

, g

00

, k

00

an d m

00

replace p

j

, x

j

, V , p , A , g , k an d m , re sp ect iv ely , for 1 � j � k

00

+ 1.

Since pa t t er ns wit h g

00

= 1 an d j x

00

k

j = 1 are sp ecial cas e pa t t er ns, w e assu m e t h a t g

00

> 1 if

j x

00

k

j = 1. If p

00

1

[ m

00

] do e s not m a t c h t h e t ext, t h en St eps 1 an d 2 of t h e pre suf shift h an dler m ak e

a t most on e compar i son. Th erefore, w e also assu m e t h a t p

00

1

[ m ] m a t c h e s t h e t ext. Let p

00

l

b e t h e

r igh t most elem en t in A

00

1

. Let p

00

r

b e t h e r igh t most elem en t in V

00

ou t s id e A

00

g

00

, if su c h a pa t t er n

inst ance exi st s.

As in Sect ion 5.2, w e split t h e s equence C

0

of compar i sons m ad e in St eps 1 an d 2 of t h e

pre suf shift h an dler in t o t hree class e s as follo ws.

1. Class 1 cons i st s of t h e compar i son in St ep 1. In addit ion, if j x

00

k

j = 1, t h en Class 1 con t ains

t h e compar i sons whic h compr i s e t h e sm alle st pre�x of C

0

h a vin g t h e follo win g pro p ert y:

e it h er t h e last compar i son in t h a t pre�x i s u nsu cce ssful or follo win g t h a t compar i son,

exact ly on e pa t t er n inst ance in A

00

g

00

surviv e s.

2. Class 2 cons i st s of t h e compar i sons in C

0

whic h follo w all Class 1 compar i sons an d are

m ad e in t h e su�x h ( x

00

l

) of p

00

1

.

3. Class 3 cons i st s of compar i sons in C

0

whic h follo w all Class 2 compar i sons.

f

00

v alue s are d e�n e d b y cons id er in g 3 cas e s.

Cas e 1. Sup p os e Ph as e 1 of St ep 2 t ermin a t e s wit h a mi sm a t c h or p

00

�

= p

00

1

. Th en E T

00

elimin a t e s amon g elem en t s in V

00

exact ly as E T elimin a t e s amon g t h e elem en t s of V . So f

00

v alue s for compar i sons are d e�n e d exact ly as in Sect ion 5.2 wit h p

00

j

, x

00

j

, V

00

, p

00

, A

00

, g

00

, k

0

an d

m

00

replacin g p

j

, x

j

, V , p , A , g , k an d m , re sp ect iv ely , for 1 � j � k

00

+ 1.

Cas e 2. Sup p os e p

00

�

= p

00

2

or t h e h alf-don e s et left u n elimin a t e d b y Ph as e 1 h as a t most t w o

elem en t s. Th e only di�erence b et w een t h e w ay E T

00

elimin a t e s amon g t h e elem en t s in V

00

an d

E T elimin a t e s amon g elem en t s in V i s in t h e last compar i son of St ep 2. Not e t h a t in Sect ion

5.2, t h e last compar i son in St ep 2 i s not giv en an f v alue. Th erefore, f

00

v alue s for compar i sons

in t hi s cas e are again d e�n e d exact ly as in Sect ion 5.2 wit h p

00

j

, x

00

j

, V

00

, p

00

, A

00

, g

00

, k

00

an d m

00

replacin g p

j

, x

j

, V , p , A , g , k an d m , re sp ect iv ely , for 1 � j � k

00

+ 1.
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Cas e 3. Sup p os e all compar i sons in Ph as e 1 are su cce ssful, p

00

�

6= p

00

1

; p

00

2

an d t h e h alf-don e s et

whic h surviv e s Ph as e 1 h as a t least t hree elem en t s. Th e only di�erence b et w een t h e w ay E T

00

elimin a t e s amon g t h e elem en t s in V

00

an d E T elimin a t e s amon g elem en t s in V i s in t h e p ort ion

of Ph as e 2 t h a t m ak e s compar i sons accordin g t o a left t o r igh t s equence. As w e will sh o w in

Lemm a 6.11, t hi s left t o r igh t s equence in v olv e s only t ext c h aract ers t o t h e left of t h e t h e su�x

x

00

1

of p

00

1

. Cons equen t ly , Class 1 an d Class 2 compar i sons are not a�ect e d b y t hi s s equence.

f

00

v alue s for compar i sons in Class 1 are d e�n e d exact ly as in Sect ion 5.2 wit h p

00

j

, x

00

j

, V

00

,

p

00

, A

00

, g

00

, k

00

an d m

00

replacin g p

j

, x

j

, V , p , A , g , k an d m , re sp ect iv ely , for 1 � j � k

00

+ 1.

Cons id er Class 2 compar i sons n ext. A t most on e elem en t of V

00

will surviv e a mi sm a t c h in

Class 2, if an y , b eca us e Ph as e 1 h as no mi sm a t c h e s. Th erefore, if a mi sm a t c h o ccurs in Class 2

t h en Class 3 i s empt y an d f

00

v alue s for Class 2 compar i sons are d e�n e d exact ly as in Sect ion

5.2 wit h t h e ap pro pr ia t e su bst it u t ions m en t ion e d a b o v e. Ot h erwi s e, if all compar i sons in Class

2 are su cce ssful t h en f

00

v alue s for all bu t som e s , s � 2, of t h e compar i sons in Class 2 are

d e�n e d in t h e sam e m ann er. It rem ains t o d e�n e f

00

v alue s for Class 3 compar i sons an d s Class

2 compar i sons wh en all compar i sons in Class 2 are su cce ssful. Thi s in v olv e s mo difyin g only

Cas e 2 of t h e d e�nit ion of f v alue s for Class 2 an d Class 3 compar i sons in Sect ion 5.2. W e

d e�n e f

00

v alue s for all bu t t w o of t h e s e compar i sons. Th e ran ge of t h e s e f

00

v alue s i s t h e sam e

as t h e ran ge of t h e f v alue s d e�n e d for t hi s su b cas e, i.e., t o t h e left of t h e su�x x

00

l

of p

00

1

an d t o

t h e r igh t of j p

00

k +1

.

F ollo win g Class 1 an d 2 compar i sons, a t most min f r

l

; 2 g � s of t h e elem en t s of V

00

t o t h e r igh t

of p

00

l

surviv e alon g wit h t h e elem en t s in A

00

1

. Let O

0

refer t o t h e s et of min f r

l

; 2 g elem en t s in V

00

whic h includ e s elem en t s whic h surviv e compar i sons in h ( x

00

l

) an d elem en t s whic h are elimin a t e d

b y on e of t h e s Class 2 compar i sons u n d er cons id era t ion. Let O refer t o t h e large st h alf-don e s et

cons i st in g of elem en t s in A

00

1

an d O

0

. Re d e�n e O

0

b y remo vin g pa t t er n inst ance s in it whic h are

also in O . Cons id er in g compar i sons whic h elimin a t e pa t t er n inst ance s in O an d O

0

i s equiv alen t

t o cons id er in g Class 3 compar i sons plus s of t h e Class 2 compar i sons. Let O = f p

00

h

1

; : : : ; p

00

h

e

g .

Let v an d u b e t h e core an d h ead, re sp ect iv ely , of x

00

h

1

an d let v = u

0

u . j v j > 1 b eca us e e it h er

j x

00

k

j > 1 or j x

00

k

j = 1 an d g

0

> 1. By Lemm a 5.10, v con t ains a mi s�t c h aract er. If l = 1, t h en

t h e n u m b er of compar i sons in Class 3 plus s i s a t most 2 � s + s = 2. In t hi s cas e, w e do not

d e�n e an f

00

v alue for t h e compar i sons in Class 3 an d t h e s compar i sons in Class 2. So sup p os e

t h a t l > 1.

Th e compar i sons giv en b y tree E T

00

in t hi s cas e form t w o s equence s; t h e �rst s equence

whic h includ e s Ph as e 1 an d part of Ph as e 2 i s a r igh t t o left s equence an d t h e s econ d s equence

i s a left t o r igh t s equence. Th e follo win g lemm as sh o w som e pro p ert ie s whic h are n ece ssary for

d e�nin g f

00

.

Lemm a 6.8 The p ortion of p

00

�

which overlaps the su�x x

00

i

, 1 � i � � , of p

00

1

, matches x

00

i

.

Pro of: x

00

i

i s a su�x of v

p

. Th e len gt h j v

p

j su bstr in g of p

00

�

whic h i s t o t h e imm e dia t e r igh t of

t

a

i s id en t ical t o v

p

. 2

Lemm a 6.9 p

00

�

2 O and j O j � 3 .

Pro of: Since all compar i sons in Ph as e 1 are su cce ssful, p

00

1

surviv e s Ph as e 1. By Lemm a 6.3,

p

00

�

surviv e s t o o. If p

00

�

62 O t h en p

00

1

; p

00

�

do not form a h alf-don e s et wit h an y ot h er elem en t in

V

00

. Th erefore, t h e cardin alit y of t h e h alf-don e s et whic h surviv e s Ph as e 1 w ould b e a t most

t w o, whic h i s a con tradict ion. Th us p

00

�

2 O . p

00

2

m ust form a h alf-don e s et alon g wit h p

00

1

an d
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p

00

�

, ot h erwi s e no ot h er elem en t in V

00

forms a h alf-don e s et wit h p

00

1

an d p

00

�

an d cons equen t ly , a t

most t w o elem en t s in V

00

w ould surviv e t h e su cce ssful Ph as e 1 compar i sons. By Lemm a 6.8, p

00

1

an d p

00

�

surviv e su cce ssful compar i sons in h ( x

00

l

), an d t h en b y Lemm a 5.3, p

00

2

also surviv e s t h e s e

compar i sons. Th erefore, p

00

2

2 O also. Since p

00

�

6= p

00

1

; p

00

2

, t h e lemm a follo ws. 2

Coro llary 6.10 The half-done set which survives Phase 1 must b e a subset of O .

Pro of: Bot h p

00

1

an d p

00

�

surviv e su cce ssful compar i sons in Ph as e 1 an d b ot h are elem en t s of O .

Th e only elem en t s in V

00

whic h can form a h alf-don e s et wit h p

00

1

an d p

00

�

are t h os e in O . 2

Lemm a 6.11 The leftmost char acter c omp ar e d by E T

00

in the �rst (right to left) se quenc e is

at le ast distanc e j v j to the right of the rightmost char acter c omp ar e d in the se c ond (left to right)

se quenc e. The rightmost char acter c omp ar e d in the latter se quenc e is to the left of the su�x x

00

1

of p

00

1

.

Pro of: Let d

00

b e t h e r igh t most p os it ion in p

00

�

su c h t h a t p

00

�

[ d

00

] i s align e d wit h som e c h aract er

in p

00

1

an d p

00

�

[ d

00

] 6= p

00

�

[ d

00

+ j v j ]. Su c h an in d ex exi st s b y Lemm a 4.7. All compar i sons in t h e

s econ d s equence are align e d wit h or t o t h e left of p

00

�

[ d

00

]. All c h aract ers in t h e �rst s equence

compare d in Ph as e 2 are align e d wit h or t o t h e r igh t of p

00

�

[ d

00

+ j v j ]. All c h aract ers compare d

in Ph as e 1 in v olv e c h aract ers in t h e su�x x

00

1

of p

00

1

. By Lemm a 6.8, p

00

�

[ d

00

] i s t o t h e left of t h e

su�x x

00

1

of p

00

1

. Th e lemm a follo ws. 2

Coro llary 6.12 Suc c essful c omp arisons which eliminate elements of O ar e made at le ast dis-

tanc e j v j ap art.

Lemm a 6.13 The p ortion of p

00

h

e

that overlaps the su�x x

00

h

e � 2

of p

00

1

matches that su�x.

Pro of: Since p

00

�

2 O an d p

00

�

6= p

00

1

; p

00

2

, it follo ws f rom Lemm a 6.8 t h a t ( uu

0

)

2

i s a su�x of

p

00

[1 : : : m

00

� j x

00

1

j ]. Th erefore, t h e p ort ion of p

00

h

e

t h a t o v erlaps t h e su�x x

00

h

e � 2

of p

00

1

m a t c h e s

t h a t su�x. 2

Coro llary 6.14 A l l suc c essful c omp arisons which eliminate an element of O ar e made to the

left of the su�x x

00

h

e � 2

of p

00

1

.

W e no w d e�n e t h e f

00

fu nct ion for t hi s cas e.

First, cons id er compar i sons whic h elimin a t e elem en t s of O

0

. F rom Corollary 6.10, it follo ws

t h a t all elem en t s of O

0

m ust b e elimin a t e d b y Ph as e 1 compar i sons. Th e s e compar i sons h a v e

t o b e su cce ssful b eca us e all compar i sons in Ph as e 1 are su cce ssful. If j O

0

j = 2 t h en, b y Lemm a

4.5, t h e �rst su c h compar i son i s m ad e in t h e su�x x

00

h

e

of p

00

1

. If j O

0

j = 2 or j O

0

j = 1, t h en,

b y Lemm a 6.13 t h e p ort ion of p

00

h

e

whic h o v erlaps t h e t h e su�x x

00

h

e � 1

of p

00

1

m a t c h e s t h a t su�x

an d t h erefore, b y Lemm a 4.5, t h e last compar i son whic h elimin a t e s an elem en t of O

0

i s m ad e

in t h e su�x x

00

h

e � 1

of p

00

1

. Cons id er t h e t ext c h aract ers t

c

an d t

0

c

wit h whic h j p

00

i s align e d wh en

t h e r igh t most mi s�t c h aract er in t h e pre�xe s x

00

h

e � 1

an d x

00

h

e � 2

, re sp ect iv ely , of p

00

are align e d

wit h t

b

. Since v i s a su�x of x

00

h

e � 1

an d x

00

h

e � 2

an d s ince v con t ains a mi s�t c h aract er, t

c

i s

align e d wit h t h e su�x x

00

h

e � 1

of p

00

1

an d t o t h e left of t h e su�x x

00

h

e

of p

00

1

while t

0

c

i s align e d wit h

t h e su�x x

00

h

e � 2

of p

00

1

an d t o t h e left of t h e su�x x

00

h

e � 1

of p

00

1

. If j O

0

j = 2 t h en f

00

i s d e�n e d

t o m ap t h e t ext c h aract ers in v olv e d in compar i sons whic h elimin a t e elem en t s of O

0

t o t h e t ext

c h aract ers t

c

an d t

0

c

. If j O

0

j = 1 t h en f

00

i s d e�n e d t o m ap t h e t ext c h aract er in v olv e d in t h e

46



compar i son whic h elimin a t e s t h e only elem en t of O

0

t o t h e t ext c h aract er t

0

c

. A s imple cas e

an alys i s ( p

00

l

= p

00

h

e

; p

00

h

e � 1

; p

00

h

e � 2

) sh o ws t h a t t h e s e f

00

v alue s are t o t h e left of p

00

l

, as claim e d. Th e

t w o f

00

v alue s are clearly di st inct an d t o t h e left of t h e ir re sp ect iv e t ext c h aract ers. F urt h er,

t h ey are align e d wit h t h e su�x x

00

1

of p

00

1

. Since j x

00

1

j <

m

00

2

, t h e s e f

00

v alue s are t o t h e r igh t of

j p

00

k

00

+1

.

Next, cons id er compar i sons whic h elimin a t e elem en t s of O , excludin g t h e left most an d t h e

last su c h compar i son. Th e rem ainin g compar i sons m ust b e su cce ssful. f i s d e�n e d t o m ap t h e

t ext c h aract er t

c

in v olv e d in su c h a compar i son t o t h e t ext c h aract er wit h whic h j p

00

i s align e d

wh en t h e left most c h aract er in p

00

whic h di�ers f rom t

c

i s align e d wit h t

c

. Clearly , f

00

( t

c

) i s

align e d wit h or t o t h e left of t

c

. Since uu

0

con t ains a t least t w o c h aract ers, f

00

( t

c

) i s a t most

di st ance j v j � 1 t o t h e left of t

c

. It follo ws f rom Corollary 6.12 t h a t f

00

( t

c

) i s di st inct f rom t h e f

00

v alue s for all ot h er t ext c h aract er s in v olv e d in su cce ssful compar i sons whic h elimin a t e elem en t s

of O . By Corollary 6.14, t h e s e f

00

v alue s are t o t h e left of f

00

v alue s for su cce ssful compar i sons

whic h elimin a t e elem en t of O

0

an d t h erefore, t o t h e left of p

00

l

. Only t h e left most t ext c h aract er

in v olv e d in a compar i son whic h elimin a t e s an elem en t of O i s wit hin di st ance j v j of t

a

; t h e re st

are a t least di st ance j v j + 1 t o t h e r igh t of t

a

. Th erefore, t h e s e f

00

v alue s are t o t h e r igh t of

j p

00

k

00

+1

.

Thi s conclud e s t h e d e�nit ion of t h e transfer fu nct ion f

00

.

6.4 Da t a Stru ct ure Det ails

It rem ains t o d e scr ib e t h e m ain t en ance of t h e s et s Q

x

for eac h t ermin al no d e x of tree E T

00

.

Th e s e s et s can b e m ain t ain e d exact ly as d e scr ib e d in Sect ion 4.5 bu t for t h e follo win g di�erence:

t h e s equence of compar i sons corre sp on din g t o Ph as e 2 in St ep 2 of t h e elimin a t ion stra t egy us in g

E T

00

i s a left t o r igh t s equence if all compar i sons in Ph as e 1 are su cce ssful.

As i s Sect ion 4.5, let l

1

; : : : ; l

h

b e t h e no d e s, in t h e ord er of ap p earance, on t h e left most pa t h

f rom t h e ro ot of E T

00

. Cons id er t h e large st i su c h t h a t tc

l

i

; : : : ; tc

l

h � 1

(recall f rom Sect ion 4.5

t h a t tc

x

i s t h e t ext c h aract er compare d a t no d e x of E T

00

) i s a left t o r igh t s equence. F or all

t ermin al no d e s in E T

00

whic h are not in t h e su btree ro ot e d a t l

i

, t h e d a t a stru ct ure i s m ain t ain e d

exact ly as in Sect ion 4.5. Q

l

h

can b e st ore d explicit ly . It rem ains t o d e scr ib e t h e d a t a stru ct ure

for t ermin al no d e s in t h e r igh t su btree s of l

i

; : : : ; l

h � 1

.

Not e t h a t if a mi sm a t c h o ccurs a t tc

l

j

, i � j � h � 1, a t most t w o elem en t s in V

00

surviv e.

Th erefore, for eac h t ermin al no d e x in t h e r igh t su btree of l

j

, e it h er p ( x ) or p ( p ( x )) equals l

j

,

wh ere p ( x ) i s t h e paren t of x . F rom t h e d e�nit ion of t h e s et s Q

x

in Sect ion 4.5, it follo ws t h a t

for t ermin al no d e s x an d y in t h e r igh t su btree of l

j

, Q

x

= Q

y

. Th e follo win g lemm a i s cru cial.

Lemm a 6.15 L et terminal no de x

1

b e in the right subtr e e of l

j

1

and terminal no de x

2

b e in

the right subtr e e of l

j

2

, i � j

1

; j

2

� h � 1 , j

2

> j

1

. If q 2 Q

x

1

and q 2 Q

x

2

then q o c curs at al l

terminal no des in the right subtr e es of l

i

; : : : ; l

j

1

.

Pro of: Clearly , q cannot o v erlap tc

l

j

1

. Since tc

l

i

; : : : ; tc

l

h � 1

form a left t o r igh t s equence, q

cannot o v erlap tc

i

; : : : ; tc

j

1

. F urt h er, s ince q o ccurs a t som e t ermin al no d e in t h e su btree ro ot e d

a t l

i

, c h aract ers in q whic h o v erlap tc

l

1

; : : : ; tc

l

i � 1

m a t c h t h e c h aract ers c

1

; : : : ; c

h � 1

, re sp ect iv ely .

Th e lemm a follo ws f rom t h e d e�nit ion of t h e s et s Q

x

. 2

Coro llary 6.16 Supp ose q o c curs at some terminal no de in the subtr e e T r o ote d at l

i

. F urther,

supp ose j is the lar gest numb er, if any, such that i � j � h � 1 and q do es not overlap tc

l

j

.

Then q o c curs at al l terminal no des in the right subtr e es of l

i

; : : : ; l

j

.
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Corollary 6.16 imm e dia t ely giv e s a lin ear space sc h em e for st or in g t h e s et s Q

x

for t ermin al

no d e s x in t h e su btree T ro ot e d a t l

i

. Tw o s et s C om

j

an d S pec

j

are m ain t ain e d a t eac h no d e

l

j

, i � j � h � 1. A pa t t er n inst ance q i s add e d t o C om

j

if it o ccurs a t som e t ermin al no d e

in T an d o v erlaps tc

l

j +1

bu t not tc

l

j

. A pa t t er n inst ance q i s add e d t o S pec

j

if it o v erlaps tc

l

j

an d o ccurs a t a t ermin al no d e in t h e r igh t su btree of l

j

. Eac h q can b e add e d t o a t most on e

C om s et an d on e S pec s et; t h us, t h e t ot al space us e d i s lin ear. Q

x

i s readily s een t o equal

C om

j

[ C om

j +1

[ � � � [ C om

h � 1

[ S pec

j

. Not e t h a t eac h pair of C om s et s i s di sjoin t an d C om

k

i s di sjoin t f rom S pec

j

, for eac h j � k � h � 1. In ord er t o obt ain Q

x

as a sort e d li st it su�ce s

t o m ain t ain eac h of t h e C om an d S pec s et s as ord ere d li st s whic h are t h en ap p en d e d t oget h er.

Th us obt ainin g an y part icular Q

x

t ak e s O ( m ) t im e. Q

l

h

i s st ore d explicit ly an d h ence can b e

obt ain e d as a li st in const an t t im e.

6.5 Pre suf Shift Han dler for Sp ecial Cas e P a t t er ns

W e d e scr ib e t h e pre suf shift h an dler for pa t t er ns for whic h j x

00

k

j = 1 an d g

00

= 1. Thi s pre suf

shift h an dler leads t o an o v erh ead of a t most 2 p er pre suf shift. W e sh o w t h a t if a pre suf shift

h as o v erh ead 2, t h en t h e n ext pre suf shift m ust o ccur di st ance a t least

3( m +1)

4

t o t h e r igh t, an d

if a pre suf shift h as o v erh ead 1, t h en t h e n ext pre suf shift m ust o ccur di st ance a t least

m +1

2

t o

t h e r igh t. A compar i son complexit y of n (1 +

8

3( m +1)

) follo ws.

Let b = x

00

k

. p con t ains a t least t w o di�eren t c h aract ers. Th erefore, v

p

an d p

00

b ot h con t ain

a t least t w o di�eren t c h aract ers. Let p

00

[ j ] an d p

00

[ j

0

] b e, re sp ect iv ely , t h e left most an d r igh t most

c h aract ers in p

00

whic h di�er f rom b . Let t

c

b e t h e t ext c h aract er t o t h e imm e dia t e r igh t of t

a

.

W e cons id er t w o cas e s, n am ely , j x

00

1

j <

j v

p

j

2

an d j x

00

1

j �

j v

p

j

2

. Th e form er cas e h as t h e adv an t ag e

t h a t if all pre suf pa t t er n inst ance s of t h e �rst t yp e (recall t h a t pre suf pa t t er n inst ance s w ere

class i�e d in t o t w o t yp e s in Sect ion 6) are elimin a t e d t h en t h e n ext pre suf shift o ccurs di st ance

a t least

3( m +1)

4

t o t h e r igh t. Th e a bs ence of t hi s pro p ert y in t h e la t t er cas e m ak e s it more

complica t e d.

Cas e 1. j x

00

1

j <

j v

p

j

2

.

St ep 1. St ep 1 lo ca t e s t h e left most non- b t ext c h aract er t

d

t o t h e r igh t of t

a

. F ollo win g

St ep 1, e it h er t h e bas ic algor it hm i s re su m e d or p

0

e

, t h e left most survivin g pa t t er n inst ance, i s

d et ermin e d an d St ep 2 follo ws. Thi s i s don e as follo ws. T ext c h aract ers t o t h e r igh t of t

a

an d

t o t h e left of p

00

�

[ j ] are compare d f rom left t o r igh t wit h t h e c h aract er b . A mi sm a t c h in t hi s

pro ce ss t ermin a t e s St ep 1. If no mi sm a t c h o ccurs t h en p

00

�

[ j ] i s compare d wit h t h e align e d t ext

c h aract er. A m a t c h t ermin a t e s St ep 1. In cas e of a mi sm a t c h, t ext c h aract ers align e d wit h or t o

t h e r igh t of p

00

�

[ j ] are compare d f rom left t o r igh t wit h t h e c h aract er b . St ep 1 t h en t ermin a t e s

wh en a mi sm a t c h o ccurs or wh en t h e r igh t en d of t h e t ext i s reac h e d.

On e of t h e follo win g s it ua t ions h olds no w.

1. t

d

i s t o t h e left of p

00

1

[ j ]. p

00

1

; : : : ; p

00

k +1

are elimin a t e d an d t h e bas ic algor it hm i s re su m e d

wit h t h e j p place d t o t h e r igh t of t h e t ext c h aract er t h a t mi sm a t c h e d.

2. t

d

i s align e d wit h p

00

i

[ j ], i 6= � . p

0

e

i s t h e pa t t er n inst ance wh os e left en d i s align e d wit h

j p

00

i

.

3. t

d

i s align e d wit h p

00

�

[ j ] an d t

d

= p

00

�

[ j ]. p

0

e

i s d e�n e d t o b e t h e left most pre suf pa t t er n

inst ance.
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4. t

d

i s align e d wit h p

00

�

[ j ] bu t t

d

6= p

00

�

[ j ]. Th e bas ic algor it hm i s re su m e d wit h j p imm e dia t ely

t o t h e r igh t of t

e

.

5. t

d

exi st s bu t do e s not sa t i sfy an y of t h e a b o v e cas e s. p

0

e

i s t h e pa t t er n inst ance su c h t h a t

p

0

e

[ j ] i s align e d wit h t

d

.

6. t

d

do e s not exi st. Th ere are no furt h er o ccurrence s of t h e pa t t er n in t h e t ext an d t h e

algor it hm t ermin a t e s.

St ep s 2 an d 3. Let q

c

d enot e p

0

e

. Th en St eps 2 an d 3 are id en t ical t o t h e corre sp on din g st eps

in t h e pre suf shift h an dler for sp ecial cas e pa t t er ns d e scr ib e d in Sect ion 4.4.

Not e t h a t a t most t w o mi sm a t c h e s are m ad e in St ep 1 an d t h e �rst mi sm a t c h elimin a t e s p

00

�

.

Lemm a 6.17 If p is a sp e cial c ase p attern and j x

00

1

j <

j v

p

j

2

then the c omp arison c omplexity of

the algorithm is n (1 +

8

3( m +1)

) .

Pro of: W e giv e c h argin g stra t egie s t o sh o w t h a t a pre suf shift can h a v e o v erh ead a t most t w o.

F urt h er, w e sh o w t h a t an o v erh ead of on e force s t h e n ext pre suf shift t o o ccur a t least di st ance

m +1

2

t o t h e r igh t an d an o v erh ead of t w o force s t h e n ext pre suf shift t o o ccur a t least di st ance

3( m +1)

4

t o t h e r igh t. Th e lemm a follo ws.

As in Lemm a 4.12, t h e ru n of t h e algor it hm i s divid e d in t o ph as e s; a ph as e can b e of on e of

four t yp e s. Th e ran ge of t ext c h aract ers c h arge d in eac h t yp e of ph as e rem ains exact ly t h e sam e

as in Lemm a 4.12. Th e c h argin g sc h em e for T yp e 1 an d T yp e 2 ph as e s also rem ains exact ly t h e

sam e. Only t h e c h argin g sc h em e for T yp e 3 an d T yp e 4 ph as e s i s mo di�e d in accord ance wit h

t h e pre suf shift h an dlers d e scr ib e d a b o v e.

W e cons id er a s in gle ph as e, whic h could b e a T yp e 3 or a T yp e 4 ph as e. W e assu m e t h a t

t hi s ph as e b egins wit h a pre suf shift wit h j x

0

1

j �

m

2

.

Th e Ch argin g Sc h em e . Let q

c

b e t h e left most pa t t er n inst ance whic h surviv e s St ep 1. Not e

t h a t q

c

i s t h e left most pre suf pa t t er n inst ance if an d only if no mi sm a t c h e s o ccur in St ep 1.

All su cce ssful compar i sons in St ep 1 are c h arge d t o t h e t ext c h aract ers compare d. Th e s e t ext

c h aract ers lie t o t h e left of q

c

[ j ] if q

c

i s not t h e left most pre suf pa t t er n inst ance an d are align e d

wit h or t o t h e left of q

c

[ j ], ot h erwi s e. If u nsu cce ssful compar i sons o ccur in St ep 1 t h en t h e s e

compar i sons const it u t e t h e o v erh ead of t hi s shift. Ot h erwi s e, if all compar i sons in St ep 1 are

su cce ssful, t h e only p oss ible compar i son whic h const it u t e s t h e o v erh ead of t hi s shift i s t h e

compar i son in St ep 2 whic h elimin a t e s q

c

. Th us, t h e o v erh ead i s a t most 2. Since t h e �rst

mi sm a t c h in St eps 1 an d 2 elimin a t e s all pre suf pa t t er n inst ance s of t h e �rst t yp e an d s ince

j x

00

1

j <

j v

p

j

2

, e it h er t h e o v erh ead i s 0 or t h e n ext pre suf shift o ccurs di st ance a t least

3( m +1)

4

t o

t h e r igh t.

Cons id er t w o cas e s no w.

1. Sup p os e q

c

surviv e s St ep 2. All compar i sons m ad e in St eps 2 an d 3 are c h arge d t o t h e

t ext c h aract ers compare d. Th us, eac h t ext c h aract er whic h lie s t o t h e r igh t of t

a

an d i s

align e d wit h or t o t h e left of q

c

j i s c h arge d a t most once o v er St eps 1, 2 an d 3. All fu t ure

compar i sons will b e c h arge d t o t ext c h aract ers t o t h e r igh t of q

c

j .

2. Sup p os e q

c

do e s not surviv e St ep 2. Eac h su cce ssful compar i son in St ep 2 elimin a t e s som e

pa t t er n inst ance lyin g en t irely t o t h e r igh t of q

c

[ j ] an d i s c h arge d t o t h e t ext c h aract er
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Figure 7: St ep 1 of Cas e 2

align e d wit h t h e left en d of t h a t pa t t er n inst ance. Th e u nsu cce ssful compar i son whic h

elimin a t e s q

c

in St ep 2 i s c h arge d t o t h e t ext c h aract er align e d wit h q

c

[ j ] if q

c

i s not t h e

left most pre suf pa t t er n inst ance. Th us, eac h t ext c h aract er lyin g b et w een t

a

an d j q

d

i s

c h arge d a t most once, wh ere q

d

i s t h e left most survivin g pa t t er n inst ance a t t h e en d of

St ep 2. All fu t ure compar i sons will b e c h arge d t o t ext c h aract ers align e d wit h or t o t h e

r igh t of j q

d

.

2

Cas e 2. j x

00

1

j �

j v

p

j

2

.

Th ere are 5 st eps in t h e pre suf shift h an dler for t hi s cas e. A t most 5 mi sm a t c h e s are m ad e

in t h e s e st eps. W e sh o w t h a t t hree of t h e s e mi sm a t c h e s can b e c h arge d t o u nm a t c h e d t ext

c h aract ers; cons equen t ly , t h e o v erh ead of t h e curren t pre suf shift i s a t most t w o. F urt h er, t h e

�rst mi sm a t c h in St ep 1 elimin a t e s p

00

�

an d t h e s econ d mi sm a t c h elimin a t e s all t h e pre suf pa t t er n

inst ance s.

St ep 1. St ep 1 elimin a t e s all bu t a t most on e of p

00

1

; : : : ; p

00

k +1

as follo ws. See Fig.7. Th e

follo win g s equence of t ext c h aract ers i s compare d wit h t h e align e d c h aract ers in p

00

�

: t

b

, follo w e d

b y t h e t ext c h aract ers str ict ly b et w een t

b

an d p

00

�

[ j

0

] cons id ere d r igh t t o left, follo w e d b y t h e

t ext c h aract ers str ict ly b et w een t

a

an d p

00

�

[ j ] cons id ere d left t o r igh t. St ep 1 t ermin a t e s wh en

t h e �rst mi sm a t c h o ccurs or wh en t hi s s equence get s exh a ust e d.

Let p

0

e

b e t h e left most survivin g pre suf pa t t er n inst ance follo win g St ep 1. Cons id er t h e

pa t t er n inst ance p

0

f

, j p

0

f

align e d wit h t h e t ext c h aract er t o t h e imm e dia t e r igh t of t

c

. Let t

e

b e

t h e t ext c h aract er a t whic h t h e mi sm a t c h o ccurre d, if an y . Not e t h a t s ince j � j x

00

1

j + 1 an d

j x

00

1

j �

j v

p

j

2

, b y Lemm a 6.8, p

0

f

[ j ] m ust b e t o t h e r igh t of p

00

�

[ j

0

]. Th e ou t com e of St ep 1 d ep en ds

up on whic h of t h e follo win g t w o cas e s o ccur (s ee Fig.8).

Cas e 1.1. p

0

f

[ j ] i s align e d wit h or t o t h e left of t

e

(�rst diagram in Fig.8). Clearly , p

00

�

[ j

0

] i s

t o t h e left of t

e

. W e sh o w t h a t a transfer fu nct ion s imilar t o t h e fu nct ion f

00

of Sect ion 6.1 (s ee

Lemm a 6.6) can b e us e d t o accou n t for t h e compar i sons m ad e in St ep 1. In t hi s cas e, t h e re st

of st eps are id en t ical t o St eps 3, 4 an d 5 of t h e pre suf shift h an dler of Sect ion 6.1.

Cas e 1.2. Eit h er t h ere i s no mi sm a t c h in St ep 1 or p

0

f

[ j ] i s t o t h e r igh t of t

e

(s econ d an d t hird

diagrams in Fig.8). Th e left most survivin g pa t t er n inst ance wit h left en d t o t h e r igh t of t

c

h as
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0
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�

Figure 8: P oss ible Ou t com e s of St ep 1

it s j t h c h aract er t o t h e r igh t of t

b

; w e sh o w t hi s claim in t h e n ext paragraph. St ep 2 follo ws in

t hi s cas e.

Recall t h a t p

0

f

[ j ] i s t o t h e r igh t of p

00

�

[ j

0

]. Th e mi sm a t c h, if an y , in St ep 1 o ccurs t o t h e left

of p

0

f

[ j ]. Th erefore, all t ext c h aract ers align e d wit h or t o t h e r igh t of p

0

f

[ j ] an d t o t h e left of

(an d includin g) t

b

are id en t ical t o b . Th e claim follo ws.

St ep 2. If p

0

e

do e s not ext en d t o t h e r igh t of t

b

t h en no compar i sons are m ad e in t hi s st ep (t hi s

h ap p ens if an d only if p

0

e

i s t h e left most pre suf pa t t er n inst ance). Ot h erwi s e, St ep 2 a t t empt s

t o ext en d t h e m a t c h of p

0

e

. Ch aract ers in p

0

e

t o t h e r igh t of t

b

(if an y) are compare d f rom left

t o r igh t u n t il a mi sm a t c h o ccurs or a non- b c h aract er i s m a t c h e d against t h e t ext. T o s ee t h a t

p

0

e

will h a v e a non- b c h aract er t o t h e r igh t of t

b

if it ext en ds t o t h e r igh t of t

b

, not e t h a t t h e

di st ance b et w een t

b

an d t

c

equals j v

p

j � 1 an d t h a t p

0

e

h as a t least t w o non- b c h aract ers di st ance

j v

p

j apart, n e it h er of whic h can b e t o t h e left of t

c

.

Th e su cce ssful compar i sons in t hi s st ep will b e c h arge d t o t h e t h e t ext c h aract ers compare d.

Clearly , all t h e s e t ext c h aract ers are t o t h e r igh t of t h e t ext c h aract ers compare d in St ep 1.

St ep 3. A pa t t er n inst ance p

0

g

wit h t h e follo win g pro p ert ie s i s d et ermin e d in t hi s st ep.

1. p

0

g

i s t h e left most survivin g pa t t er n inst ance.

2. All survivin g pa t t er n inst ance s whic h o v erlap p

0

g

[ i ] are pre suf o v erlaps of p

0

g

, wh ere i i s

d e�n e d as follo ws. If p

0

g

6= p

0

e

, i = j . If p

0

g

= p

0

e

an d p

0

e

i s t h e left most pre suf pa t t er n

inst ance t h en p

0

g

[ i ] i s t h e c h aract er align e d wit h t

b

. Ot h erwi s e, if p

0

g

= p

0

e

an d p

0

e

i s not t h e

left most pre suf pa t t er n inst ance t h en p

0

g

[ i ] i s t h e left most non- b c h aract er in p

0

g

whic h i s

t o t h e r igh t of t

b

.
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All t ext c h aract ers compare d su cce ssfully in t hi s st ep will b e di st inct f rom all t ext c h aract ers

compare d su cce ssfully in St eps 1 an d 2. Th ere are t w o cas e s d ep en din g up on t h e ou t com e of

St ep 2.

Cas e 2.1. p

0

e

i s elimin a t e d in St ep 2. A t most t w o mi sm a t c h e s could h a v e o ccurre d in St eps 1

an d 2. Not e t h a t p

0

e

cannot b e t h e left most pre suf pa t t er n inst ance in t hi s cas e. Th e left most

survivin g pa t t er n inst ance m ust h a v e it s left en d t o t h e r igh t of t

c

. As sh o wn in St ep 1, it s j t h

c h aract er m ust b e t o t h e r igh t of t

b

. Th ere are t w o su b cas e s.

Cas e 2.1.a. St ep 2 t ermin a t e s in a mi sm a t c h a t a non- b c h aract er t

h

in p

0

e

. Th en, st art in g a t

t

h

, a left t o r igh t pass i s m ad e in whic h eac h t ext c h aract er i s compare d wit h b . Thi s pass en ds

wh en a mi sm a t c h o ccurs or wh en t h e r igh t en d of t h e t ext i s reac h e d. In t h e la t t er cas e, t h ere

are no furt h er o ccurrence s of t h e pa t t er n an d t h e algor it hm t ermin a t e s. In t h e form er cas e, p

0

g

i s

d e�n e d t o b e t h e pa t t er n inst ance in whic h p

0

g

[ j ] i s align e d wit h t h e t ext c h aract er t

x

a t whic h

t h e mi sm a t c h o ccurs. Since all t ext c h aract ers str ict ly b et w een t

b

an d t

x

are id en t ical t o b , p

0

g

i s

t h e left most survivin g pa t t er n inst ance an d all pa t t er n inst ance s t o t h e r igh t of p

0

g

whic h o v erlap

p

0

g

[ j ] are elimin a t e d. Not e t h a t t h e n u m b er of mi sm a t c h e s m ad e in St eps 1{3 i s a t most 3 in t hi s

cas e.

Cas e 2.1.b. St ep 2 t ermin a t e s in a mi sm a t c h a t a c h aract er t

h

in p

0

e

whic h i s a b . p

0

g

i s d e�n e d

t o b e t h e pa t t er n inst ance in whic h p

0

g

[ j ] i s align e d wit h t h e t ext c h aract er a t whic h t h e mi sm a t c h

o ccurs. As in t h e previous cas e, p

0

g

i s t h e left most survivin g pa t t er n inst ance an d all pa t t er n

inst ance s t o t h e r igh t of p

0

g

whic h o v erlap p

0

g

[ j ] are elimin a t e d. Th e n u m b er of mi sm a t c h e s m ad e

in St eps 1{3 i s a t most 2 in t hi s cas e.

Cas e 2.2. p

0

e

surviv e s St ep 2. A t most on e mi sm a t c h could h a v e o ccurre d so f ar. Th ere are

t w o su b cas e s.

Cas e 2.2.a. p

0

e

i s not t h e left most pre suf pa t t er n inst ance, i.e., it ext en ds t o t h e r igh t of t

b

. Let

t

x

b e t h e r igh t most t ext c h aract er m a t c h e d in St ep 2. t

x

m ust b e a non- b c h aract er. Cons id er

t h e pa t t er n inst ance p

0

h

, wh ere p

0

h

[ j ] i s align e d wit h t

x

.

Clearly , all pa t t er n inst ance s t o t h e r igh t of p

0

h

whic h o v erlap t

x

are elimin a t e d as eac h h as a

b align e d wit h t

x

. W e claim t h a t all pa t t er n inst ance s str ict ly b et w een p

0

e

an d p

0

h

h a v e also b een

elimin a t e d. Thi s i s sh o wn as follo ws. All pa t t er n inst ance s t o t h e r igh t of p

0

e

whic h o v erlap t

c

h a v e b een elimin a t e d in St ep 1. Recall f rom St ep 1 t h a t t h e left most survivin g pa t t er n inst ance

aft er St ep 1 wit h left en d t o t h e r igh t of t

c

h as it s j t h c h aract er t o t h e r igh t of t

b

. Since all t ext

c h aract ers t o t h e r igh t of t

b

an d up t o bu t not includin g t

x

are id en t ical t o b , t h e claim follo ws.

If p

0

e

an d p

0

h

lac k a di�erence p oin t or if p

0

h

[ j ] do e s not m a t c h t

x

t h en p

0

g

= p

0

e

. Ot h erwi s e, if

p

0

e

an d p

0

h

h a v e a di�erence p oin t, t h e c h aract er in p

0

e

a t t h a t di�erence p oin t i s compare d wit h

t h e align e d t ext c h aract er an d on e of p

0

e

an d p

0

h

i s elimin a t e d; t h e di�erence p oin t it s elf i s t o t h e

r igh t of p

0

h

[ j ]. Let p

0

g

d enot e t h e surviv or. Clearly , p

0

g

i s t h e left most survivin g pa t t er n inst ance

in b ot h cas e s. F urt h er, all pa t t er n inst ance s t o t h e r igh t of p

0

g

whic h o v erlap t

x

(not e t h a t t

x

i s

align e d wit h p

g

[ i ]) h a v e e it h er b een elimin a t e d or are pre suf o v erlaps of p

0

g

.

A t most t w o mi sm a t c h e s are m ad e in St eps 1{3 in Cas e 2.2.a.

Cas e 2.2.b. Secon d, sup p os e p

0

e

i s t h e left most pre suf pa t t er n inst ance. Recall t h a t p

0

e

[ m ] i s

align e d wit h t

b

. In t hi s cas e, no compar i sons are m ad e in St ep 2. Cons id er t h e pa t t er n inst ance

p

0

h

, wh ere p

0

h

[ j ] i s t o t h e imm e dia t e r igh t of t

b

. Recall f rom St ep 1 t h a t p

0

h

i s t h e left most

survivin g pa t t er n inst ance wit h left en d t o t h e r igh t of t

c

. Th e only survivin g pa t t er n inst ance s

t o t h e r igh t of p

0

e

whic h o v erlap t

c

are pre suf o v erlaps of p

0

e

. Th erefore p

0

h

i s t h e left most survivin g

52



pa t t er n inst ance, barr in g p

0

e

an d it s pre suf o v erlaps. In addit ion, not e t h a t an y pa t t er n inst ance

whic h o v erlaps p

0

e

bu t not p

00

�

[ j

0

] an d h as it s j t h c h aract er t o t h e r igh t of t

b

i s a pre suf o v erlap

of p

0

e

.

If j p

0

h

i s t o t h e r igh t of p

00

�

[ j

0

] t h en p

0

h

i s a pre suf o v erlap of p

0

e

as are all pa t t er n inst ance s t o

t h e r igh t of p

0

h

whic h o v erlap p

0

e

. St ep 5 follo ws wit h p

0

g

= p

0

e

in t hi s cas e.

Ot h erwi s e, if p

0

h

o v erlaps p

00

�

[ j

0

] t h en p

0

h

i s not a pre suf o v erlap of p

0

e

. Th e c h aract er p

00

�

[ j

0

]

i s t h en compare d wit h t h e t ext. A m a t c h elimin a t e s all pa t t er n inst ance s whic h o v erlap p

00

�

[ j

0

]

bu t are not pre suf o v erlaps of p

0

e

(t hi s can b e s een f rom t h e follo win g t w o f act s: ( a ) all pa t t er n

inst ance s wit h left en d t o t h e r igh t of t

c

whic h surviv e St ep 1 h a v e t h e ir j t h c h aract er t o t h e

r igh t of p

00

�

[ j

0

], an d ( b ) all survivin g pa t t er n inst ance s whic h o v erlap t

c

are pre suf o v erlaps of

p

0

e

). Clearly , all survivin g pa t t er n inst ance s whic h o v erlap t

b

are pre suf o v erlaps of p

0

e

. In t hi s

cas e, St ep 5 follo ws wit h p

0

g

= p

0

e

. Ot h erwi s e, if a mi sm a t c h o ccurs a t p

00

�

[ j

0

], p

0

e

i s elimin a t e d as

are all it s pre suf o v erlaps whic h o v erlap t

c

. T ext c h aract ers t o t h e r igh t of t

b

are no w compare d

f rom left t o r igh t wit h t h e c h aract er b u n t il e it h er a mi sm a t c h o ccurs or t h e r igh t en d of t h e t ext

i s reac h e d. In t h e form er cas e, St ep 4 follo ws wit h p

0

g

d enot in g t h e pa t t er n inst ance su c h t h a t

p

0

g

[ j ] i s align e d wit h t h e t ext c h aract er a t whic h t h e mi sm a t c h o ccurs. Clearly , p

0

g

i s t h e left most

survivin g pa t t er n inst ance an d all pa t t er n inst ance s whic h o v erlap p

0

g

[ j ] h a v e b een elimin a t e d.

In t h e la t t er cas e (i.e., t h e r igh t en d of t h e t ext i s reac h e d), t h e algor it hm t ermin a t e s as t h ere

are no furt h er o ccurrence s of t h e pa t t er n.

A t most t w o mi sm a t c h e s are m ad e in St eps 1{3 in Cas e 2.2.b.

St ep 4. In t hi s st ep, e it h er all survivin g pa t t er n inst ance s whic h o v erlap p

0

g

are elimin a t e d

(except for pre suf o v erlaps) or p

0

g

i s elimin a t e d. In t h e la t t er cas e, t h e bas ic algor it hm i s

re su m e d wit h t h e left most survivin g pa t t er n inst ance. In t h e form er cas e, St ep 5 follo ws. All

compar i sons in t hi s st ep are t o t h e r igh t of all t ext c h aract ers m a t c h e d in t h e previous st eps. In

addit ion, t h e left en d of eac h pa t t er n inst ance elimin a t e d in t hi s st ep i s also t o t h e r igh t of an y

t ext c h aract er m a t c h e d in on e of t h e previous st eps.

In St ep 4, di�erence p oin t compar i sons are us e d. Thi s st ep h as a n u m b er of it era t ions.

In eac h it era t ion, a di�eren t pa t t er n inst ance o v erlap pin g p

0

g

bu t str ict ly t o t h e r igh t of p

0

g

[ i ]

i s cons id ere d. If it i s a pre suf o v erlap of p

0

g

t h en not hin g i s don e. Ot h erwi s e, if it i s not a

pre suf o v erlap of p

0

g

, t h e c h aract er in p

0

g

a t t h e di�erence p oin t of t h e t w o pa t t er n inst ance s i s

cons id ere d. If t h e t ext c h aract er align e d wit h t hi s c h aract er h as not b een su cce ssfully compare d

earlier (t hi s i s ascert ain e d us in g a bit v ect or), t h e t w o c h aract ers are compare d. St ep 4 en ds

wh en a mi sm a t c h o ccurs or wh en all pa t t er n inst ance s o v erlap pin g p

0

g

(excludin g pre suf o v erlaps)

are elimin a t e d.

If no mi sm a t c h o ccurs in St ep 4 t h en all compar i sons in t hi s st ep will b e c h arge d t o t h e

t ext c h aract ers compare d, ot h erwi s e t h ey will b e c h arge d t o left en ds of t h e pa t t er n inst ance s

elimin a t e d. In b ot h cas e s, t h e t ext c h aract ers c h arge d are t o t h e r igh t of all t ext c h aract ers

m a t c h e d in previous st eps.

St ep 5. Thi s st ep a t t empt s t o complet e t h e m a t c h of p

0

g

. Ch aract ers in p

0

g

whic h h a v e not

y et b een m a t c h e d are compare d wit h t h e align e d t ext c h aract ers f rom r igh t t o left t ill a mi s-

m a t c h o ccurs or all it s c h aract ers are m a t c h e d. In e it h er cas e, anot h er pre suf shift follo ws. All

compar i sons in t hi s st ep will b e c h arge d t o t h e t ext c h aract er s compare d.

Lemm a 6.18 If p is a sp e cial c ase p attern with j x

00

1

j �

j v

p

j

2

then the c omp arison c omplexity of

the algorithm is n (1 +

8

3( m +1)

) .
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Pro of: W e giv e c h argin g stra t egie s t o sh o w t h a t a pre suf shift can h a v e o v erh ead a t most t w o.

F urt h er, w e sh o w t h a t an o v erh ead of on e force s t h e n ext pre suf shift t o o ccur a t least di st ance

m +1

2

t o t h e r igh t an d an o v erh ead of t w o force s t h e n ext pre suf shift t o o ccur a t least di st ance

3( m +1)

4

t o t h e r igh t. Th e lemm a follo ws.

As in Lemm a 4.12, t h e ru n of t h e algor it hm i s divid e d in t o ph as e s; a ph as e can b e of on e of

four t yp e s. Th e ran ge of t ext c h aract ers c h arge d in eac h t yp e of ph as e rem ains exact ly t h e sam e

as in Lemm a 4.12. Th e c h argin g sc h em e for T yp e 1 an d T yp e 2 ph as e s also rem ains exact ly t h e

sam e. Only t h e c h argin g sc h em e for T yp e 3 an d T yp e 4 ph as e s i s mo di�e d in accord ance wit h

t h e pre suf shift h an dler d e scr ib e d a b o v e.

W e cons id er a s in gle ph as e, whic h could b e a T yp e 3 or a T yp e 4 ph as e. W e assu m e t h a t

t hi s ph as e b egins wit h a pre suf shift wit h j x

0

1

j �

m

2

.

Th e Ch argin g Sc h em e. W e cons id er t w o cas e s.

Cas e A. Sup p os e a mi sm a t c h o ccurs in St ep 1 a t a t ext c h aract er t

e

t o t h e r igh t of p

00

�

[ j

0

] an d

p

0

f

[ j ] i s align e d wit h or t o t h e left of t

e

(i.e. Cas e 1.1 in St ep 1 h olds).

Eac h su cce ssful compar i son in St ep 1 m a t c h e s t h e c h aract er b against t h e t ext. Th e c h argin g

sc h em e for t hi s cas e i s id en t ical t o t h e c h argin g sc h em e in Lemm a 6.7 wit h t h e fu nct ion f

00

d e�n e d as follo ws. f

00

i s d e�n e d t o m ap eac h t ext c h aract er compare d su cce ssfully in St ep 1

t o t h e t ext c h aract er whic h i s di st ance j � 1 t o it s left. Thi s d e�nit ion of f

00

i s eas ily v er i�e d

t o sa t i sfy all four require d pro p ert ie s of f

00

st a t e d in Lemm a 6.6. F urt h er, only t h e last St ep 1

compar i son can p oss ibly b e u nsu cce ssful an d migh t not rece iv e an f

00

v alue. F rom t h e a b o v e

c h argin g sc h em e, it follo ws t h a t t h e o v erh ead of t h e curren t pre suf shift i s a t most on e.

Cas e B. Sup p os e all compar i sons in St ep 1 are su cce ssful or p

0

f

[ j ] i s t o t h e r igh t of t

e

, t h e

c h aract er a t whic h t h e mi sm a t c h in St ep 1 o ccurs (i.e., Cas e 1.2 in St ep 1 h olds).

Recall f rom St ep 1 t h a t t h e left most survivin g pa t t er n inst ance complet ely t o t h e r igh t of t

c

m ust h a v e it s j t h c h aract er t o t h e r igh t of t

b

. Th ere are t hree su b cas e s t o cons id er.

Su b cas e B.1. Sup p os e p

0

e

(t h e left most of t h e pre suf pa t t er n inst ance s t o surviv e St ep 1)

surviv e s St eps 2, 3 an d 4.

All su cce ssful compar i sons in St eps 1, 2, 3 an d 4 an d all compar i sons in St ep 5 are c h arge d

t o t h e t ext c h aract ers compare d. All t h e s e compar i sons in v olv e di st inct t ext c h aract ers an d

t h us, eac h t ext c h aract er whic h i s t o t h e r igh t of t

a

an d align e d wit h p

0

e

i s c h arge d a t most once.

F urt h er, a t most on e mi sm a t c h i s m ad e in St ep 1 an d no mi sm a t c h e s are m ad e in St eps 2, 3

an d 4 (for ot h erwi s e, p

0

e

w ould b e elimin a t e d). In addit ion, a mi sm a t c h in St ep 1 elimin a t e s p

00

�

,

t h us forcin g t h e n ext pre suf shift t o o ccur a t least di st ance

m +1

2

t o t h e r igh t. Th us, t h e curren t

pre suf shift h as o v erh ead a t most on e an d an o v erh ead of on e force s t h e n ext pre suf shift t o

o ccur di st ance a t least

m +1

2

t o t h e r igh t.

Su b cas e B.2. Sup p os e p

0

e

i s elimin a t e d in on e of St eps 2, 3 an d 4; furt h er, sup p os e p

0

e

i s t h e

left most pre suf pa t t er n inst ance.

In t hi s cas e, t h e n ext pre suf shift o ccurs di st ance a t least m + 1 t o t h e r igh t. W e sh o w an

o v erh ead of a t most t w o for t hi s cas e.

All compar i sons in St ep 1 are su cce ssful an d are c h arge d t o t h e t ext c h aract ers compare d. No

compar i sons are m ad e in St ep 2. p

0

e

m ust b e elimin a t e d in St ep 3 as St ep 5 follo ws direct ly f rom

St ep 3 ot h erwi s e (s ee Cas e 2.2.b in St ep 3). All su cce ssful compar i sons in St ep 3 are c h arge d t o

t h e t ext c h aract er s compare d. A t most t w o mi sm a t c h e s are m ad e in St ep 3 an d t h e s e const it u t e

t h e o v erh ead of t hi s shift. All t ext c h aract ers m a t c h e d in St eps 1{3 are t o t h e left of p

0

g

[ j ]. If
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p

0

g

surviv e s St ep 4, t h en all compar i sons in St ep 4 are c h arge d t o t h e t ext c h aract ers compare d.

If p

0

g

do e s not surviv e St ep 4 t h en t h e compar i son whic h elimin a t e s p

0

g

i s c h arge d t o t h e t ext

c h aract er align e d wit h p

0

g

[ j ] an d all ot h er compar i sons in St ep 4 are c h arge d t o t h e left en ds of

t h e re sp ect iv e pa t t er n inst ance s elimin a t e d (f rom t h e d e�nit ion of p

0

g

in St ep 3, not e t h a t t h e left

en ds of t h e s e pa t t er n inst ance s are t o t h e r igh t of p

0

g

[ j ]). Th us all t ext c h aract ers c h arge d in St ep

4 are di st inct are align e d wit h or t o t h e r igh t of p

0

g

[ j ]. All compar i sons in St ep 5 are c h arge d

t o t h e t ext c h aract ers compare d. Th e s e t ext c h aract ers are di st inct f rom all t ext c h aract ers

m a t c h e d in t h e previous st eps. Th erefore, if p

0

g

surviv e s St ep 4 t h en eac h t ext c h aract er t o t h e

r igh t of t

a

an d align e d wit h or t o t h e left of p

0

g

j i s c h arge d a t most once. Ot h erwi s e, if p

0

g

i s

elimin a t e d in St ep 4 an d p

0

l

i s t h e left most survivin g pa t t er n inst ance follo win g St ep 4, eac h t ext

c h aract er str ict ly b et w een t

a

an d j p

0

l

i s c h arge d a t most once.

Su b cas e B.3. Sup p os e p

0

e

i s elimin a t e d in on e of St eps 2, 3 an d 4 an d p

0

e

i s not t h e left most

pre suf pa t t er n inst ance.

In t hi s cas e, t h e n ext pre suf shift o ccurs di st ance a t least m + 1 t o t h e r igh t. W e sh o w an

o v erh ead of a t most t w o for t hi s cas e.

All su cce ssful compar i sons in St eps 1 an d 2 an d all compar i sons in St ep 5 are c h arge d

t o t h e t ext c h aract ers compare d. If p

0

e

do e s not surviv e St ep 2 (Cas e 2.1 of St ep 3) t h en all

su cce ssful compar i sons in St ep 3 are c h arge d t o t h e t ext c h aract ers compare d. Ot h erwi s e, if

p

0

e

surviv e s St ep 2 (Cas e 2.2.a of St ep 3), t h ere i s a t most on e compar i son in St ep 3 an d it i s

accou n t e d for la t er. If p

0

g

surviv e s St ep 4 t h en all su cce ssful compar i sons in St ep 4 are c h arge d

t o t h e t ext c h aract ers compare d. In t hi s cas e, eac h t ext c h aract er t o t h e r igh t of t

a

an d align e d

wit h or t o t h e left of p

0

g

j i s c h arge d a t most once. Ot h erwi s e, if p

0

g

i s elimin a t e d in St ep 4,

eac h su cce ssful compar i son in St ep 4 (except t h e on e whic h elimin a t e s p

0

g

) i s c h arge d t o t h e

t ext c h aract er align e d wit h t h e left en d of t h e pa t t er n inst ance elimin a t e d b y t hi s compar i son;

t hi s t ext c h aract er i s t o t h e r igh t of p

0

g

[ j ]. In t hi s cas e, eac h t ext c h aract er str ict ly b et w een t

a

an d j p

0

l

i s c h arge d a t most once, wh ere p

0

l

i s t h e left most survivin g pa t t er n inst ance aft er p

0

g

i s

elimin a t e d.

A t most four compar i sons h a v e not y et b een accou n t e d for. Th e s e includ e t h e mi sm a t c h in

St ep 1, t h e mi sm a t c h in St ep 4 (whic h elimin a t e s p

0

g

) an d e it h er t h e mi sm a t c h e s in St eps 2 an d

3 or t h e only compar i son in St ep 3, d ep en din g on wh et h er or not p

0

e

surviv e s St ep 2. Not e t h a t

if mi sm a t c h e s o ccur in all of St eps 2, 3 an d 4 t h en t h e t ext c h aract er align e d wit h p

0

g

[ j ] i s not

c h arge d for an y compar i son. In addit ion, w e sh o w t h a t t h e t ext c h aract er align e d wit h p

00

�

[ j ]

i s also not c h arge d for an y compar i son. An o v erh ead of 2 for t h e curren t pre suf shift follo ws

imm e dia t ely .

Clearly , p

00

�

[ j ] i s not compare d in St ep 1. All compar i sons in St eps 2, 3, an d 4 are m ad e t o

t h e r igh t of t

b

, an d h ence t o t h e r igh t of p

00

�

[ j ]. F urt h er, p

0

g

[ i ] ( i as d e�n e d in St ep 3) i s align e d

wit h or t o t h e r igh t of t

b

. Th erefore, t h e t ext c h aract er align e d wit h p

00

�

[ j ] i s not c h arge d for

an y of t h e compar i sons m ad e in St eps 1{4. Cons id er St ep 5 n ext. If p

0

e

surviv e s St eps 2 an d 3

an d i s elimin a t e d in St ep 4 t h en t h e pre suf shift h an dler t ermin a t e s aft er St ep 4 an d t h e bas ic

algor it hm i s re su m e d. So sup p os e t h a t p

0

e

i s elimin a t e d in St ep 2 or St ep 3. F rom t h e d e�nit ion

of p

0

g

in St ep 3, p

0

g

6= p

0

e

an d t h erefore i = j . T o sh o w t h a t all compar i sons in St ep 5 are m ad e

t o t h e r igh t of p

00

�

[ j ], it su�ce s t o sh o w t h a t j p

0

g

i s t o t h e r igh t of p

00

�

[ j ].

W e sh o w t hi s b y cons id er in g t w o cas e s. First, sup p os e p

00

�

6= p

00

1

. Th en, b y Lemm a 6.8, it

follo ws t h a t t h e c h aract er in p

00

whic h i s t o t h e imm e dia t e left of it s su�x x

00

1

i s a b . Since x

00

1

i s

t h e lon ge st pre suf of p

00

, it follo ws t h a t j = j x

00

1

j + 1. By Lemm a 6.8, p

00

�

[ j

0

] an d h ence p

00

�

[ j ] are

t o t h e left of t h e su�x x

00

1

of p

00

1

. Since j p

0

g

[ j ] i s t o t h e r igh t of t

b

, j p

0

g

i s align e d wit h or t o t h e
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r igh t of t h e su�x x

00

1

of p

00

1

. Th e claim follo ws for t hi s cas e.

Next, sup p os e p

00

�

= p

00

1

. A mi sm a t c h o ccurs in St ep 1 as p

0

e

i s not t h e left most pre suf pa t t er n

inst ance. F urt h er, t hi s mi sm a t c h o ccurs a t som e t ext c h aract er t

e

t o t h e r igh t of p

00

�

[ j ] as no

compar i sons are m ad e t o t h e left of p

00

�

[ j ] in St ep 1 in t hi s cas e. Eac h compar i son in St ep 1

compare s a t ext c h aract er wit h b . Since p

0

g

[ j ] m ust b e t o t h e r igh t of t

b

, e it h er j p

0

g

i s t o t h e r igh t

of t

e

or a b in p

0

g

o v erlaps t

e

. Bu t p

0

g

will not surviv e in t h e la t t er cas e. Th e claim follo ws.

Th e lemm a follo ws. 2

Fin ally , w e st a t e t h e follo win g t h eorem; t h e pro of i s s imilar t o t h e pro of of Th eorem 4.17.

Th eorem 6.19 Ther e is a string matching algorithm with a c omp arison c omplexity of n (1 +

8

3( m +1)

) c omp arisons which uses O ( m ) sp ac e and takes O ( n + m ) time fol lowing pr epr o c essing

of the p attern; the pr epr o c essing time is O ( m

2

) .

7 Ac kno wle dgem en t s

W e t h ank Dan y Bre sla uer for a n u m b er of comm en t s an d sugge st ions an d in part icular for t h e

obs erv a t ion t h a t p

k +1

could b e view e d as a pre suf pa t t er n inst ance. Thi s con tr ibu t e d t o an

impro v em en t of our up p er b ou n d f rom n +

3( n � m )

m +1

t o n +

8( n � m )

3( m +1)

.
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